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Abstract
The variance associated with the distribution of sums of two unlike powers in arithmetic
progressions is evaluated asymptotically.
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1 Introduction

Recently the authors [2] studied the distribution in arithmetic progressions of the num-
bers that are the sum of two positive cubes of integers, and established an asymptotic
formula of Montgomery—Hooley type for the associated variance. As indicated on that
occasion, a further development of our method supplies related results for sums of a
square and an h-th power, for any 2 > 3. Here we discuss the problem in broader
generality and consider, for given numbers 2 > k > 2, the sequence of numbers of
the shape x* + y” as x and y range over the natural numbers. Our method is successful
whenever the number

(1.1)
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Sums of two unlike powers in arithmetic progressions S183

exceeds 1/2. Given such a pair k, &, let r(n) denote the number of solutions of xk 4+

y" = n in natural numbers x and y, and let p(g, a) denote the number of incongruent

solutions of the congruence x* + y"* = a (mod ¢). Finally, let

1 1 11
C:Fl—Fl—/Fl—— 12
<+k><+h) (+k+h> (12)
denote the area of the domain
{E.meR :£>0n>0 & +7" <1}.

For N > 1, O > 1 we consider the variance

q 2
p(g,a)
vivee) = 30 Y ) - ELZ Nt (1.3)
g<Qa=1' <N 91
n=a (mod q)

An asymptotic formula for V (N, Q) is expected to hold when Q is not too far from
N?. One possible approach is a dispersion argument. Opening the square in (1.3), the
expression

0] ) r(n)? (1.4)

n<N

arises naturally and prominently impacts the behaviour of V (N, Q). It transpires that
the case k = h = 2 is peculiar because, in marked contrast to all other cases, here
r(n) is often so large that the order of magnitude of (1.4) is QN log N. This atypical
case has been analysed by Dancs [3] in his thesis, in a slightly different setting; he
replaces our r(n) with the number of solutions of n = x? + y? in integers x and y.
Translated to our language, his main result asserts that there are real numbers c, ¢’
such that whenever 1 < Q < N then

V(N, Q) = % QN(logg + c> + % 0%log Q + ¢’ Q* + O(N*/3F%),
Here and later in this paper, we apply the following convention concerning the letter
&: whenever ¢ occurs in a statement, it is asserted that the statement is true for any
positive value assigned to ¢.

For sums of two cubes, the case k = h = 3, the situation is rather different. There
are only about N>/3 numbers n not exceeding N that are the sum of two positive cubes,
and for a typical such number one has r(n) = 2. Therefore, the sum an N r(n)? will
be of size N2/3. This reflects in the shape of the asymptotic expansion of the variance
for which we obtained ([2, Theorem 1.1])

V(N, Q) — 2CQN2/3 + 0(Q1/2N29/30+£ + Q13/18N7/9+S +N19/15+S)
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S184 J. Bridern, R.C. Vaughan

uniformly in the range 1 < QO < N.
The remaining pairs k, h withh > k > 2 and 6 > 1/2 are

k=2, h>=3 and k=3, h=4or5. (1.5)

Thus, in all these cases we have h > k, and as we shall see in Lemma 2.1, this implies
that for the typical number that is the sum of a k-th power and an /-th power, one has
r(n) = 1. Again, this changes the leading term in an asymptotic formula for V (N, Q).

Theorem 1.1 Suppose thatk, h is one of the pairs satisfying (1.5), andlet1 < Q < N°.
Ifk = 3, then

V(N, Q) — CQNG + 0(N29—1/(8h)+8 + Q1/2N39/2—1/(16h)+8)
Ifk =2and h > 7, then
V(N, Q) — CQNG + O(Nze—l/the + Q1/2N39/271/(2h)+8)' (16)
Ifk =2 and 4 < h < 6, then the error term in (1.6) is to be replaced by
while for k = 2, h = 3 this error is
(N17/12 + 04N + Q'2NT/0 4 Q1/4N31/24)N8.

