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Abstract

Parameter identification problems for partial differential equations are an
important subclass of inverse problems. The parameter-to-state map, which
maps the parameter of interest to the respective solution of the PDE or state
of the system, plays the central role in the (usually nonlinear) forward operator.
Consequently, one is interested in well-definedness and further analytic proper-
ties such as continuity and differentiability of this operator w.r.t. the parameter
in order to make sure that techniques from inverse problems theory may be suc-
cessfully applied to solve the inverse problem. In this work, we present a general
functional analytic framework suited for the study of a huge class of parameter
identification problems including a variety of elliptic boundary value problems
with Dirichlet, Neumann, Robin or mixed boundary conditions in Hilbert and
Banach spaces and possibly complex-valued parameters. In particular, we show
that the corresponding parameter-to-state operators fulfill, under suitable con-
ditions, the tangential cone condition, which is often postulated for numerical
solution techniques. This framework particularly covers the inverse medium
problem and an inverse problem that arises in terahertz tomography.

*Author to whom any correspondence should be addressed.

Original content from this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must maintain attribution
to the author(s) and the title of the work, journal citation and DOI.

1361-6420/22/075005+49$33.00 © 2022 The Author(s). Published by IOP Publishing Ltd Printed in the UK 1


https://doi.org/10.1088/1361-6420/ac6d02
https://orcid.org/0000-0001-6149-8576
https://orcid.org/0000-0002-7245-7611
mailto:heiko.hoffmann@uni-siegen.de
mailto:a.wald@math.uni-goettingen.de
mailto:tram.nguyen@uni-graz.at
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6420/ac6d02&domain=pdf&date_stamp=2022-5-26
https://creativecommons.org/licenses/by/4.0/

Inverse Problems 38 (2022) 075005 H Hoffmann et al

Keywords: inverse problems, parameter identification, elliptic partial differen-
tial equations, inverse scattering, existence and uniqueness of weak solutions,
tangential cone condition, form methods

1. Introduction and motivation

Many inverse problems that arise in the natural sciences are based on a physical model that
is formulated as a partial differential equation, or rather a boundary or initial value problem.
Applications are, for example, photoacoustic tomography [9, 56], electrical impedance tomog-
raphy [15, 52], ultrasound imaging [17], magnetic particle imaging [35, 39], helioseismology
[2, 27], and various examples in nondestructive testing [3, 49].

Inverse problems are commonly formulated using operator equations

FO)=g F:DF)CX—Y,

where F'is called the forward operator and X and Y are suitable function spaces. In parameter
identification the forward operator is expressed as the composition F' = Q o S of a parameter-
to-state map S and an observation operator Q. The operator S maps the parameter 6 of interest
to the (weak) solution uy = S(6) of the respective boundary value problem, whereas the obser-
vation operator Q describes the measuring process, i.e., the generation of the data y = Q(uy)
from the state uy. In many situations, only noisy observation data y° with noise level

5> lly—ylly

is available. For the solution of an inverse problem, this is a crucial point: the direct inversion of
the forward operator yields in most cases an unbounded inverse operator, which may amplify
the noise, causing a severely corrupted reconstruction. This phenomenonis called ill-posedness
[26, 30]. Regularisation methods guarantee a stable solution, i.e., they yield a solution that
depends continuously on the data. The choice of the regularisation method depends strongly
on the properties of the inverse problem. For example, most parameter identification problems
are nonlinear inverse problems, even in the case that the underlying partial differential equation
is linear.

Related Work. In this article, we focus on parameter-to-state operators. In general, the first
step of a mathematical analysis of parameter identification problems is to show their well-
definedness. To this end, we consider the variational formulation of the underlying boundary
value problem, i.e., we are interested in weak solutions. Similar frameworks, e.g., for classes
of elliptic problems in real Hilbert spaces [23, 24], but also particularly suited for a wide class
of time-dependent parameter identification problems [32, 38], have been published in recent
years.

In the next step, we study continuity and differentiability properties of the forward operator,
particularly of the parameter-to-state map. This includes the validity of the tangential cone con-
dition [28], which estimates the difference between a nonlinear operator and its linearisation
(see, e.g., [34] for some examples). The latter properties are crucially required for many reg-
ularisation techniques that are used to find a stable solution of the usually ill-posed parameter
identification problems. Examples are the classical Landweber method [28], Tikhonov regular-
isation [19], Gauss—Newton methods [31, 43], or sequential subspace optimisation techniques
[53, 54]. An overview of suitable techniques can be found in [14, 18, 33]. For the regularisation
of inverse problems in Banach spaces, these techniques need to be generalized. An extensive
overview is given by [48].
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Concerning the applications to parameter identification problems in sections 7-9, we shall
make use of the form methods introduced by Kato [37], Lions [40], and McIntosh [42], which
have been employed and hugely extended in various recent works by Arendt, ter Elst and
others, see, e.g., [7, 8, 50] and which have been applied in other relevant applications such as
in [6]. An overview of the functional analytic background, in particular in the complex-valued
setting, can be found in [47].

THz tomography as motivation. The framework that is derived in this work is inspired by
the analysis of the so-called scattering operator as it occurs in inverse scattering problems such
as the inverse medium problem, see, e.g., [11-13], and an inverse problem from terahertz (THz)
tomography [55]. In these examples, an object is illuminated by electromagnetic radiation u;
at fixed frequencies ko > 0. The properties of the object, encoded in a material parameter m,
lead to refraction, reflection and, in the case of THz tomography, absorption of the radiation u,
which is the superposition u = u; + uy of a given incident wave u; and the scattered wave usc.
The latter is the solution of the boundary value problem

Aug + k(z)(l — Mg = k(z)mui in €, (1.1)
Oyutse — tkoutse = 0 on 0 (1.2)

with Robin boundary conditions. The scattering operator is the map S:m — u:=u; + us,
i.e., it maps the material parameter m to the resulting wave field u. More precisely, ug. is the
weak solution of this Helmholtz equation. Finally, the radiation is typically measured on a
suitable curve around the object, determined by the domain 2. The inverse problem now con-
sists in reconstructing m from these measurements. Note that m is real-valued in the inverse
medium problem and complex-valued in THz tomography. The respective variational problem
is expressed, using a sesquilinear form a and a functional b, via

a(uge, v) = b(v)

for all suitable test functions v, and we are interested in a unique weak solution u,. The
Lax—Milgram lemma, however, is not applicable here.

Our contribution. In this work, we have derived a general framework that allows for the
complete treatment of crucial properties—well-definedness, differentiability, tangential cone
condition—for a class of inverse problems that are linked to elliptic boundary value prob-
lems, in both Hilbert and Banach space settings. We additionally provide various applications,
ranging from abstract to real life examples.

For the analysis, we cover a wide range of boundary value problems and the corresponding
variational problems arising in abstract elliptic partial differential equations. Using functional
analytic tools derived in sections 3 and 4, we prove the existence of their unique weak solution.
In addition, our framework enables a conceptually simpler proof of the central properties of
the respective forward operators, and a more detailed insight into the occurring dependencies,
e.g., differentiability and tangential cone condition, as demonstrated in section 5.

Concerning application, we allow complex-valued parameters in the models (see particu-
larly section 8); this is a new result in comparison to [12, 55]. Furthermore, in the benchmark
applications in section 9, we offer a range of choices of settings in which the important prop-
erties can be confirmed, as opposed to existing works, which typically make fixed choices for
their settings.

Outline. The paper is organised into two main parts.

The first part studies analytic properties of the parameter-to-state operator. After some pre-
liminaries we find, in section 3, an operator theoretic reformulation of the problems we are
interested in and prove, based on this, existence and uniqueness of a weak solution in section 4.

3
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Afterwards, we study differentiability and the validity of a tangential cone condition for certain
parameter-to-state operators in section 5. Following this, we formulate our abstract framework
and illuminate the relation between our approach and the form methods mentioned above in
section 6, which also contains a short introduction to form methods.

The second part of the paper is dedicated to applications in inverse problems. All the
analysis from the first part is then applied to a range of examples: section 7 presents vari-
ous abstract examples of parameter identification, section 8 discusses THz tomography, and
section 9 investigates some benchmark parameter identification problems in Banach spaces.

2. Preliminaries

In this short section we fix the notation, collect some well-known facts, and introduce the
abstract framework we shall work within.

2.1. Notation

In what follows we consider vector spaces over K € {R,C}. Let (V.| - |lv), (H, ]| - |x)
be Banach spaces. We assume that V C H with a continuous inclusion mapping and with
embedding constant v > 0, i.e., the function j: V— H, v — v is continuous with

‘|j||0p =7

For a nontrivial reflexive Banach space (W, || - ||w), W* denotes the space of antilinear
functionals on W.

For normed spaces (X1, || - [|x,), X2, || - |lx,), X5, || - |Ix;) we denote by S(X; x X5, X3) the
vector space of all continuous sesquilinear (antilinear in the second argument) mappings
X; x X, — X5. Recall that

[ SX1 x X, X3) — [0, 00),
ar—r sup{||a(x1,x2)\|x3 1 x1 € Xy, x2 eXleth”.X]HXl, |x2HX2 < 1}

and (S(Xi x X2, X3), || - |lscx, xx,.x5) is @ Banach space, provided that X3 is a Banach space.
For a € S(X| x X3,X3) we write a(x;) :=a(xy, x;). Similarly, £(X;,X,) denotes the space
of all bounded, linear mappings X; — X» and we endow this space with the usual operator
norm denoted by || - || z¢x,.x,) Or simply || - [|op. Instead of L£(X;, X;) we write £(X;) and we let
I, denote the identity on X;. Furthermore, X denotes the topological dual space of X;. For the
corresponding dual pairings we write (x;, x]) = x|(x1), where x; € X, x} € Xj orx} € X;.In
addition, Li(X;, X;) denotes the set of all (topological) isomorphisms between X; and X;. In
the case that X; = X, we write Lis(X;). If H is a Hilbert space, we denote the corresponding
inner product by (+|-)y.

For a subspace D C X; and a linear mapping A : D — Xy, if D C X is another subspace
and A : D — X, another linear operator, we write A C A provided that D C D and Ax = Ax for
all x € D. In fact, we identify an operator A : D — X, with its graph {(x;,Ax;)| x; € D(A)}.
For an injective, linear mapping A : D — X,, we put A~ := {(Ax, x)| x € D(A)} and A" is a
univalent, linear operator. We denote by D = f(x) the Fréchet-derivative of f at the point x € €.

2.2. Standing assumptions

We consider continuous bounded mappings on subsets E, U of a Banach space X
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a1 E— S(V x W,K), e al =a ),
ay: U — S(H x W,K), m = al” = ay(m),

¢ ExU—SHxW,K), (tm)— " :=c@,m).

with bounds

C(t) = ||ai(D]|svxwk)s 2.1
M(m) = ||ax(m)|| sxw k), (2.2)
M(t,m) = ||e(t,m)|| saxwx)- (2.3)

Moreover, we assume that for each ¢ € E,

sup |a\ (v, w)| = c()||v]lv YoveV, VteE, andsomec(t) >0 (2.4)

wew
[wlw=1
and a,(7) is nondegenerate with respect to the second component, i.e.,

(a@wy=0vvev) = w=o. 2.5)

Remark 2.1. In particular, (2.4) and (2.5) are satisfied in if V = W and a(f) is coercive.

2.3. Framework

Our first aim is to study, under various conditions, the existence and properties of solutions
u € Vto the problem

Ve W: du,w) + " (u,w) = pw), (2.6)

where ¢ € W*is givenand¢ € Eand m € U are parameters. In that case, the lower order terms
of the corresponding differential operator are encoded in the form ¢ and they depend on the
parameters m and ¢, while a(f) essentially describes the highest order terms. The solution space
V contains information on the boundary values. An operator theoretic reformulation of our
problem in the next section is the starting point of our studies.

In the inverse medium problem [12] or the inverse problem from THz tomography [55]
which we mentioned in the introduction, ¢*™ = )\(t)a(z’") whereas m corresponds to a spatial
material parameter, and ¢ represents the (fixed) frequency of the radiation. This case is discussed

in detail in section 8.

Analysis of parameter-to-state operator:
In the forthcoming sections, we present the results on

o Well-posedness (sections 3 and 4),
e Differentiability and tangential cone condition (section 5).
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3. Well-posedness of (2.6)

In this section, we associate linear operators to the problem (2.6) in order to explore this
problem using operator theoretic methods. For that purpose, we need the following two lem-
mas. The first auxiliary result can be regarded as a Banach space version of the classical
Lax—Milgram lemma and it can be easily established applying the strategy used in the proof
of theorem 12 in [29]. Note, however, that none of these two results completely implies the
respective other one.

Lemma 3.1. Foreacht € E there exists an isomorphism T; : V. — W* such that
(Tw)w] = af (v, w)

forallv € Vand w € W, and

(@) | T cevwe < C@).
®) 1T ew-w < o

The following lemma constitutes an important step towards using operator theory in treating
problem (2.6).

Lemma 3.2. For each pair (t,m) € E X U there exists a unique bounded operator Cy,, :
H — H with C,,,(H) C V and with

a\"(Cppx, w) = ™ (x, w) (3.1

for every x € H and each w € W. In addition, the following assertions are valid.