There is a large body of work concerned with the distribution of arithmetic
sequences in residue classes, with a view toward an asymptotic formula for the asso-
ciated variance. The historic papers of Montgomery [9] and Hooley [6] on the von
Mangoldt function triggered interest in analogous results for other arithmetic functions
of great familiarity in multiplicative number theory, such as the indicator function of
the k-free numbers [17] and their /-tuplets [10], or the divisor function [11-13]. There
are also axiomatic studies in work of Hooley [7, 8] and Vaughan [15, 16]. Any attempt
to review all examples that have been detailed hitherto would take us far afield, but a
common feature of previous work is that in all cases that we are aware of, the order of
magnitude of the crucial expression (1.4) only mildly digresses from Q N. In particular
we do not know a single instance where the appropriate analogon of an N r(n)? is
bounded above by N'~, for some 8 > 0. This paper and its compagnion [2] provide
a family of such examples, with § approaching 1/2. At § = 1/2, however, essential
obstacles arise on which we comment in more detail.

Our approach to estimates of the type provided by Theorem 1.1 uses a variant of
the dispersion argument proposed by Goldston and Vaughan [4]. One is required to
evaluate the sum

> rmyrom)

n,m<N
n=m (mod ¢q)
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Sums of two unlike powers in arithmetic progressions S185

asymptotically, and this is within the competence of the circle method. In our earlier
work on sums of two cubes, this approach was modified, and the circle method was
brought into play only after r (n) was replaced by an arithmetic function that resembles
the minor arcs contribution in the integral

1
r(n)zf Y e +y" —n)) da,

0 xkpyh <N

the latter being valid for all n not exceeding N. This led to considerable technical
simplifications. Similar ideas apply in the more general set-up of this paper as well.
As is often the case with mixed exponents in representation problems, a proportion
of the Farey intervals in our application of the Hardy-Littlewood method have to be
treated as major for the smaller exponent, but as minor for the larger one. This new
hurdle is overcome by a succession of pruning exercises that we execute in §4. We
then obtain, in §5, an imperfect version of Theorem 1.1. This is of some interest on its
own right, see Theorem 5.4 below. The deduction of Theorem 1.1 from Theorem 5.4
is then achieved in §6 by following the routines developed in [2, Section 4].

The Fourier integral that we estimate by the circle method appears in (5.4) below.
The square root cancellation barrier for this integral is N°*1/2, and it therefore appears
to be very difficult to find asymptotic relations for V (N, Q) with an error estimate
superior to N?+1/2. An error of this size is dominated by the leading QN? only if
O>2N 1/2 1t should therefore be noted that in the cases k = 2, h > 7 Theorem 1.1
indeed supplies a valid asymptotic formula whenever Q > N!/2%¢ and achieves
square root cancellation in a certain range for Q. In the remaining cases, the result is
somewhat weaker but then 0 is rather larger than 1/2. In fact, our methods are tuned
to perform optimally for the smaller values of 8, leaving the other cases susceptible
to some small improvement.

In §7 we consider the numbers representable as sums of a k-th power and an h-th
power without multiplicities. Define ro(n) = 1 whenever r(n) > 1 and let ro(n) = 0
otherwise. Then, for a typical natural number # one has r (n) = ro(n). It is now natural
to examine

Z p(g,a) 92
ro(n) — CNY| .

2
n<N q
n=a (mod q)

q
VoN, @)=Y "

g<Qa=1

Theorem 1.2 Suppose that k, h is one of the pairs satisfying (1.5). Let Q < N?. Then

Vo(N, Q) = V(N, Q)
+0(QN2/h+s + N¥i e 4y N, Q)l/Z(Ql/ZNl/h+s n N2/h+s)).