(a) The mapping C : E x U — L(H), (t,m) — C;,, is continuous.
(b) The part of Cy,, in 'V, i.e., the linear operator

CXm V=V, 0= Cv

is bounded and the mapping CV : E x U — L(V), (t,m) — CXm is continuous.

(¢) We have ||C, x|y < MC((’;;”) “||x|lg for each x € H.

(d) The operators C,,, and Ct‘fm are both compact if the embedding j:V — H is compact.

Proof. See appendix A.1. U

Definition 3.3 (Strong well-posedness). For (z,m) € E x U, we call problem (2.6)
strongly well-posed if and only if for each ¢ € W* there exists precisely one u € V such that
(2.6) is satisfied.

Proposition 3.4 (Strong well-posedness). Ler (r,m) € E x U.

(a) Forfixed ¢ € W*,u € V solves (2.6) if and only if T,(Iy + CXm)u = .
(b) The subsequent statements are equivalent.

1. Problem (2.6) is strongly well-posed.
2. The operator Iy + CXm is bijective.

In that case, the operator Iy —|—C,‘fm possesses a bounded inverse and the unique
solution to problem (2.6) depends continuously on the data .

6
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(¢) If the embedding jis compact and the nondegenerate condition
(v weW: au,w) + M, w) = o) ~ u=0 (3.2)

is satisfied, then problem (2.6) is strongly well-posed.
Proof. on (a): for all w € W, we compute, using (A.1),
(w, Tily + Cpu) = a(Uy + C,)u, w)
= a(lt)(u, w) + a(f)(C,,mu, w)
= a{(u, w) + " (u, w),

which implies the assertion.

on (b): since 7; is an isomorphism, the stated equivalence follows immediately from part
(a). So, in the case that Iy + Ct‘fm is bijective, it possesses a bounded inverse due to the open
mapping theorem. Moreover, in this situation the unique solution u to problem (2.6) is given
by u = (Iy + C},)"' 7, '¢ and, consequently, depends continuously on the given .

on (c): assume that j is compact and condition (3.2) is met. By part (a), condition (3.2)
is equivalent to N (7,(Iy + C/,)) = {0}. So, Iy + C},, is injective. By lemma 3.2, we derive
that C}), is compact. Hence, Iy + C/,, is an isomorphism by the Fredholm alternative (see, e.g.,
theorem 15.9 in [21]). The assertion follows from part (b). U

An important special case, in particular within a Hilbert space setting, occurs if V coin-
cides with W and V is densely embedded into H. We assume these for the remainder of this
subsection.

Definition 3.5 (H-well-posedness). Given that V= W and j has dense range. We call
problem (2.6) H-well-posed if for each ¢ € H* there exists precisely one u € V such that (2.6)
is satisfied.

Since the embedding j is continuous, if (2.6) is strongly well-posed or, equivalently, Iy +
CXm is bijective, then problem (2.6) is apparently H-well-posed, too. However, the converse
may fail in general. The next theorem will show there are less conditional equations to be
satisfied in order to guarantee H-well-posedness. To this end we introduce

A= {(u, Y EVXH | YveV: a(lt)(u, @) + M (u, @) = cp(v)} ,
A(lt) = {(u, Y EVXH | YveV: a(lt)(u, v) = cp(v)}
and formulate problem (2.6) as follows:

given p € H*, findu € V: At = ©.

Theorem 3.6 (H-well-posedness). We consider j* : H* — V*, 1)+ 1p o j. For (t,m) €
E x U the following assertions are valid.

(a) A is a closed operator from H to H”.

(b) j* is injective with dense range and || j*||op = 7.

(c) A(lt) = (j*'T,; in particular, A(lt) is a densely defined, continuously invertible, closed
operator from H to H".

(d) N(Am) = Ny +C},) and R(An) = (GO (R(T{y + CL)) N RG™)).

7
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(e) A =AYy +C1).
(f) The subsequent statements are equivalent.
1. Problem (2.6) is H-well-posed.
2. The operator A,,, is bijective.
3. The operator Iy + CXm is injective with R(j*) C R(T,(Iy + CXm)).

In that case, A, has a bounded inverse.
(g) Assume that (2.6) is H-well-posed. Then the mapping

T D(Arm) — DAY, u (Iy +C))u

is well-defined and bijective. Furthermore, J is continuous if both spaces D(A) and
D(A(f)) are endowed with the respective graph norms where we consider A,,, and A(f)
as operators from H to H*. In particular, J is an isomorphism.

(h) The operator j *A(f) is closable as an operator from V to V* with j *A(lt) = T,. Suppose
additionally that problem (2.6) is strongly well-posed. Then the operator j*A,,, is also
closable as an operator from V to V* with

J A =Ty +C}),).
Proof. See appendix A.2. O

The inverse problem w.r.t m arising from problem (2.6) consists in reconstructing m from
U, for fixed ¢ € H* and ¢ € E. Thanks to theorem 3.6 we obtain the commutative diagram

At.m
H D D(Apm) 2 H*

Iv+Cy,, Jf "
Al

H 2 DA

In other words, the operator A,,, factorises into an operator that does not depend at all on
the parameter m and the isomorphism Iy + C,‘fm on the solution space V that encompasses the
dependence on m. This explains why the properties of the operator Iy + Ct‘,/m are crucial for the
analytic features of the parameter-to-state operator as explored in section 5 below.

As a direct consequence of theorem 3.6 we finally see that in an important situation the

terms of strong well-posedness and H-well-posedness coincide.

Corollary 3.7 (strong and H-well-posedness). Besides the premises of theorem 3.6,
suppose that j is compact. Then problem (2.6) is strongly well-posed if and only if it is H-well-
posed.

Proof. If problem (2.6) is H-well-posed, then Iy + C;‘,/m is injective. Hence, problem (2.6) is

strongly well-posed since we can apply part (c) of proposition 3.4, thanks to the compactness
of j. O

4. Well-posedness and continuity of (2.6)

We are now able to formulate and prove our two main well-posedness results for the variational
problem (2.6). We have a local and a global well-posedness result in the sense that in the global
version we can establish, under appropriate conditions, well-posedness of (2.6) w.r.t. the entire

8
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parameter range E x U (see remark 4.2 below), whereas in the local version we may guarantee
well-posedness only on a suitable open subset of £ x U. We start with the global version.

Theorem 4.1 (Global well-posedness and continuity). Given C,,,: H— H and
CXm 1V — Vits part in V as in lemma 3.2. Assume that the inclusion V C H is compact and

that for all (t,m) € E X U and all u € V the nondegenerate condition
(v we W au,w) + " (u, w) = 0) — u=0 4.1

is valid, where U is a non-empty subset of U. Then the following claims hold.

(a) There exists a setld C E x U open in E X X and containing E X U such that Iy + Ct "
invertible for all (t,m) € U and the inverse depends continuously on (t,m) € U. F urther-
more, for each t € E there exists a set U, C U open in X containing U such that Iy + C/,
is invertible for all m € U,.

tm

(b) Foreach p € W* and each pair (t,m) € U there exists a unique u € V such that
Ve W: dw,w)+ ", w) = pw),

and this unique u depends continuously on t, m, and . In addition, we have

Jullv < ||(1V+Cm ) ewllelwe 4.2)

The analogous conclusions are valid for fixed t € E and m € U,.

Proof. Let (t,m) € E x U be arbitrary and u € V. By (4.1) and by part (b) and (c) of
proposition 3.4, we obtain that 7y + CXm is an isomorphism. As CXm depends continuously on
(t,m) € E x U, the function

F:Ex U= LYV), (t,m) — Iy +CV

tm

is continuous. Summarizing, U := F~'(L;(V)) is a subset of E x U open w.r.t. the relative
topology on E x U containing E X U. But as U is open in X, we deduce that I/ is open in
E x X. Clearly, Iy + C,‘fm as well as its inverse depend continuously on (t,m) € U.

Let ¢ € W* and (t,m) € U be arbitrary. Thanks to proposition 3.4, problem (2.6) has now
precisely one solution u € V given by u = (IV +C, m) 17;’1(<p) € V. Consequently, such a
solution necessarily satisfies

-1,
lullv = | (Iv +C) T @)lv
1 _
<N +Ch) " llew 1T e llollwe

1
—||(Iv+C), canllellwe
(t)||( m) llzwllell
which shows inequality (4.2). In addition, it is easy to show that u depends continuously on ¢,
m and ¢ by using this representation for u (cf the arguments used to establish lemma 3.2).
Finally, for fixed 7 € E we may apply the results shown so far for E, := {¢} instead of E in
order to establish the remaining assertions. (|

Remark 4.2. Observe that in theorem 4.1 the choice U = U is possible. Therefore we obtain
global well-posedness, i.e., for all parameter values (#,m) € E x U, provided that (4.1) is sat-
isfied for U = U. The conceptual advantage that justifies the introduction of the set U in the

9
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formulation of theorem 8.2 is that it suffices to check condition (4.1) on the set U for a fixed
1 € E, where U needs not to be open, to directly obtain well-posedness on a larger set I/, open
in X. Hence, U is best suited for differential calculus. This plays a role in the treatment of some
examples, such as the inverse problem of THz tomography.

‘We now come to the local version.

Theorem 4.3 (Local well-posedness and continuity). Let C,,,: H— H and C},:
V — V be as before. Assume that there exists a net (t,)acp (A a directed set) in E with

M(to,m)
ath  clta) =0 (4.3)

Jorallm € U. Then there exists a non-empty set O C E x U open in E x X with the following
properties:
(@) Forall m € U there exists a non-empty, open subset O,, C E such that O,, x {m} C O.
(b) The operator Iy + C,,, is invertible for all (t,m) € O.

(¢) The operator Iy + Ct‘fm is invertible as an element of L(V) for all (t,m) € O and both this
operator and its inverse depend continuously on (t,m) € O.

(d) Forall (t,m) € O and each antilinear functional ¢ € W* there exists a unique u € V such
that

YweW: a(lt)(u, w) + c(zt’m)(u, w) = p(w)
and this unique u depends continuously on t, m and . In addition, we have

1
< —||ay+¢Yy! .
[Juellv c(t)||(v+ o) leanllellw

Proof. Using C;,,(H) C V and part (c) of lemma 3.2, we derive

YM(t, m)
C m g C m g - N >
[Contllnr < A Conxlly < = el
which implies
YM(t, m)
Cim < —
1Coamll ccar )
Employing hypothesis (4.3), we derive
YM(ta, m)
C m g - N —>0
1Croaml ccar ) e

for all m € U, which yields

Iy + Cta,m —— Iy € Elb(H)

ach

Since Lis(H) is an open subset of L(H) and C: E x U — L(H), (t,m) — C,,, is continuous,
we deduce that for fixed m € U the set

On={t€E:Iy+Cyp€ Lis(H)}

10
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is a non-empty open subset of E as well as that the set
O={t,m)c ExU: Iy+C,, € Lis(H)}

is non-empty and open w.r.t. the relative topology on E x U. As U is open in X, we infer that
O is an open subset of E x X. Clearly, O,, x {m} C O for all m € U. This shows part (a)
and (b).

The remaining assertions can now be deduced essentially as in the proof of theorem 4.1
as soon as we will have shown that Iy + C;‘,/m is invertible for all (¢, m) € O. By part (b), the
operator Iy + C},, is injective for (r,m) € O. Let ¥ € V be arbitrary. Thanks to part (b), there
exists a v € H such that (I + C;,,)(v) = v. This last equality is equivalent to v = v — Cy,,v
and we infer that v € V because of C,,,(H) C V. As a result, Iy + )\(t)C,‘fm is also surjective,
thus continuously invertible by the open mapping theorem. ([

Remark 4.4. Assumption (4.3) in the local well-posedness result is a kind of smallness con-

dition w.r.t. the highest order terms a(f) imposed on the lower order terms ¢ of the involved

differential operator.

5. Differentiability and tangential cone condition

Assuming the well-posedness of problem (2.6), we will now explore the analytic properties of
various parameter-to-state operators.

5.1. Dependence on the parameterm

Theorem 5.1 (Differentiabilty). Let v € NU {o0}, 1 € E be fixed, and G; a non-empty,
open subset of U. Assume that (2.6) is strongly well-posed for all m € G,. We further consider
the forward mapping of (2.6),

O:G - W' m— a(f)(u, )+, ) = o,
as well as the parameter-to-state operator
S:G =V, mw— u,,

where w,, = Uy, s the unique solution u € V of the problem (2.6). Then:

(a) If the forward mapping ® and c¢,:=c(t,-) are both v-times (continuously) Fréchet-
differentiable on G,, then the parameter-to-state map S is also v-times (continuously)
Fréchet-differentiable on G,.

(b) If the forward mapping ® and c(t,-) are both analytic on G, (in the sense that they are
locally given by their respective Taylor series expansion, see [58)]), then the parameter-
to-state map S is also analytic on G,.

Proof. See appendix B.1. U

It is not difficult to see that D zS(m)[m] is the unique element u € V such that

a\(u, w) + " (u, w) = (w, DFd(m)[m] — (DFBYm)m]) Stm)) — (5.1)

1
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for all w € W, where B, : m +— c®™(-,-). This leads to the result on the tangential cone
condition.

Theorem 5.2 (Tangential cone condition). Suppose that the conditions in theorem 5.1
hold and v = 1. Moreover, assume that ¢, : m s c"™ is the restriction of a continuous affine
linear mapping defined on X. Then, for each my € G, and every k € (0, 1) there exists a con-
stant ¢ = p(mo, k) > 0 such that B,(mo) C G,, the Fréchet-derivative D zS of S is bounded on
B,(mo) and S satisfies a k-tangential cone condition on B,(my) w.r.t. both || - ||z and || - ||v,
i.e., we have

|S(my) — S(my) — (D£S(my))[my — my]||g
|S(my) — S(mz) — (DES(my))[my — ma]||v

< K||S(my) — S(mo) ||, (5.2)
< K||S(my) — S(ma)||v (5.3)
Sfor all my,my € By(my).

Proof. First, S is continuously Fréchet-differentiable on G, thanks to theorem 5.1. Let m €
G, h € X\{0} suchthatm + h € G, letw € W, and put u :=S(m + h) — S(m) — (D£S(m))[h].
Using (5.1) and (B.3), we deduce
a(lt) (u, w) + " (u, w)
= d"(S(m + h), w) + (S + k), w) — TS + h), w) + P (S(m + h), w)

— (@(Sm), w) + (S, w)) — (@ (D ESE)AL w) + 7 (DrSE)LR], w))

= (w, ®(m + h)) — (w, @(m)) — " (Sm + h), w) + " (SOm + h), w)
— (w, DF®(m)[h] — (DFB)(m)[A]) S(m))

= (w, ®(m + h) — ©(m) — DF@m)[h]) — (w, (By(m + h) — B(m)— (DrB)(m)[]) (S(m + h)))
+ (w, (D£B)(m)[A]) S(m) — (DFBYm)[]) S(m + h)) .

Since ¢ and B; are, by assumption, restrictions of continuous, affine linear mappings, the first
two terms in the last expression vanish and we conclude

a(u, w) + " (u, w) = (w, (DFB)m)[A]) S(m)
— ((DxB)(m)[h]) S(m + h))
forall w € W, i.e.,

Tildy + C)u = (DFB)(m)[A]) Stm) — (DFB)(m)[h]) S(m + h)
= ((DFB)(m)[A]) (S(m) — S(m + h))

thanks to part (a) of proposition 3.4. This yields
[S(m + h) — S(m) — (DFSm)[A||v
<@y + o) o I Nlop - |DFB) o - 1Allx - [SGm) — S(m + Bl
< %H(IV +C) Mop - IDEBYE)|| cex,carwey - |17]|x - [|S(m) — Sm + h)||y.
(54)

12



Inverse Problems 38 (2022) 075005 H Hoffmann et al

In order to complete the proof, consider an arbitrary my € G and any s € (0, 1). By a simple
continuity argument, we can find ¢’ > 0 such that B, (my) C G,, DS is bounded on B (i),
and

Y _
A= sup ||y +C.) lop - IDFBIM)|| cox.ciamwey < oo
meB y(mp) (1)

Now we choose g € (0, ¢') such that 2Ap < k. For all m;,m, € B,(my) C By(mg) we then
derive, employing inequality (5.4) and the triangle inequality,

[SGm1) — S(m2) — DrS(ma)my — ma]||y
<A ([m1 — mollx + [lmo — ma|lx) [|S(my) — S(ma)|v
< K[|S(m1) — S(my)||v.
Using the first estimate in (5.4), we also have
G + 1y = S(m) — DSEn)IA|1
< YIS0 + h) — S(m) — (DFS(m))[A]||v
S ARl - [[SGm) = SGm+ )|a

form € G, and h € X\{0} such that m + h € G,. The same line of argument as before finishes
the proof. (]

Remark 5.3. Observe that the function S in theorem 5.2 fulfills a very strong variant of the
classical tangential cone condition as the tangential cone constant x may be chosen arbitrarily
small (of course, at the cost of choosing the radius o very small).

5.2. Dependence on the parameter t

We assume in this subsection that E is an open set of a Banach space Y. A similar line of
argument as in the proof of theorem 5.1 leads to the subsequent result.

Theorem 5.4 (Differentiability). Ler v € NU {0}, m € U be fixed, and O,, a non-
empty, open subset of E. Assume that problem (2.6) is strongly well-posed for all t € O,,. We
further consider the forward mapping of equation (2.6)

pmb® : O, — W, 1+ a’(u,-) + " (u,-) = ¢,
and
T:E— LHW), t—T,
with T; in lemma 3.1, as well as the parameter-to-state operator
T:0,—V, t—u,

where u; = Uy, ¢, IS the unique solution u € V of the problem (2.6). Then

(a) If ®,T and ¢(-,m) are v-times (continuously) Fréchet-differentiable on O,,, then T is also
v-times (continuously) Fréchet-differentiable on O,,.

(b) If ®, T and (-, m) are analytic on O,,, then T is also analytic on O,,.

13
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Similarly as in the preceding subsection, D zt(#)[y] is the unique element u € V such that

a(u, w) + " (u, w) = (w, Dr®()[x] — (DT @)[y]
+ DzB"(1)[yl)j) T(0)) (5.5)

forall w € W, where B" : t — (-, -). We thus obtain the result for the tangential cone con-
dition. As the proof can be carried out in the similar way to theorem 5.2, we do not present it
here.

Theorem 5.5 (Tangential cone condition). Suppose that the conditions in theorem 5.4
hold. Let m € U be fixed and problem (2.6) is strongly well-posed for all t € O,,. Moreover,
we assume that, for fixed m, ¢(-,m) and T are restrictions of continuous affine linear functions
Y, and c(t) depends continuously on t.

Then, for each ty € O,, and every k € (0, 1) there exists a constant o = o(ty, k) > 0 such
that B,(ty) C O,, the Fréchet-derivative DT of T is bounded on B(ty) and T satisfies on

B,(1) a k-tangential cone condition w.r.t. both || - | and || - ||v. i.e., we have
|T(t1) — () — Drr)lt — Lll|n < &T(0) — T(0)||a, (5.6)
|T(t1) — () — DrT)t — tlllv < klTt) — T(®)|v (5.7)

Sorallt,t, € By(to).

5.3. Dependence on the parameter (t, m)

In this section, we are dealing with a parameter-to-state map © : O C E x U — V, (t,m) —
O(t, m) that depends on the two variables m and t. Here, we only state a differentiability result
for the parameter-to-state map, which can be easily proved using our previous findings.

Theorem 5.6 (Differentiability). Lerv € NU {co} and let O be a non-empty, open sub-
set of E x U. Assume that problem (2.6) is strongly well-posed for all (t,m) € O. We further
consider the forward mapping of (2.6),

U:0— W, (t,m) — a(lt)(u, Y4 E(y, ) = Py
as well as the parameter-to-state operator

O:0 =V, (t,m) — U,

where u; = .y, is the unique solution u € V of the problem

Ve W: aw,w)+ ", w) = Py (w) = (w, U(t, m)).

(a) If ¥ and ¢ are both v-times (continuously) Fréchet-differentiable on O, then © is also
v-times (continuously) Fréchet-differentiable on O.

(b) If ¥ and ¢ are both analytic on O, then © is also analytic on O.

14
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6. Functional analytic framework and form methods

The idea to consider the associated operators A(lt) and A,,, above is inspired by form methods
(for literature, see section 1). We also recommend [5] for more details. Later on, we explore
some examples where the abstract theory developed in the preceding sections is applied. For
that purpose it will turn out to be advantageous to discuss some basics of this theory and to
expound in which way these form methods are linked to our approach.

Now, we temporarily work outside our general framework and we suppose that H and V
are Hilbert spaces where (unlike our premises from the first section) V is not assumed to be
a subspace of H. Furthermore, let a: V X V — K be a bounded sesquilinear form and let j €
L(V,H) be an operator with dense range. We consider the following condition:

For each u € V with j(u) = 0 and a(u, u) = 0 one has u = 0. (6.1)
If a satisfies condition (6.1), then the relation
A= {(x,y)EHxH\ JueVv: (j(u):x AVYoveV: a(u,v):(y|j(v))H)}

defines a linear operator A : H O D(A) — H, which is also accretive if a is positive, i.e., if

Rea(u,u) > 0 for all u € V. The operator A is called the operator associated with (a, j) and

one writes A ~ (a, j). Note that condition (6.1) is automatically met if j is an embedding.
The form a is called j-elliptic if there are constants w € R and a > 0 such that

Y v € Vi Re(a(v, v) + wl| jw)|3 > allv|f}. (6.2)

In that case —w — A generates a contractive, strongly continuous semigroup, the operator A is
self-adjoint provided that a is symmetric, and A possesses a compact resolvent if j is compact.
If V C H (as in the situation we are interested in) and j is just the canonical embedding, then
Jj-elliptic forms are also called H-elliptic. We recall a useful perturbation result, which can be
found, e.g., in [5] (lemma 11.1). Note, however, that we state the lemma in a more detailed
version as it is essential for the upcoming examples to trace back a sufficiently precise form of
the involved constants, which can be easily verified by using Young’s inequality:

Lemma6.1. Let Vand H be Hilbert spaces such that V C H, where the embedding is dense.
Leta:V xV — Kbe a continuous H-elliptic form with
Rea(u) + wlul|3 = a|ulli @ e V),
where w € R and o > 0. Furthermore, let b: V x V — K be a continuous form such that
b@)| < Mljully - [lullz (e V)

with a constant M > 0. Then a + b is H-elliptic satisfying

2

M
Re(a(u) + b(u)) + (w + za) lullf > %”“”\2/ Wev).

Now we want to clarify the relation between these form methods and our approach. To this
end, we adopt all assumptions presented in section 2; note that j is therefore now the natural
embedding. In addition, we assume that V = W, j has dense range, V and H are Hilbert spaces,
and a; satisfies condition (2.4). Finally, we fix t € Eandm € U, and puta = a,,, :==a\ + ™.
LetA:==A., ~ a;, =aand A" ~ d\, ie.,

15
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A= {(x,y)EHxH| dueV: (j(u)zx AVoveV: a(u,v)z(y\j(v))y)}
= {(u,y) EVXH|VveV: a(lt)(u, v) 4+ " (u, v) = (y\v)H)}
and

A(l’): {(x,y)eHxH| JueV: (j(u):x AVoveV: a(f)(u,v):(y|j(v))y)}

= {(u,y) EVXH|VveV: a(f)(u,v) = (y|v)H)} )
We notice that for y € H the antilinear functional
oy V=K, v o)

is continuous as one easily verifies. As a consequence, the equation Au = y is satisfied if and
only if u solves (2.6) for ¢ = ¢,. Now, if we identify H and H" via the Riesz isomorphism
of H, then we see that these operators are precisely the operators considered in the preceding
subsection. For that reason we tolerate the ambiguity of the symbols A, ,, and A(f ),

We now come to the application of our theoretical results in inverse problems:

Inverse problems of identifying parameters in partial differential equations:
In the forthcoming sections, we illustrate our general framework for

e Parameter identification problems with a rather theoretical background (section 7),
e Problems arising in applications, particularly in inverse scattering (section 8),
e Important benchmark problems from inverse problems research (section 9).

7. Abstract parameter identification examples

For some of the upcoming examples it will turn out to be advantageous to fix some notation.

For a topological space X we write C(X, K) for the space of K-valued, continuous functions
defined on X. Let N € N. For x,y € KV we denote the vector product by x - y. Let Q C RV
be an open, non-empty set. We use the standard notation for Sobolev spaces. Beside the usual
Sobolev norm we also use the seminorm

|U|H1(Q) = (V'U|VU)L2(Q) = /QVU -Vodx

forv € H'(Q), whichis anorm on H{(£2) equivalent to the usual Sobolev norm, provided that {2
is bounded in at least one direction. If {2 possesses a compact Lipschitz boundary, we denote by
v = (vy,...,y)the outward-pointing normal field. If in addition, 2 is bounded or has compact
C'-boundary, then there exists precisely one bounded trace operator tr : H'(€2) — L*(9Q) with
tru = ulpo for all u € H'(Q2) N C(2). We just write u instead of u|sq if no confusion is to be
expected. Observe that in the case of a bounded €2 there exists a constant C > 0 (only depending
on (2 and thus on N) such that the trace interpolation estimate

H”|DQ||i2(aQ) = ||tr(u)||i2(m) < Cllull 2y lull 1) (7.1)

is valid for all u € H'(Q2) (see, e.g., theorem 1.6.6 in [16]).

16
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71. Examples with uniformly elliptic differential operators in divergence form subject to
Dirichlet, Neumann and mixed boundary conditions

Let Q C RY be open, bounded with continuous boundary.
Let H = L*(Q2) and V = W a closed subspace of H'(Q) containing H(')(Q), endowed with
|+ |71 0. We set E = (0, 00), X = L()" x L*(Q) and postulate that the mapping
.Aj,k E— LOO(Q), t— a(j;(
is continuous for all j,k € {1,...,N} with aﬂ € L>(Q) for jke {1,...,N}.
Let 3 > Obe independent of £, such that forall € = (&, ...,&y)" € KV, -almostall x € Q
and all € E the matrix (a{}) ;e (1...vy satisfies the uniform ellipticity condition
N
Re | Y dh& & | = B-[¢h. (7.2)
k=1
where | - |, is the Euclidean norm on K". The mentioned ; -nullset may depend on the

parameter f.
We fix ¢ > 0 and set

U= {((cl,...,cN),d) cX: max{jirllaxN|cj||oo, ||d||oo} < g} .