This combines easily with the results of Theorem 1.1, and provides asymptotic
formulae for Vo(N, Q). In particular, one finds that (1.6) holds with V (N, Q) replaced
by Vo(N, Q). For an analogous result in the case k = h = 3 see [2, Theorem 1.4].
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S186 J. Bridern, R.C. Vaughan

Perhaps surprisingly, for the numbers that are the sum of two squares, an asymptotic
formula for Vy(N, Q) is not yet known.

2 Auxiliaries

We begin with elementary mean value estimates for r(n).

Lemma 2.1 Let k, h be a pair satisfying (1.5). Then

> rm)y=CN’ + o(N'/F),
n<N

and

Y orm? =) rm)+ O(NYFE),

n<N n<N

Proof The linear mean of r (n) follows by the standard lattice point argument of Gaul.
The sum of (n)? equals the number of solutions of

xk+yh=uk+vh<N

in positive integers x, y, u, v. The solutions with y = v (and a fortiori x = u)
contribute _ r(n). There are O (N 2/ly choices for y # v, and once these are chosen,
a divisor argument shows that there are no more than O (N¥) choices for x and u. O

We frequently encounter a family of multiplicative functions that we now describe.
Let! > 2 be a natural number, and let x; be the multiplicative function that for primes
p and integers v, A with v > 0 and 2 < A < [ is defined by

Kl(plv+l) — p7v71/2’ Kl(pler)») — pfvfl. 2.1

We then have the immediate bounds
ki(q) <q ! (2.2)

for all ¢ € N, and the estimate

doa@? < [] (1 + i + 0(%)) < log Q. (2.3)

q<Q p<O

Lemma 2.2 Let k, h be a pair satisfying (1.5). Then

> gri(@)*kn(9)* < Q° 2.4)

g<0
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Sums of two unlike powers in arithmetic progressions S187

and

2
L (Z m(r)m.(r)) <0 @5)

90 rlg

Proof By (2.2) we have gk2(¢)* < 1. Hence, the cases of (2.4) where k = 2 are
immediate from (2.3). If k = 3 and &4 = 4 or 5, then one checks from (2.1) that
Y3 (p”)kn(p”)? < p~! holds for all v > 1 while (2.2) yields the bounds

v/6 —v/15

PUis(p) ka(p”)> < p~ P 3(p”)ks(p”)> < p

that are superior when v is large. Similar to the argument in (2.3), the estimate (2.4)
now follows after turning the sum into an Euler product.
Next we establish (2.5) in the case where k = 3, h = 5. Let

K(g) =Y ri3(r)ws(r).
rlg
By (2.2),

v

v
K(p") =) ples(p™yes(py < Y- p™1 <2p™,
MIO /'4':0

and hence,
pUK (P <ApTV,
For 1 < v < 14 one checks from (2.1) that pk3(p”)ks(p¥) < p®~D/2 and so, for

the same v, we have K (p”) < (v + Dp®~D/Zand p~"K(p*")>? < v+ D?p L 1t
follows that the expression on the left-hand side of (2.5) does not exceed

MY ke <[] (1 + o(l>>.
p<O V=0 p<0 P

This establishes (2.5) in the case k = 3, h = 5. By the obvious inequality x4(q) <
ks(g) the case k = 3, h = 4 also follows.
This leaves the cases k = 2, h > 3. Here, by (2.2) and (2.1), we have

P i (p)kn(p¥) = p"Pin(p¥) < p V2
forall v > 1, and also
pUia(p”)kp(p?) < p*/2-Um,

The proof of (2.5) in these cases now proceeds as above. O
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S188 J. Bridern, R.C. Vaughan

3 Gauf3 and Weyl sums

Forl > 2 let
q
Si(g.a) =Y e(ax'/q)

x=1

be the [-th power Gaull sum. By [14, Lemmata 4.3, 4.4 and 4.5], the bound

q7'Si(q, a) < q°ki(q) 3.1)

holds whenever (a, g) = 1. The partial singular series relative to the parameter 7 > 1
for the sum of a k-th power and an A-th power is the sum

t
s:T) =Y Y 1728t ) Su(t. c)e(—cn/t). (3.2)

1<T c=1
= (en=1

We require the following mean value estimate.