Now let by, ...,by € L*(2) and

= AnllaxN||bj||oo, I =29 max{o, T} + o, (7.3)
=

44444

where ¥ = ¥y > 0 with | - |; < 9y - |, on KV with the £'-norm | - |; on KV, and set

N
Go(D)lu, v] == /Q Z ) (x)Ou(x)dpu(x) dx (7.4)

jk=1

fort € E, u,v € V. We thus have
Re ag()[u, ul + Bl|ullfzqy = Bllull e (1.5)

for u € V. We define
N
VX VoK, (nv) / > bi(@uyvdp (7.6)
0-
j=1

and we get
a1 L, ul| < Tilully - Nully = Tillullmq) - ull 20-

17
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We consider the form a() : V x V — K, (u,v) = ao(t)[u, v] + a;[u, v], where
an)[u, v] = ap(t)[u, v] + ai[u, v]
N — N L
- /Q > (a;?k(x)(aku(x))(ajv(x))) + ) i) @u(x)o()| dx.
k=1 j=1

Employing lemma 6.1 with w = o = 3, we deduce

Re (a(0)[u,ul) + | B+ 0 e > é\lu\lz 7.7
s Zﬁ H = 2 174 N

forallu e V,t € E.
Form = (¢,d) = ((c1, . .., cn), d) € L)Y x L¥(0) = X we set

b(m): H xV =K,

N
(fv) = — /Q (Z (¢;(0)f()Du(x)) +d<x)f<x)v<x)) dx.
j=1

The respective mapping b : X — S(H x V,K), m > b(m) is well-defined, linear, and contin-
uous, as one easily verifies. We now define the form

1—\2 1—\2
a3 Hx V=K, (f,v) — <<5+—‘> - <5+—2>>(fv)y

2 2
and set
N N
alu,v] : = / > (agfl(aku)(a,ﬁ))+ (b Ouv + cjudp) + duv| dpu
Q| k=1 j=1

(7.8)
= a(®)[u, v] — b(m)[u, v]
= ao(H[u, v] + ar[u, v] — b(m)[u, v}

fort € Eand u,v € V= H'(Q). Furthermore, we define

2
a(0):VxV-=K, (u,0)— adu,v] + (ﬁ + gg) (u|v)m,

a(m) : HxV =K, (f,v) = =b(m)[f,v] — a3(f,v),

and A : E— K, t+ 1, and we obtain by a simple calculation

F2
ar(Hlu, v] + @) - ax(m)[u, v] = a(®)[u, v] + (5 + 2;) (u|v)n.

Due to (7.7) we obtain coercivity of a;(?), i.e., for all # € V holds

B

Re (ay (Dl ul) > 7 [u-

18
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A straightforward estimation yields foru € V

N
x> [ 10ul - ul dp, + 1]d]| o - [lull7-
j=17%

Using the Cauchy—Schwarz inequality and the definition of ¢/, we thus infer

N
i — somtul] < 2 max { T sl > 0+ Dl -l

=1

N

44444

< wmax{n,j;r;ax |cj|oo} el - 1 9l 1+ ] - e

Hence,

i — bt < (20max {1 max il b+ [dl ) - Ll

1,...N

(7.9)
Let (t,m) € E x U and u € V, such that
ar(Du, w] + A@) - aa(m)[u, w] = 0

for all w € W =V, which particularly holds for u = w. With (6.1), (7.5) and (7.9), we thus
arrive at

0 = Re (a1(O[u, u] + A\ - aa(m)[u, ul)
1
= Re (a(®)[u, u]) + (ﬂ + % (29 max{o,I'1} + Q)2> [l |
= Re (a()[u, u])
1 : X
v (5 + 35+ (20 max max el + . ) Jul
B

> 2 Julf

which yields # = 0 and (8.9) is fulfilled.

Since H'(2) < L*(Q) is compact, the embedding j: V < L*(£2) is compact. As a conse-
quence, we are in the framework of our global well-posedness result theorem 4.1. We now
formally set

2
Dyu = — div ((aj,k)j,kv“) +b-Vu—divlc-u)+ (d o %23) !
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for u € V and fix some vy € H(')(Q). Forw € W=V, m € U, and @, := b(m)[vo, -] we have

N

onw) = bl = = [ (S (ejoed) + dogw | ax
Q

=1

With ¢ = ¢,,, (8.13) can be regarded as the variational formulation of

D,u = div(vy - ¢) — dvyg in €,
u € V (boundary values).

As b is linear and continuous (see above), theorems 5.1 and 5.2 are applicable.
We want to emphasise three scenarios. (Recall that we have vy € Hé(Q).)

(a) Inthe case V = H(l, (£2) we have Dirichlet boundary conditions, i.e.,
{Dmu =div(vg - ¢) —dvy in Q,

u‘ag =0.
(b) Let 0X2 have a Lipschitz boundary. In the case V = H 1(©2) we obtain Neumann boundary
conditions involving the conormal derivative, i.e.,

D,u = div(vy - ¢) — dvg  in €,

N N
0= ((aj,k)Vu—l—cu) V= Z (a;xOu)v; + Z cju-v;.
jk=1 j=1
(¢) Let ©Q have a Lipschitz boundary, T'C 002 a Borel set. The choice
V.= {u e H(Q) : tr(u)|r = O} yields mixed boundary conditions, i.e., Dirichlet
boundary conditions on I' and Neumann boundary conditions (with the conormal
derivative) on 9Q\T".

Now let €2 be open and bounded with arbitrary boundary 9€). We set V:=W = H}(Q)
and H = L*(Q), such that V < H is compact. With the definitions from the beginning of this
section, we can apply the global well-posedness result theorem 4.1 of our abstract framework
as well as theorems 5.1 and 5.2.

Finally, let K =R and () # Q2 C R be open and bounded with continuous boundary.
We fix A =1, 3 > 0, and choose V = W = H}(2), H = L*(). Furthermore, we choose the
parameter space

1
U= {m: (by,...,by),c) eX 1 c— Ediv(b) >0 pup —ae.in Q}

as a subset of X = (H'(Q) N LOO(Q))N x L>®(Q), where b= (by,...,by)". We let

N
ay(0)[u, v] ::/QZ (agfiajuakv) dx,

jk=1

and with the definitions

N
b(m)[f,v]::—/Q > bi@p)f +cfv| dx, aslf,v]:=0
j=1
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we obtain

1

wmm)[f,v] = BY0)

N
b(m)[f,u]—a3[f,u]:/Q > biOw)f +cfv| dx.
j=1

We have Re (a;(t)[u, u]) > BHqu{l(m for some 5 > 0. One can show that a,(m)[u, u] > 0.
Altogether, we have

N N
ar(Olu, v] + AX@Oax(m)[u, v] = / X Z (aj,kajuﬁkv) + Z bi0v)u + cuv | dx
Q k=1 =1

with
Re (o) (1)1, u] + MO (m)[u, u]) > Blul)3-

It follows that (8.9) is fulfilled. Hence, theorems 4.1, 5.1, and 5.2 are applicable. For a fixed
veV= H(')(Q), we can consider (8.13) as the weak formulation of the problem

—div ((aj,k)j,kVu) —b-Yu+cu=>b-Vvyg+cvy 1in (,
u‘[jQ =0 on 0f).

72. Examples with uniformly elliptic differential operators in divergence form on general
open sets

Let 2 # () be open, H:=L*() and H}(Q) C V =W C H'(Q). The definition of 4, and
(7.2) are transferred from section 7.1, but with g = §(f). We fix * € E, ¢* > 0, and let
lim,_+ () =: " > 0.

It is then possible to apply the local well-posedness result, theorem 8.3, as well as theorems
5.1, 5.2 and 8.4 to analyze the variational problem

Dy u = N(2) (div(vg - ¢) —dvg)  in €,
u € V (boundary conditions),
where

D, yu:= —div ((aj,k)j,kVu) + b - Vu — At)div(c - u)

2
+ ()\(t)d + 8"+ 2F61* + s*> u

for a suitable V as well as Dirichlet, Neumann, or mixed boundary conditions, but only in
a very abstract sense, since the only assumption on {2 is the openness. This class of exam-
ples includes exterior domains such as {x ERN : |x|p > 1} or the full space 2 = RY, where
H{() = H' (), such that V= W = H' ().

In a second setting, we set V:= W := Hé (), E:=(0,00), and let A : E — R be continuous
with A\(¢r) # O forall 7 € E as well as t* € {0, oo }. We assume that lim,_~ % = 0 (3" from the

B(1)
previous example need not exist). We choose the parameter space to be the full space X:

U:=X =L x LN x L*().
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Due to lim, % = 0, a similar approach as in the previous example shows that the local
well-posedness result theorem 8.3 is applicable, and so are theorems 5.1 and 5.2 resp. 8.4: for
a fixed suitable ¢ € E, (8.13) yields the variational formulation of

—div ((aj,k)j,kVu) + A@®) (b-Vu—div(u - c)) + (AN0O)d + ) u
= A\(®) (div(vg - ¢) — b - Vug — dvg) in €,
u|aQ =0.

Here, we are dealing with a larger parameter space U in comparison to the previous examples.
However, we have to restrict ourselves to Dirichlet boundary conditions.

73. Examples with uniformly elliptic differential operators in divergence form subject to
Robin boundary conditions

Here we basically assume the same hypotheses as in section 7.1.
We pick v € (0, g) and put a:= 3 — 3 > 0. We further fix w € L>(09, ). We set 1) == +

%, where C is the constant from (7.1). Again, it is possible to define suitable forms and

mappings to which we may apply the global version of our well-posedness result (theorem 8.2)

as well as theorems 5.1 and 5.2 resp. 8.4 in order to analyze variational Robin problems such
as

(a) In the case V = H'() we may interpret (8.13) as a weak formulation of the boundary
problem with Robin boundary conditions

D,yu = div(vg - ¢) — duyg on €2,
N N

Z (aj Ou)v; + Z ciuvi + wu =0 on 0f.

=1 =1

(b) IfV={u € H(Q): ulr =0}, where I' C 9 is a Borel subset, (8.13) can be considered
a weak formulation of the boundary problem

D,u = div(vg - ¢) — duyg on €2,
N N
Z (a;xOu)vj + Z cjuvi+wu =0 on OO\T',
jk=1 j=1
u=20 on I,

where we have Robin boundary conditions on 9Q\I" and Dirichlet boundary conditions
onl'.

In the above problems, we formally put
2

r
Dyu= —div((ax)jxVu) + b - Vu — div(c - u) + (d +n+ 2;) u (wmev).
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8. Terahertz tomography and the inverse medium problem

The examples we address in this section arise in practical applications in the area of non-
destructive testing. Terahertz (THz) radiation is electromagnetic radiation in the frequency
range between the microwave and infrared band. In THz tomography, similarly as in x-ray
tomography, the specimen is illuminated from different angles and in various positions, mak-
ing it well-suited for non-destructive testing of various dielectric materials like, e.g., plastics
or ceramics, in order to determine material properties or to detect and localise defects (e.g.,
cracks, holes, impurities). One important advantage of THz tomographic imaging consists in
the feature that both transmission and absorption as well as refraction and reflection at surfaces
are respected. The corresponding physical quantity that contains information about defects is
the complex refractive index, which allows conclusions about the dielectric permittivity (and
therefore about the refractive index) as well as the absorption coefficient. The inverse problem
of THz tomography is thus the reconstruction of the complex refractive index from measure-
ments of the electric field of the THz beam interacting with the tested object. For information
on these aspects of THz tomography, see, e.g., [25, 57] and the references therein. We refer to
[22] for an overview of relevant materials.

In the setup for the inverse medium problem as in [11-13] is analogous, but the quan-
tity of interest is purely the real-valued refractive index, i.e., absorption does not play a role,
while here we study complex-valued parameters. The model is derived analogous to the one for
THz tomography, which we discuss in the following. We will therefore refrain from a detailed
discussion of the inverse medium problem.

We first give a very brief and concise introduction to the underlying physics as described
in [55] before introducing the mathematical setting and applying our abstract framework for a
rigorous analysis.

8.1. An overview of the physical model

The general idea is to illuminate an object with electromagnetic radiation and use the influence
of the object on the radiation to gain insights into the inner structure of the object. In particular,
the illuminating beam is reflected, refracted, and—in the case of THz tomography—partially
absorbed by the object. We are primarily interested in two-dimensional imaging, i.e., we aim
at images of cross-sections of the object. We give a brief overview of the modelling.

Since only the z-component of the electric field, denoted by u;, is measured, and if the object
is static and the wave number ky > 0 of the radiation fixed, the underlying physical model is
reduced to the Helmholtz equation [12, 17, 55]

Au+ k(1 — mu = kmu; in Q, (8.1)

where m:=1 — 7 : Q — C is a function of the object’s (complex) refractive index 7 and u; is
the incident beam. The function m is the material parameter that is to be reconstructed from
measurements of the resulting field

Uy = u + u;, (8.2)

which is the superposition of the incident field u; and the scattered field u. If the object is
absorbing, m has values in C, which is the case in THz tomography (see [55] for details).
Otherwise, m is real-valued, and the problem of recovering m from measurements of u is
called the inverse medium problem (see [12]). In both cases, we work in a bounded domain
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) C R? with a sufficiently smooth boundary and use Robin boundary conditions
Oyu — ikou =0 on 0N (8.3)
as an approximation to the frequently used Sommerfeld radiation condition (see, e.g., [17]).

8.2. Mathematical description

The described physical (forward) model boils down to the question of how to solve the fol-
lowing inhomogeneous, Helmholtz-type boundary problem with Robin boundary conditions

Au + k(z)(l —mu = k(z)mui on (,
(8.4)
Oyu = ikou on 99,

with QCRN, NeN, a non-empty, open, bounded subset with Lipschitz boundary, m &
L>®(Q), ko > 0, and u; € H'(Q) (notice that we choose N = 2 in practice).

In this section, we briefly explain how to give a perfectly rigorous meaning to this problem
under the described mild regularity assumptions. In one of the most favoured approaches one
chooses a weak formulation for (8.4). Indeed, we essentially follow this way, but, in addition,
we want to point out how this approach is linked to the form method presented in section 6 and
this link will reveal that the usual weak formulation may be rewritten using a proper differential
operator. In the subsequent section we reformulate our methods developed in sections 4 and 5
to analyse the boundary problem (8.4) in its weak formulation.

We consider the form

a:H'(Q) x H'(Q) — C, (u,v) — /vu-vm—kg/(l —m)wdx—iko/ utdog.
Q Q 219}

For u € H'(Q) we estimate
Rea(u) = / |Vul3 dx — k%/ (1 — Rem)|u|*dx > / |Vul3 dx — k%/ (A + [|m| o)) dx,
Q Q Q Q
which yields

Re a(u) + (kg(1 + [Imllo0) + Dl 720y = luellFi-

As a consequence, the form a is H-elliptic. We claim that the operator A associated with the
form a (see section 6) coincides with the operator

B:L*() D DB):={uc H' ()| Au € L*(Q) A du = ikou} — L*(Q),

ur— —Au— k%(l — m)u.
In our situation we have

u,f)EA <= ucH Q) AYveH®): au,v) = (f|v)Lz(Q). (8.5)
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Consequently, (u, f) € A if and only if u € H'() and

/w -Vodx — kg/(l — m)uTdx — iko/ uvdog = /fﬁdx (v e H'(Q)).
Q Q o0 Q
(8.6)

In particular,
/Vu -Vodx — kg/(l — muvdx = /fﬁdx (v € CX (%),
Q Q Q
which leads to
/ude = —/ (f + k(1 —muvdx (v € CZ(N)).
Q Q

This means that Au = —f — k3(1 — m)u € L*(2) in the distributional sense. Thus, f =
—Au — K3(1 — m)u. Inserting this into (8.6), we arrive at

/Vu -Vodx — iko/ uvdog z/ — Auvdx (v € H'(Q)).
Q 0Q Q

According to the definition of the weak normal derivative, this is equivalent to 0, u = ikou. So
far, we have shown that u € D(B) with Au = f = —Au — k%(l — m)u = Bu,i.e.,A C B.

Now take u € D(B) and put f := Bu. Hence, Au = —k3(1 — m)u — f. As O,u = ikou, we
obtain

/Auﬁdx—i—/Vu-Vﬁdx :/ ikout dogq (v e HY())
Q Q 199

or, equivalently,

/Vu~Vidx —k(z)/(l —m)zwdx—iko/ uvdog = /fﬁdx (v e HY()),
Q Q Bly) Q
8.7)

which means that (i, f) € A (see (8.6) above) and, hence, B C A. Altogether, we derive A = B.
So putting f:= — kjmu;, the operator A allows us to rewrite the weak or variational
formulation of (8.4), typically given by (8.6), as a linear, inhomogeneous equation

{u € D(A),

—Au = Imu;.

We emphasise that the operator A is indeed a genuine differential operator, which encompasses
the minimal requirements needed to interpret (8.4) precisely in the form given there (with
solution space H'(€2)). In particular, we may freely switch between the weak formulation and
the formulation using the differential operator A. Hence, the upcoming calculations do not
have a solely formal character and can be seen as a comfortable notation for the variational
formulation, but, thanks to the preceding considerations, these calculations are justified. We
adopt this interpretation and read (8.4) in its variational formulation (8.6).

25



Inverse Problems 38 (2022) 075005 H Hoffmann et al

8.3. Specification of the abstract framework

We take a closer look at the variational formulation (8.7). The parameter ¢ represents the wave
number ko, i.e., we set A\(£) := 2. The second term of (8.7) depends on ko and m and is encoded
in the form ¢ in our general setting. For our application, the most relevant case will be

o(r,m) = AD)ax(m)

for all t € E and m € U. For this specific ¢, we obtain, following the same line of argument
as in the other statements from section 4, the subsequent slightly more precise versions of the
previous results.

Lemma 8.1. For each pair (t,m) € E X U there exists a unique bounded operator A,,, :
H — H with A;,,(H) C V and with
a (A px, w) = a5 (x, w) (8.8)
for every x € H and each w € W. In addition, the following assertions are valid.
(a) The mapping A: E x U — L(H), (t,m) — A,,, is continuous.
(b) The part of A;,, in'V, i.e., the linear operator

Axm V=V, v A

is bounded and the mapping A : E x U — L(V), (t,m) — CXm is continuous.
(¢) We have || A; mx|lv < A’ggf) - ||x||g for each x € H.
(d) The operators A;,, and A, are both compact if the embedding j: V — H is compact.

t.m

Theorem 8.2. Let A,,,: H— H be the operator considered in lemma 8.1. We further
consider the part of it in V. Assume that the inclusion V C H is compact and that for all
(t,m) € E x U and all u € V the implication

(Vwew: aluw) + A0al"ww) = 0) — u=0 (8.9)

is valid, where U is a non-empty subset of U. Then the following claims hold.

(a) Thereexistsasettd C E x UopeninE X X and containing E X U such that Iy + )\(t).A,Ym
is invertible for all (t,m) € U and its inverse depends continuously on (t,m) € U. Fur-
thermore, for each t € E there exists a set U, C U open in X and containing U such that
Iy + )\(t).AXm is invertible for all m € U,.

(b) Foreach antilinear p € W* and each pair (t, m) € U there exists a unique u € V such that

VweW: a(lt)(u, w) + )\(t)a(zm)(u, w) = p(w)

and this unique u depends continuously on t, m, and . In addition, we have
1 _
Jully < %H(IV +ADAL) e llpllwe- (8.10)

The analogous conclusions are valid for fixed t € E and m € U,.

Theorem 8.3. Let A, : H— Hand A, : V — V be as before. Assume that there exists a
net (to)oea (A a directed set) in E with

At
ag}g C(I”) =0

8.11)
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Then there exists a non-empty set O C E x U open in E x X with the following properties.

(a) Forall m € U there exists a non-empty, open set O,, C E such that O,, x {m} C O.

(b) The operator Iy + A1)A,,, is invertible for all (t,m) € O.

(¢) The operator Iy + )\(t)AZm is invertible as an element of L(V) for all (t,m) € O and both
this operator and its inverse depend continuously on (t,m) € O.

(d) Forall(t,m) € O and each antilinear functional p € W* there exists a unique u € V such
that

YVweW: a(lt)(u, w) + )\(t)a(zm)(u, w) = p(w)

and this unique u depends continuously on t, m and . In addition, we have

1 _
Jullv < %H(Iv + ADAL) el ellwe.

In this subsection we consider a special case, which encompasses in particular the inverse
problem from THz tomography as considered in [55] and the inverse medium problem treated
in [12]. Throughout this subsection we make the general assumption that we are in the situation
of theorems 8.2 or 8.3. However, we specify even more the situation considered there.

We now fix ¢ € E and we assume that A := A\(r) # 0. Second, we assume that there is a non-
empty,openset G, = G C Usuchthat {r} x G C Uresp. {r} x G C O, depending whether we
are in the situation of theorems 8.2 or 8.3. Third, we consider a continuous and linear function

b:X — SH x W,K), m— b"™.

Finally, let a3 € S(H x W, K). Note that in specific situations both b and a3 may (and indeed
will in general) also depend on 7 (see below), but since 7 is fixed, such a dependence plays no
role in the following considerations. In what follows we suppose that a, is given by

1
a3y (x, w) = — Xb<m>(x, w) + as(x, w) (8.12)

form € G, x € Hand w € W. While b and a; may depend on ¢, this is not allowed for a5, i.e.,
the dependencies of A, b and a3 on # must interact in such a way that a, does not depend on ¢.
Note that this is fulfilled for the variational problems considered here in section 8.

It is obvious that in this case a(zm) € S(H x W,K). Moreover, for m,m € G we calculate

_ 1 _
laz(m) — az(m) || seexwx) = I Sup o sup |67 (x, w) — b (x, w)|

u;ﬁf,”gl Hu:ﬁtfvvgl
l ~
= — - ||b(m) — b(m)||s@rxwx) —0.

As a consequence, we see that a, is indeed continuous.
By the choice of G there exists for each ¢ € W* and every m € G aunique solution u,,, € V
to problem (2.6), i.e., a unique u,, , € V such that

Y w € W ay(tpp, w) + NS (o, w) = p(w). (8.13)

We now fix vy € V and we put ,, := b (v, -) € W* for m € G. In the following our main
objective is to examine the properties of the mapping

S:G =V, m= ty =y, + 0. (8.14)
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As an immediate consequence of theorems 5.2 and 5.2 we arrive at the subsequent result.

Theorem 8.4. The function S is continuously Fréchet-differentiable. Moreover, for each
my € G and every k € (0, 1) there exists a constant p = o(my, k) > 0 such that B,(mg) C G,
the Fréchet-derivative DS of S is bounded on B,(my) and S satisfies on B,(my) a k-tangential
cone condition w.r.t. both || - |y and || - ||v, i.e., we have

|S(my) — S(mz) — (DFS(mo)my — ma]||g < £[|S(my) — S(ma)||w (8.15)
and
|S(my) — S(m2) — DFS(mo))mi — mal||v < &||SGmy) — S(ma)||v (8.16)

Sor all my,my € B,(my).

8.4. An analysis using the abstract framework

We analyse problem (8.4) using the results obtained in sections 4, 5 and 8.3 under different
constraints. Using our notation from the abstract framework, we set

V=W=H\Q), H = L*(), E = (0, 00), X =L>(Q)

and \(7) := ¢ for t € E. Observe that ¢ plays the role of the parameter k. For that reason, we
write electively ky or z. We specify the forms appearing in the abstract setting by

a()[v,w] = a(lt)(v, w) = (Vo|Vw) 2y — it(v|w)2 9 for v, w € H'(),
a(m)lf,v] = 3" (f,0) = ~((1 = m)f|v)2q, form € X, f € LX), v € H'(A),
vy = u; € HX(Q),

b(m)[f,v] = B (f,v) = —(mf|v) 2, form € L*(Q), f € L*(Q), v € H' (),
a3(f,v) = (flv)2q) for f € L*(Q), v € H'(Q).

Observe that

Om(v) = b (vg, v) = —12(m1)0|1))L2(Q) = / — Pmutdx = / — kimuiT dx
Q Q

and
a(u,v) = a;(O[v, w] + MB)aym)[u, v] = a;(ko)[v, w] + kgar(m)[u,v]  (8.17)

forallu € V=H'(Q),v € W= H'(Q),eacht = ky € E = (0,00) and every m € X = L*(Q),
where a is the form introduced in the preceding section 8.2. Using (8.5) and (8.6), we thus
obtain that the boundary value problem (8.4) (in its weak formulation) is a concrete instance
of the abstract problem (2.6), or, to put it another way,

ay(ko)[u, v] + k%ag(m)[u, v] = p(m)[v] (weV) (8.18)

is the variational formulation of the boundary value problem (8.4).
‘We now check whether the hypotheses imposed in the abstract setting are met here. First of
all, the form a; (ko) is obviously sesquilinear and boundedness

la1(ko)lu, v]| = c1 - [[ullmq) - 1]l @),
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where ¢; := (1 + koC?) and C is the constant appearing in the trace interpolation estimate (7.1),
is established using standard arguments. We further obtain

1
2 1
a1 (ko) [u, ul| = (\Mr;,l(g) + k%HuHiz(am) > NG (‘”ﬁﬂ(m + kO”“”i%am)

1. 1 2 2
> ﬁ mln{ko, 1} ko (|M\H1(Q) + H”HLZ(aQ)) :

Employing 1.1.16 in [41] or example 7.3.16 in [10], we obtain a constant ¢, > 0 (depending
only on ) such that [u| 1) + [[ul 2090y = c2||ul|z1q). Which yields

1 2. ¢
|u‘§]1(Q) + ||u||i2([jQ) > E(‘”|H1(Q) + H”HLZ(DQ)) = EZHMHiﬂ(Q)

and, hence,

2
. 1 2
lay (ko) [u, ul| > W) min {ko’ 1} kollul[ 71 -

Summarising, we conclude that there exists an constant ¢ > 0 only depending on 2 and N
such that

i (Ol ul| > c|ullf 0, (8.19)

for every ¢ > 0 and each u € V, where (1) :=cq - min {1, 1} 7. This implies

ai (1) |:u

sup la1()[u, w]| > = c(t)||ul] g1

b u}
1 ||“||H1(Q)

weW=

H“"HHI(Q):
for u # 0 and we conclude that condition (2.4) is satisfied for all u € V. Moreover, (8.19) also
implies that a; () is non-degenerate w.r.t. the second variable for every t > 0. For r € (0, 1) we

compute

M _ & _
oty  co-min{i 1}t cq ot

Clearly, b, a3 € S(V x W, C) and b is linear with respect to m. According to

|b(m)(f, v)| < t2||m||L°“(Q)Hf||L2(Q)||UHH1(Q),

we see that b is continuous. In addition, we have

1
—%b(’")(f, ) — as(f,v) = (mf|v)2q) — V)20 = P, v).