Lemma3.1 Let N > 1, T > 1. Then, for pairs k, h satisfying (1.5),

> 2O Vs TP < (NN T T
n<N

Proof One opens the square and the definition (3.2). Then, by the dual of the large
sieve inequality (see [2,Lemma 2.2], for example),

t
Do lsm P <M +T? Y > iSSP

M<m<2M 1<T c=I
(c.n)=1

Via (3.1) and (2.4), we infer that

D st TP < (M +THT Y tin () kn(t)* < (M + T T,
M<m<2M 1<T

To deduce Lemma 3.1, split the sum over » into intervals M < n < 2M and sum over
M = 2", Since 1/2 < 6 < 1, the desired estimate is immediate. O

The remainder of this section is primarily concerned with the exponential sum

gla) = Z r(n)e(an) (3.3)

n<N
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Sums of two unlike powers in arithmetic progressions S189

that we examine by relating it to the more familiar Weyl sums

file, X) =) e(ax!). (3.4)

x<X

For the latter, we now define their major arc approximation. This entails the integral

ug % = [ “epi)ap (3.5)
for which partial integration provides the estimate
u(B, X) < X(1+ X8~ (3.6)
The next lemma is [14, Theorem 4.1].
Lemma3.2 Leta e N, g e N, € Rand write B = o —a/q. Then
fite, X) —q7'Si(q, )y u(B. X) < '+ XD

From now on, let &, & be a pair satisfying (1.5). We require appropriate analogues
of Lemma 3.2 for the sum g (o). By (3.3),

gla) = Y el +yM).

xk4yh <N

We apply Lemma 3.2 to the sum over x. In the notation of that lemma, this yields

HOEDY e(ay’l)(—s"(j D (B (N =y 4+ 0(q"2+(1 + N|ﬂ|)1/2)>.

YN/

We define the function

Sk(q, a)

> elayhu(p. (N — "5 3.7)

YN/

g (o q,a) =

and arrive at the following imperfect approximation for g(«).

Lemma3.3 Letae N, g e N, o € Rand write B = o —a/q. Then
g(@) = g" @ q,a) + O(N'"q' (1 + NIBD'/?).
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S190 J. Bridern, R.C. Vaughan

To proceed further, we apply an obvious substitution in (3.5) to infer
> ey v (B, (N —y"'h)

YNV
1 Ny
— - Ze(ayh)/ 1=k (Br) dr
0

k
y<N/h

1 N
= — f t(l_k)/ke(ﬂt) Z e(otyh) dr.
k- Jo
YISN—t
We apply Lemma 3.2 again to see that the above expression equals
N
! / 110k (g1

k Jo

S , N N—t
= 5ng.a) t(l_k)/k/ sU=Me(B(1 + 5)) ds dr
0

khq 0
3.8)

+0(Nl/kql/2+8(1 + N|ﬂ|)l/2)

Once more by obvious substitutions, the double integral here simplifies to

N pN—t
// =Rk gA=M/ho (B (1 + 5)) ds dt
0 JO
N u
=/ e(ﬁu)/t(‘*’”/k(u—t)“*h)/h dr du
0 0

N
= Bf e(,Bu)ue_ldu
0

where 6 is defined by (1.1) and
1
B=B(/k,1/h) = / =Rk — pA=m/h g4
0

is a special value of Euler’s Beta function. By (1.2) and a mundane computation, one
finds that B = kh6C and then concludes from (3.1), (3.7) and (3.8) that

g% q.a) = 0Cq2SK(q. a)Sh(q. a) [y'e(Bu) u’~" du
+O0 (N ik (q) g1 + NIBDY?). (3.9)
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Sums of two unlike powers in arithmetic progressions S191

By Euler’s summation formula,

N

> n?le(pn) = / u¥le(Bu)du + 01 + |BINY).
n<N 0
We define the sum
w(p) =60C Y _ n’le(p) (3.10)

n<N

and observe, with later applications in mind, that the proof of [ 14, Lemma 2.8] provides
the estimate

w(B) < N°(L+ NS~ (3.11)
Further, we write
W(a; q, a) :q_sz(q,a)Sh(q,a)w(oz—a/q). (3.12)
Then, by (3.9), (3.10), (3.12) and Lemma 3.3, we conclude as follows.