Consequently, a,, which does not depend on ¢, is continuous as seen at the beginning of
section 5. Next, we observe that
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|a(1’)(v, w) — a(ljv)(v’ w)| = [ —i(— S)(v‘w)ﬁ(aa)‘ <t—s|- CHv||H1(Q)Hw”H1(Q)

for all r,s € E and v,w € VX W=V x V, where C is the constant showing up in the
interpolation estimate (7.1). This implies the (Lipschitz) continuity of a;:

lai(® — a1(®)|lsvxv.e) < Clt —s].

Using theorems 8.2 and 8.3, we now study (under different conditions imposed on m,
extending the results from [13, 55]) the well-definedness and the analytic properties of the
forward operator

S:X=L* Q) DG—HQ), m— u =u-+u, (8.20)

where u is the solution of the boundary value problem (8.4) and G C X is an appropriate open
set.

1st case: unconstrained m.

In this case we may apply the local result theorem 8.3 and we obtain that there exists a
non-empty, open set O C E x L*(£2) such that for all (¢, m) € O the boundary value problem
(8.4) is uniquely solvable. This leads to two conclusions.

First, for each fixed parameter value ko € E satisfying (ko, mg) € O for some my € X we
can find a non-empty, open subset G C X such that the forward operator S is well-defined on
G, where k is still fixed, and theorem 8.4 applies.

Second, for each my € X we can find (see part (a) of theorem 8.3) a non-empty, open neigh-
bourhood G C X of my as well as a non-empty, open set V C E such that (8.4) is uniquely
solvable for every parameter ky € V and all m € G. Once again theorem 8.4 may be applied.

2nd case: 3¢ > 0:Rem(x) > 1 + ¢ for almost all x € €.

We consider the open set

G={melL*Q):3e>0:Rem(x) > 1+ ¢ foralmostall x € Q}.

For m € G and all u € V we estimate
Rea(u) = / |Vul3dx + k%/(Rem — Dul*dx > min{l,kﬁs}”u”fil(m,
Q Q

where a is the form considered in section 8.2. Hence, the uniqueness condition (8.9) is fulfilled
and we are allowed to employ our global result theorem 8.2 as well as theorem 8.4 with respect
to the specified set G.

Note that in contrast to the first case we are able to give a precise description of an
appropriate set G, however at the cost of imposing additional assumptions on .

3rd case: Imm < 0.

We first note that this case is the physically most relevant one. Once again we aim to apply
the global result theorem 8.2. However, in this situation it is more delicate than in the previous
case to check condition (8.9). The verification of this condition heavily relies on a unique
continuation principle. For the reader’s convenience we formulate a version sufficient for our
needs and also give a proof for it.

Proposition 8.5. As before let() # Q C RN be open and bounded with Lipschitz boundary,
w e L*¥(Q,R)and u € H(l) (92, R) such that — Au + pu = 0 on Q in the distributional sense and
such that O,u = 0 in the weak sense. Then u = 0.
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Proof. Let ]~‘ denote the trivial or zero extension of a function f defined on (2 to the full
space R". Thanks to lemma 3.27 in [1], we have u € H'(R",R) with 9, = Qu for every
je€{l,...,N}. For each ¢ € C>*(R") we then compute, noting that | € H'(£2) and using
the definition of the weak normal derivative and that 0, u = 0,

/H(—Aw+ﬁw)dx:/ w-wdx+/ i dx
RN RN RN

Z/VM~V1/J|de+/uu1/J|de
Q Q

—/kAunMde+l/ G%wwdan+l/uu¢bdx
Q o0 Q

/(—Au + pu)p|o dx = 0.
Q

As a result, we infer —Au + iz = 0 on RY in the distributional sense. In particular, Au €
L*(RV,R) as i € L*(RN, R), which further implies — Az + fizz = 0 almost everywhere on RY
due to the fundamental lemma of calculus of variations. Therefore part (a) of theorem IX.27
in [44] combined with 7.62 in [1] yields u € H*(R") with |Au(x)| < ||| gy gy - [#(x)| for
almost all x € RY. Since ut|gy,, = 0 and RY\Q possesses a non-empty interior, we conclude
u = 0 using theorem XIII.63 in [45] and thus u = 0, which finishes the proof. (]

We now return to our analysis of problem (8.4) and we put U= {meX: Imm<0
(almosteverywhere) }. Note that U is not open. At this point we will highly profit from the
formulation of theorem 8.2: it suffices to check condition (8.9) on E x U resp. on U for fixed ¢
to immediately obtain an open superset of £ x U resp. of U (depending on 7 in the latter case)
on which problem (8.9) is well-posed, see remark 4.2. In particular, theorem 8.4 then applies
for each open set G C l~], e.g.,

{m € X|3e > 0: Im(m(x)) < —e for almost all x € Q},

independent of ¢. Therefore, the next step now is to establish condition (8.9).

Lemma 8.6. Letu€c V, ky € Eand m € U such that
a1 (ko)[u, v] + kgaz(m)[u, v] = 0 (8.21)
forallve W=V =H\(Q). Thenu = 0.

Proof. Letm = m, + im; with m; = Rem and m; = Im m. For u = v we obtain from (8.21)
the conditions

(@) ulaq = 0, since [[u||;290) = 0, and
(b) m; - u = 0 almost everywhere in 2,

which has been shown in [55]. As a result, (8.21) reduces to
/Vu -Vodx — kg/ (1—myu-1dx =0 (ve H(Y). (8.22)
Q Q

Hence, choosing v € C>°(€2), we infer that —Au — k3(1 — m,)u = 0 in the distributional sense
on (2. Putting this into (8.22), we get 0, u = 0 by the definition of the weak normal derivative.
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Summarising, we obtain

—Au — k%(l —my)u = 0 in the distributional sense on €2, 38.23)
u = 0,u =0 inthe weak sense on 9f). '

Taking the real and imaginary part in (8.23), we see that Reu and Imu themselves satisfy
(8.23), too. As a consequence, we deduce Re u = 0 = Imu by means of proposition 8.5 and
thus u = 0. |

As a consequence, we arrive at the subsequent result.

Theorem 8.7. Form € U and ko € E there is at most one solution to the variational problem
(8.18).

Proof. If u and u* are both solutions to (8.18), then u — u* fulfills (8.21). Consequently,
u = u* by lemma 8.6. (]

Remark 8.8. 1In [12], Bao and Li refer in the proof of their lemma 2.1, which corresponds
to our theorem 8.7, to Holmgren’s theorem. Our proof of theorem 8.7 reveals, however, that
this is not necessary. Hence, our proof is conceptually easier.

Note that at this point all the assumptions we made at the beginning of section 5 hold and we
can use the results of this section. The global version of our abstract framework now yields the
desired well-posedness result for the forward operator in (two-dimensional) THz tomography
and of the inverse medium problem. The subsequent result is crucial for the convergence of
iterative regularisation techniques such as the Landweber iteration (see, for example, [28]) or
sequential subspace optimisation (see, e.g., [54]).

Theorem 8.9. For every kg € E = (0, 00) there exists an open superset Gy, C X :=L>*(£2)

of U such that forall m € Gy, the variational problem (8.18) resp. (8.4) has a unique solution
u € H'(Q), which depends continuously on m and there exists also an open superset U C
E x X of (0, 00) x U such that for each (ky,m) € U the variational problem (8.18) resp. (8.4)
has a unique solution u € H'(Q), which depends continuously on m and k. Therefore, the
forward operator

Se : L) DGy = H'(QY), me—u=u+u; (ko €(0,00))

is well defined. Due to theorems 8.4 and 5.1, S is analytic and fulfills locally at each point of
its domain the tangential cone condition (in a strong sense).

9. Problems on Banach spaces

We now leave the Hilbert space setting considered in the previous sections to extend our set
of examples to general Banach spaces. In comparison to existing works, we shall not fix any
Banach spaces but offer a range of choices regarding the exponent indices P for the considered
Banach spaces LF(Q).

We study the example of finding a potential ¢ (which is named the c-problem) in the linear
elliptic equation

Au+cu=yp
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as well as the example of determining a diffusion coefficient a (the a-problem) in
-V - (@Vu)= ¢

provided additional measurements (i.e., observation data) of the state function u, which we
denote by y := Q(u) := Iyu = u. Since these parameter identification problems are convention-
ally called the a- resp. c-problem—the parameter a plays the role of m, while ¢ corresponds to
t—we stick to this notation instead of using the parameters (¢, m) from the preceding sections.
Also, X is the common notation for the parameter space and § = ¢ or § = a, according to the
concrete example.

Since S: D(S) € X — V, 0 — u (and likewise its derivative with respect to #) only depends
on one parameter, this also holds for the mappings 6 — a,(#), 8 — ¢(0) in theorem 5.1 resp.
5.4. In both examples, ¢ and a appear with their first order (see (9.10) and (9.24)), meaning a,
and c are linear; hence differentiation of a; and ¢, thus of S, is straightforward in the appropriate
spaces. What remains is the question whether or not S is well-defined.

For this purpose we come back to the abstract setting for linear elliptic PDEs and set

A:(XD)UXx V=W (0,u)— ai(Qu+ c(@)u 9.1)
with
a(@): V=W c«0):H— W* 9.2)

and V — H is compact. X, V, W, H are real Banach spaces, where only W is assumed to be
reflexive. However, since V and W shall be related (cf (9.3) and (9.4)), we consider V to be
reflexive as well.

Well-definedness of S is established by verification of the assumptions

(A1) Coercivity of a;(6),
(A2) Compact embedding V € H,
(A3) Boundedness of A(#),
(A4) Uniqueness condition.
as proposed in section 2 for the elliptic problem (9.1), i.e., in this context, for the a- and

c-problem.
The function space setting we focus on uses Lebesgue and Sobolev spaces

V=w*QnHQ) Pe, ) (9.3)
W=L"@Q) P =P/P-1) 9.4)
H=IMQ) Mel[l, o] 9.5)
X=1%) or X=W"*HQ) Rell, ] 9.6)

In place of the state space V as in (9.3), an intersection with H}(Q) instead of H'(Q) is
considered in case of homogeneous Dirichlet boundary conditions. The image space W*(§2) =
(LP" (2))* = LP(2), where P* is the conjugate index to P, relates to V via the power index P.
The reason for this choice will be revealed in the upcoming estimates; intuitively, the stronger
the state space V is, the stronger is the image space W*, as it makes sense to map the state
u € Vinto theimage ¢ € W* under the elliptic operator. The intermediate space H is compactly
embedded into V; as a consequence, M will later present a dependence on V. The choice of the
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parameter space X is subject to particular examples, i.e., whether a differentiability of order
one is needed. Here, € is a bounded domain with smooth boundary in RV, N = {1,2,3}.

Usually, in the existence theory for second order linear elliptic PDEs [20, 51], the Hilbert
space setting is achieved with

V=H*Q), W=L*Q) forceL®), aec WH>(Q).

We extend this setting to a more general setting in Banach spaces by exploring an adequate
range for the value of the index P in (9.3). Furthermore, we also minimize the index R in
(9.6) to allow weaker/larger feasible parameter spaces rather than the conventional spaces of
essentially bounded functions.

In the next sections, we frequently employ the following results as well as notations.

e Let QO C RY be a bounded Lipschitz domain. Assume 1 < p < oo and k is nonnegative.
The continuous embedding j : WEP(Q) — LI(Y) fulfills

Np
< kp <N
N —kp P
WEP(Q) < L1(Q) if g <« 400 kp = N>
9.7)
= 400 kp > N
N N
orequivalently,if k— — » ——,
p q

see [46, theorem 1.20], where the notation a >~ b means a > b with strict inequality if
b=0.
We furthermore set
Cyhpsra = 1] ||op-

Note that we deviate from our original notation (y := || j||op) here to give a more precise
description of the involved mappings.

e According to [46, theorem 1.21], the compactness of the embedding j : WEP(Q2) — LI(12)
and

WEP(Q) € LI4(9), ee(0,qg—11, (9.8)

hold for g from (9.7).
e By Cprw, we denote the constant in the Poincaré—Friedrichs—Wirtinger inequality

Lp
||u||Uz(Q) S CPFW”VMHL[?(Q) forall u € WO (Q),l S P g 0.

e The number p* = p’—:l denotes the conjugate index to p € [1,00]. We use || - ||a_p as
another notation for the operator norm || - || 2.5 And by (-, -)v.y+ we denote the paring
between dual spaces V, V*.

9.1 The c-problem
We begin by studying the elliptic problem
—Au+cu=¢ in

9.9
u=20 on 0f), e
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comprising the potential term cu and a homogeneous Dirichlet boundary, where ¢ is the
space-dependent coefficient (which is the unknown in the parameter identification problem)
and the source term ¢ is independent of c¢. Formulating this in the context of the abstract
framework, we have

A(c) = —Au+ cu =: aju + c(c)u. (9.10)
This problem is investigated in the function space setting
3V = W2P(Q) N HA(), w=L"
X = LX), H = LM(Q).

Note that in the definition of V, the part H}(Q) incorporates the zero boundary condition.
Now we verify the assumptions (A1)—(A4).

(A1) Coercivity of a;:

For 0 # u € V, let us define

—Au|Au|P~? u
1l IVl

Testing —Au by w, then integrating by parts and invoking the zero boundary condition, we get

/ Auwdx = / |AM‘P [Vul? dx = HAu”LP(Q) + IIVMHLZ(Q)
HAM| LP(Q) HVUHLZ(Q) | Au |LP(Q) ”quLZ(Q)

= [[Aullr) + Vil 20)-

The element w indeed belongs to W as for P* = ;2. we have

5

. —Au|Au|P2 u
Jully = ol = [ + ax
@ = Jo Tl oeloe
a0\ P*
< 2P*—1/ |A’4|P 1 + ( Ju| ) dx
o \ \TAulZ 0 IVl 2
Aul? P*
— o7 /ider/de 9.11)
Q HAuHLP(Q) Q HVUHLz(Q)
P*
< 2% HAMHLP(Q) (CPFWHVMHLP*(Q))
HAu”LP(Q) ||vu‘ L2(Q)
P*
<277 1+ (CerwCroypr [Vl 22 P <2eP>2
h HVU”LZ(Q) h -

=27 (1 + (CorwCp2 e )P*) '
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Thus one obtains
|w|lw < 21 + CprwCpa_yp)- 9.12)

For the case P* > 2 < P < 2, we go back to the estimate (9.11) (i.e., the third line of our
calculations above), and obtain

P* pP*
P* 1 H”HLP*(Q) 1 Cy H”‘HH&(W
follyy < 2ot (1 () ) ot [ (o @) )

||“||H(§(Q) HuHH(l)(Q)
provided that

. N N N

H'@Q) = L") ie, 1—~=——=-N+—

Q) =L () ie > E T + P

2N

ie, P>—— A Pe(l,00). 9.13
ic N3 (1,00) (9.13)

Here, we take into account that V, W are reflexive spaces by constraining P € (1, co). Hence
lwllw < 2(1 + Cya_y ). (9.14)

Inspired by (9.12) and (9.14), we set

w

itP>2
_ 2 1 . ’ = >
go= § 2T Corwliyr) 9.15)

—_ if P <2,
21+ Gy

which yields ||w||w < 1. Then we obtain coercivity of a; via
sup |ay[u, w] sup / Aywdx > / Auw dx
[wlws<1 Hul\wél
= ”AuHLP(Q) + HV“”LZ(Q) = ”u”WZ,P(Q)ﬂHé(Q) = lullv.
(A2) Compactness of embedding V € H:
From V = W>P(Q) N H}(Q), H = LM(Q), we observe the following relations:

e If N =1, we have M = oo since H}(Q2) € L™ (1),

e IfN >2,P > %, wehave M = 0o, since W>"(Q) € L™(Q).

As H = LM(Q) is the preimage space of c(c), choosing M as large as possible benefits the
choice of X > c in the sense that it allows weaker parameter spaces X (see (A3) below). For
this reason, we set

N
M = o0 f0rP>E. (9.16)
Note that H does not need to be a reflexive space.

(A3) Boundedness of A(c):
Boundedness of A(c) is guaranteed by
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lai[v, w]| = ‘/ — Avwdx
Q
(o)A, w]| = ‘/Qchwdx < ||h||L°°(Q)Hw”LP*(Q)”CHLP(Q)

< Crryre [Pl allwllwllellx

< Av]lrellwl e o) < lvllviwliw,

subject to the condition
LX) — LP(Q) ie,R>P. (9.17)
Above, we applied Holder’s inequality with indices p = P, p* = P*.

(A4) Uniqueness condition:
Let ¢ € L*>(2) such that ¢> > 0 a.e. on §2. We reformulate the original equation as
—Au+cu=—Au+c u+(c—c)u= .

For u € V C W, we obtain, for the new right-hand side,

/ —Auudx—k/coouzdx—k/(c—coo)uzdx > ||u||zl(g)+/(c—c°c)u2dx,
Q Q Q 0 Q
(9.18)

in which we further estimate
/(C — ™t dx < llull Loy ll(c = c™ul| o
Q LO-T()

(9.19)

< ull; 0000 11t] 70000 || (€ — )
X || ||L (Q)H HL (Q)” ”L@%(Q)

2 2
< (CHHLQ) CLR%L% HuHH(l)(Q)”c = k-

Here, we orderly invoke Holder’s inequality first with p = Q, p* = Q/(Q — 1), then with
p=0—1,p" = (0 — 1)/(Q — 2). This estimate holds under the constrains

A Q=2

o

LR(Q) — LT (), e, R> 575

N_ N
H' Q) — LY e, l——»=——,
(€)) — L¥(2), ie 2570

in particular,
e N=1:0=occimpliesR > 1,
e N=2:0Q <ooimpliesR > 1,
> N

e N>3:0< 2% impliesR > 1+ 5 =3
.

Together with (9.16) and (9.17), we thus postulate

N N
1—= =2 9.20
355 (9.20)
R>P. 9.21)
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Inserting (9.19) into (9.18), we can argue that if

2
0> HMH?-]é(Q) - (CH1—>LQ) CLRAL% ”C - COO”LR(Q)HMH?-](%(Q)

2 2
~ (1= (Cna’e, o lle= i) luliye,

and c is sufficiently close to ¢* in the sense

e = c™[lrg) < , 9.22)

( i ALQ) CLR—>LQ_—%

then we attain 0 = ||u 1.0, = [|Vull 20 > o lull 2 meaning u = 0.

We summarize the well-posedness result in the following lemma.

Lemma9.1. Ler

o V=W">Q)NH)Q, W=L"(Q), H=L*®), X = LX),
e P> AP>5 A Pe(l,0),
e R>PAR < o0,

N N

as well as

U=<xeX:|lc—c™|x < Sfor some 0 < > € L*(Q)

(CHIALQ ) ZCXAL&

Then the c-problem (9.9), for which the model operator is defined by (9.1), (9.2) and (9.10),
admits a unique solution u € V for a given coefficient c € U and data ¢ € W*. In addition,

lelly <=2+ lwesvllllw-
See also [36] for a similar choice of function spaces in the context of inverse problems.

Remark 9.2. (Hilbert space setting)
Lemma 9.1 allows a full Hilbert space setting for V, W by choosing P = 2, i.e.,

V = H*(Q) N H)(Q), W = L*Q), X =18, R>2.

The fact that X = L*(QQ) is feasible here shows an improvement comparing to the common
Hilbert space framework in [20, 51], which establishes well-posedness based on X = L>(€2).
Indeed, our result can be independently confirmed by the contraction argument. The standard
unique existence theory for linear elliptic PDEs in Hilbert spaces [20, 51] (also by our method)
claims that —A + ¢ : H*(Q) N HY(Q) — L*(Q) is an isomorphism with 0 < ¢ € L™(),
0 € C?. From the identity

—Au+tcu=¢ < “Au+cCu=(C*—-cu+y
= (=A+c®) (™~ utp)
=T (w),
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we observe that ¢ : H*(Q) N HY () — H*(Q) N HY(Q) with
HTCDO (u— v)”Hz(Q)mH(l)(Q) <(=A+ 0)71 HL2(QHH2(Q)mH(g(Q)H(COO —o)(u— 'U)”LZ(Q)
< HTCOC HLQ(Q)—>H2(Q)OH6(Q)”COC - C”B(Q)H” — ||
S Cppypo HTCOC HLZ(QHH%Q)MH(g(Q)”COO - CHL2(Q)
X lu— 'U”HZ(Q)OHA(Q)

is a contraction if [|c™ — cl|2(q, is sufficiently small.
As aresult, it ensures the existence of a unique solution u € H*(Q) N HA (). This criterion
on smallness of ||¢> — c||;2q, reflects the relevance of our suggestion for U in lemma 9.1.

Remark 9.3. (Adjoint problem)
As Wis assumed to be reflexive, we can carry out the dual argument

(A(Qu, w)w+w = (—Au + cu, w)ww = /(—Au + cu)w dx
Q

= /u(—Aw + cw)dx = (u, A(c)"w)y v+,
Q

where we impose the boundary condition for the adjoint state w as w|yn = 0.
Then

A(c): V — W, A(Q)": W —=V* with A(c) =A()" = —-A+c.
Since V, W are reflexive Banach spaces, it is straightforward that A(c) is invertible iff its adjoint
is invertible; moreover [ A(©)]| = [JAc)"|| and [[(A@)") ' = A D[l = [A@) ||
This means lemma 9.1 implies also the unique existence result for the c-problem, where
~Adc: P = W@QNH' Q)" forceUC LX),

P, R and U as in lemma 9.1,

(A +o)! lw2rnm @y = I(=A+ o [ @yw2r@nm @)

9.2. The a-problem

The second example addresses the identification of the diffusion coefficient a in the elliptic
problem

-V - (@Vu)= ¢ in
(9.23)
u=20 on 0f).
with homogeneous boundary. In the abstract framework, we set
A(a) = —alAu — VaVu =: aj(a)u + c(a)u, (9.24)
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where the parameter a (the unknown in the parameter identification problem) is space-
dependent and assumed to be bounded away from zero in order to meet the ellipticity
criterion. Accordingly, a must, first of all, belong to L>(£2), so that its essential boundedness
away from zero makes sense. In addition, (9.23) forces us to use spaces of differentiability of
order one for a. Still, the source term ¢ is independent of a.

We thus use the function space setting

V=W>QnNHQ), WwW=L"Q)

X =w'©Q), R>N, H = W) (9.25)
such that X = W' «— £2°(Q) for R > N and define

U={aeX:a>a>0ae.onQ}.

The choice of H in this example also needs to comprise a certain differentiability, since c(a) :
H — W*, u+ VaVu requires the first derivative of u. The state space V containing H}(£2)
yields the zero boundary condition.

Similar to lemma 9.1 in the c-problem one can show that, under certain conditions,
(A1)—(A4) hold. The following lemma summarizes the respective result:

Lemma9.4. Let

o V=W Q)NH)Q), W=LF(Q), H=W™M"Q), X =L"*Q),
2

e P> A Pe(l,00),

eMZ=PA1-%>-N

¢ (RZP>NV R>P=NV R>N>P) N R<x,

eU={acX:a>a>0aeonQ}

Then the a-problem (9.23), whose model operator is defined by (9.1), (9.2) and (9.24),
admits a unique solution u € V for a given coefficient a € U and data ¢ € W*.

In addition,

lully < =V - @) Hlwew [l @l
See also [36] for a similar choice of function spaces in the context of inverse problems.

Remark 9.5. (Hilbert space setting)
Lemma 9.4 yields a possible full Hilbert space setting for V, W by choosing P = 2 such that

V = H*(Q) N H)(Q), W=L*Q), X=W"*®Q),R>N.

In [20, 51], the results in the respective Hilbert space framework are established fora € C ! Q).
Actually, the smoothness condition for the coefficient a needed in the proof is that a is differ-
entiable and its derivative is essentially bounded on €2; this means a € W">() is sufficient in
those settings. Here, we require only a € W'R R > N, where, of course, in both cases positivity
of a must be satisfied.

Remark 9.6. (Adjoint problem)
Similarly to the c-problem, the adjoint problem to (9.23) has the same form as the a-problem
according to
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(A(@u, w)yw+w = (—V - (@Vu), w)ww

= /u (—V- (@aVw)dx = (u, A(c) w)y.ys
Q

with the boundary condition for the adjoint equation being w|gn = 0. We then get
Aa): V— W7, Ala)" : W —=V* with A(a) =A(a)" = -V - (aV).

Reflexivity of V, W as well as boundedness and invertibility of A(a) enable us to conclude the
existence of a unique solution to the a-problem in the framework

—V(@V): L' — W*PQ)nH' Q)" for aeUcC W)
with P, R and U as in lemma 9.4 and

1=V - @) M| wermm @y = 1=V - @)l poswerqnm -

10. Conclusion and outlook

We have introduced an abstract, functional analytic framework based on form methods that
is suited to the analysis of parameter identification problems arising from certain parameter-
dependent, elliptic boundary value problems in divergence form, which encompass equations
that are of particular interest in imaging with waves, most notably the inverse medium problem
and the inverse scattering problem of THz tomography, but also the a- and the c-problem, which
often serve as benchmark problems and were considered in a Banach space setting in this
work.

Our main focus was on the question of well-definedness and the analytic properties of the
corresponding parameter-to-state operators. The first and crucial step consisted in an operator
theoretic reformulation of abstract variational problems, which provided an easy account to
(global and local) well-posedness results, hence, to well-definedness results for the parameter-
to-state operator. In addition, it was this operator theoretic reformulation that allowed us to
study the analytic properties of the parameter-to-state operator and to show that, under appro-
priate and reasonable conditions, this operator is Fréchet-differentiable, smooth, analytic, or
fulfills a very strong version of the tangential cone condition, which is often postulated for
numerical solution techniques. In particular, our approach allows an insight into how the math-
ematical properties of the relevant inclusions, norms etc influence the constant « that appears
in the tangential cone condition. This is useful information when one chooses regularisation
methods like, for instance, sequential subspace optimisation techniques, where « influences
the algorithm.

We applied our abstract results to a broad range of elliptic boundary value problems with
Dirichlet, Neumann, Robin, or mixed boundary conditions, including real world problems such
as an inverse problem in THz tomography and the inverse medium problem, providing a far-
reaching extension of these previous results.

The framework may provide a basis for the analysis of further elliptic parameter identifica-
tion problems arising in future research.
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Appendix A. Additional statements and proofs of section 3

A.1. Proof of lemma 3.2

Proof. Let <€ E and w € W. Thanks to lemma 3.1 we have an isomorphism 7;: V — W*
with

Tl cvwey < llar@)lsovsow s 17 ey <

1
c(t)’
and
a\ (v, w) = (Tw)[w] (A.1)

for all v € V. One easily verifies that the continuity of a; implies that the function 7 : E —
LV, W*), t — T is continuous. For t € E and m € U we consider the mapping

Biw:H— W, x—=c"(x, ).

We first observe that B;,, is well-defined. Indeed, for x € H the mapping ¢“"(x, -) is clearly
antilinear. We further obtain

|, w)| < ™™ |l sawr - 1xlla - wllw.

Hence, ¢ (x,-) is continuous with | (x, -)|lw+ < ||| s@xwi) - |||z Since By
is linear, as one easily verifies, the last inequality also shows that B3,,, is bounded with
| Bimll e < ||¢“™ || s@<w.x)- Moreover, we claim that the mapping

B:ExU— LH,W), m— B,
is continuous. In fact, for t,7 € E and m,m € U we compute

1Bim — Bl carwsy = sup [[¢™(x, -) — ¢ (x, +)|w

xeH
¥l <1

sup  sup | (x, w) — WP (x, w)

xeH weWw
[ellg<t Jwlw<1

(tm) __

= |le M| w0

= ||e(t, m) — e(t, m)|| s w.x) ———0.
(t,m)—(t,m)
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Recall that we consider the canonical embedding j: V — H,v — v (with embedding constant
v, see (2.1)). We put

é;,m = 7;_lBt,m S ,C(H, V)a Ct,m = ]&m S ['(H)
and we consider
C:ExU— LH), (t,m) — Cy.

If the inclusion map j is compact, C,,, is compact as a product of a compact and a bounded
linear operator. Furthermore, C,,,(H) C V. Thus, we immediately see that C,, = 7,7' B, ).
Hence, CXm is a bounded operator and it is compact as the product of a bounded and a compact
operator provided that j is compact. One easily verifies that the mapping

U LW, V) x LIH,W") = L(H), (F,G)— jJFG

is a continuous bilinear mapping (with norm bounded by ~). Moreover, the mapping
invy - : Lig(V,W*) = Li(W*, V), T+ T

is continuous. Therefore f :=invy y+ o T and thus
g ExU— LW, V)x LH,W), (t,m) — (f(1), Bm)

are continuous, too. Hence, C = W o g is continuous. Analogously, one can show that C Viis
continuous.
For every x € H and w € W we estimate (see also above)

~ 1
1Cmxlly = [IComxllv < T llcow=vy - 1B llws < — - || Bynx||w=

c(t)

1 1
< i 1 Brnll ccewey - [1x|a < %HCU’MH&HW,K) lxlla
M(t, m)
< )
0 (Re1%

and we compute

(A.1)

aP(Copmx, w) = a(Copx, w) = (T, Boyx, w) = (T, By ) [w]
= B, ux[w] = ¢ (x, w).

Consequently, C and C,,, are mappings of the desired type and assertion (a)—(d) are established.
In order to finish the proof, it only remains to show that C,, is unique. For this purpose let
C;,, € L(H) be another operator with C'(H) C V and

a(Cl,x, w) = ™ (x, w)

for every x € H and each w € W, where ¢t € E and m € U. This yields
7;Ct,mx (A:.I)a(lt)(ctl,mxa . ) = c(t,m)(x’ ) - Bt,mx,

which implies

/ —1 ~
Ciopwx =T, Bimx = Cimx = Cmx.
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As a result, we have shown that C,,, is unique. |

A.2. Proof of theorem 3.6

Proof. on (a): take an arbitrary sequence (i, ©,), in A, converging in H X H* to (u, ¢). In
particular, (u,), converges in H weakly to u. Furthermore, we recall that u, € V foralln € N.
Using (2.4), pick a v, € V for each n € N such that ||v,||y = | and
c(1)

|t atny v2)| > > [[ttn]lv- (A.2)
As Vis reflexive by assumption, we may extract a subsequence (v,, )x weakly converging to a
v € Vdue to the Banach—Alaoglu theorem. One immediately sees that limy_o. 0y, (Vs,) = ©(v).
Since limy_,c1t,, = u in H, we obtain

lim ¢ (uy,, ) = " (u,-)
k—00
with convergence in H*. Therefore, the same considerations as before yield

Jlim Gy, v) = ¢ (w,0),
too. Hence,

At V) = P (V) — € (g, V) —— p(0) — " (u, v).
k—00

As a result, the sequence (a(f)(unk,vnk))k is bounded. Consequently, thanks to (A.2), the
sequence (uy,, ) is bounded in V. Employing once again the Banach—Alaoglu theorem, we
assume w.l.o.g. that (u,, ), converges in V weakly to some uo € V. Then (u, )r also con-
verges in H weakly to u because the embedding j is continuous. The uniqueness of weak
limits implies u = uy and thus u € V. Now, it is clear that lim, . a,,, (4, w) = a; (4, w) and
lim,_,» p,(w) = p(w) for all w € V. From this we conclude (u, ¢) € A,,,.

on (b): this is essentially a standard result from functional analysis and follows directly from
the facts that V is reflexive and that j is injective with dense range and with || j||op = 7.

on (c): let u € D((j*)"'T)), i.e., u € V with Tu € D((j*)~") = R(j*). Consequently, there
exists ¢ € H* such that T,u = ¢j. We therefore calculate

p) = (v, 0j) = (v, Tau) = a(u, v)

for all v € V which shows (u, p) € A'”. This means u € D(A") and AVu = ¢ = (j*) " Tou. It
only remains to verify that D(A'”) C D((j*)~"7;) in order to show that A" = (j*)~' 7. Let
u € D(A"). Then,

(v, Tou) = a(f)(u, V) = <’U,A(1t)u> = <jv,A(1t)u> = (v,j*A(lt)u>

forallv € Vand thus Tou = j*Au, ie., Tu € R(j*)andu € D((j*)"'T;). By part (b), ()"
is continuously invertible by j* and densely defined. Hence, A(lt) possesses a bounded inverse
given by 7, j*. Consequently, A" is closed and D(A\") = 7,7 '(R(j*)) is dense in V and thus
in H.

on (d): this is a direct consequence of part (c) and (e).

44



Inverse Problems 38 (2022) 075005 H Hoffmann et al

on (e): let (u, p) € Ay,. Then u € V and a(u, v) + ¢ (u, v) = a(u,v) = p(v) forall v € V.
Due to lemma 3.2, this yields

a((Iy + € u,v) = a"u, v) + a(Comu, v) = @ (u, v) + " (u, v)
= a(u,v) = p(v) = (v, A mu)

for each v € V, i.e., ((Uy + C},)u, Apyu) € A", We have thus shown that u € V and (Iy +

¢y ou € DAY) with A (Iy + CY,)u = Ay for all u € D(A, ), i€, A € AV Iy +CY).
So, it only remains to check that D(A(l’)(lv + C,‘fm)) C D(A, ). For that purpose, pick u €

DA Iy +C))), ie., u € Vwith x:=(Iy + C),)u € DA), and put ¢ :=AV(Iy + C),)u =

A(I’ )x € H*. Using the same computation as above, we then arrive at
p(0) = (0,AVx) = a0, 0) = @ (v + Cllu, v) = al, ) = ayu(u, )

for all v € V and we conclude that u € D(A,,,,).

on (f): we already know that (a) and (b) are equivalent . Furthermore, the addendum follows
from part (a) and the closed graph theorem. Thanks to part (d), A,,, is injective if and only if
Iy + C},, is injective. Moreover,

R(Ty +C.,) NRGY) = j*(R(Am) € RG™.

As j* is injective, we have R(A,,,) = H* if and only if j*(R(A,)) = R(j*). As a conse-
quence, R(A,,,) = H* if and only if R(j*) € R(T,(Iy + C/,)). This shows that (b) and (c) are
equivalent.

on (g): we assume that problem (2.6) is H-well-posed. Clearly, 7 is well-defined and injec-
tive due to parts (e) and (f) above. In addition, it is also surjective. Indeed, pick x € D(A(lt)).
Since A, is surjective, we may take u € D(A,,,) C V such that A, ,,u = A(l’)x. ‘We then obtain,
employing part (e),

AVx = A = APy + Clu,

which implies x = (Iy + Ct‘fm)u due to the injectivity of A(lt) (see part (c)). Thus u belongs to

DAV Iy + C)) = D(A,,) and satisfies Ju = x. We estimate
1T ull yor = 11T ullr + 1A Tl = | Tullu + AL Ty + Cul| o

1Tt + Coamll e - Nl + [|Armu]
E|ullzr + [[Armulla) = &llulla,,,

NN

for all u € D(A), where &:= max{1, |[Ig + Ciml||c¢n - Thanks to the open mapping theorem
and the fact that (A", || - | 4o)and (A, || - [l,,,) are Banach spaces by parts (a) and (c) above,
¢ :

J is an isomorphism.

on (h): we first establish the claim for j*A,, and assume that problem (2.6) is strongly
well-posed. By (c) and (e), j*A.» € Ti(Iy + C},,). Since T;(Iy + C/,) is closed as a bounded
operator from V to V*, we derive that j*A,,, is closable with j*A,, C T,(Iy + C,‘fm). Fix
(u, ) € T,(Iy + C,‘fm) and pick a sequence (¢,,), from H* such that lim, .. j*(¢,) = ¢ in V*.
This is in fact possible since j* has dense range. As problem (2.6) is strongly well-posed, the
operator T,(Iy + CXm) has a bounded inverse thanks to proposition 3.4. We thus obtain
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V'S = (Tily + CL)) ™ G Wn) —— Ty + ) o = u

in V. By part (a) of proposition 3.4, a, ,,(u,, v) = j*(,)(v) = ¢,(j(v)) = ¢, (v) for allv € V
and we therefore have u, € D(A,,,) with A, ,,u,, = 1, forevery n € N. Thus, we finally deduce

j*At,m > (un, J*(wn)) w (M, SO)

in V x V*. This shows j*A,,, 2 Ti(Iy +C/,).
The proof for j*A' is similar, but simpler. O

Appendix B. Additional statements and proofs of section 5

B.1. Proof of theorem 5.1

Proof. Using part (a) of proposition 3.4 and the construction of C,,, we see that
S(m) = (Iy + Cpo) ™' T ®m) = Uy + T, B )™ T @(m) (B.1)

forall m € G;, where B;,, : H— W*, x + ¢ (x, -). It is well-known and easy to check that
the operator

H:SH x W,K) — LH, W), 0 — Z(0),

where Z(0)[x] = 0(x,-) for x € H, is a well-defined isometric isomorphism. We further
consider the mappings

° L7;—1 : L(H,W*) — L(H,V), T — T,7'T (bounded, linear),

° R771 : L(V) — LW, V), T — TT,~" (bounded, linear),

Rj: L(H,V)— L(V), T — Tj (bounded, linear),

¢ =ct,):G — SH x W,K), m— ¢ = ¢(t, m) (continuous),
T LV)=>LV), T— Iy +T,

b: LW, V) x W=V, (T,¢) — Ty (bounded, bilinear),

invy : Lis(V) = Lis(V), T — T7'.

We set

g::RTl oinvy o7 oR; OL7;71 oZo¢:G — LW,V)
and claim that
S(m) = b(S(m), B(m)) (B.2)

for all m € G,. Since bounded (multi)linear operators, translations as well as the inversion of
isomorphisms (see [58, p 1080]) are analytic functions, the chain rule (see [58, p 1079] and [4,
theorem VII.5.7]) gives us the assertions as soon as we will have shown (B.2). Take m € G,.
By definition,

(E o c)m)x =" (x, ) = Byu(x) (B.3)
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for all x € H, i.e., (Zoc¢)(m) = By, = B,(m), where B,: G, — L(H,W"), m+— B,,,. As a
result, we infer

S(m) = Ry1(nvy (r(R /(L1 (Br))) = Iy + T, B )T (B.4)
which finally yields

b(S(m), D(m) = (v + T, By T, @(m) = S(m)
due to (B.1). O
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