Lemma3.4 Leta € R, g € Nanda € Z with o — a/q| < 1. Then

g@) = W(a; g, a) + O((NY" + NV* (@) " /*78(1 + Nla — a/q)'/?).

4 Pruning exercises
Letl < X < %Nl/z,andlet‘ﬁ(q, a; X) denote the interval of all real @ with |ga—a| <
X /N. Further, let 91(X) denote the union of N(g, a; X) with 1 < a < g < X and

(a, q) = 1. Note that this union is disjoint. For convenience, we write 91 = ‘)T(}‘N 1/ 2).
When 1 <a <g < }‘Nl/z, (a,q) =1landa € N(q, a; %Nl/z),put

®(a) = (¢ + Nlga —a))~".

This defines a function ®: 91 — (0, 00). Our basic tool is a development of
[1,Lemma 1].

Lemma4.1 Let V: R — [0, 00) be a trigonometric polynomial

V(@) = Y Ymelam)

Im|<M

@ Springer



S192 J. Bridern, R.C. Vaughan

with real non-negative coefficients . Then, uniformly for y € Rand 1 < X <
}TNI/Z, one has

/ @ () V(o +y)da < MENH (X + W(0)).
N(X)

Proof Let J denote the integral to be estimated. Since W is a non-negative function,
we have

i<y

1

q
<X -1
1 (@q=1

1 q
= /_10 +NBDT DY Y Y é > e(%)e(ww)m)dﬁ.

Iml<M  g<X a=1
(a,q)=1

q 1 a
> /_1“ +N|/3|)‘1‘¥<— +ﬁ+y> dp

q

The classical bound for Ramanujan’s sum [5, Theorem 272]

i am
> e<7>' < (g.m) .1

a=1
(a,q)=1

now shows that

1
7 < (f1(1+NIﬂ|)‘ldﬂ> Sy, Y 9m

m<M  q<x 1

< 10;ng (X% + 3 Yw Y —(q’m))-

i<im<m g<x 4

For non-zero integers m one routinely finds that

> em > % < |m|*log X, 4.2)

g<X q d<Xr<X/d
dlm

and the lemma follows immediately. O

Within this section we adumbrate f;(e, N'/!) to fi(a). As a first application of
Lemmad4.1, we take W (a) = | f; («)|* where v, is the number of solutions of x/ — y! =
mwithl <x,y <N 1/ Thus, the hypotheses of this lemma are satisfied with M = N,
so uniformly in y € R we infer the estimate

f @ ()| fia + y)|* da « NVIZITex 4 N2/1=1Fe 4.3)
N(X)
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Performing the same argument with W (o) = | fi(a)|* yields
/ O(@)| file + ) da « N/I7IFex 4 NI (4.4)
M(X)
The principal object in this section is to estimate the integral
s00 = [ (@) [g(e) da 45)
NEO\N(3X)

where g(«) is the sum defined in (3.3) with k, 2 chosen in accordance with (1.5).
There are several approaches, depending on the relative size of k and &, and on the
size of X. For convenience, we put

£(X) = NX)\N(3X)
and note at once that

D) < X' (@ e £X). (4.6)

If we pair this bound with the mean value

1
/ lg@)da =) r(n)* < N 4.7
0

n<N

that in turn is implied by (3.3), Lemma 2.1 and orthogonality, we deduce a first result
concerning J(X), namely

J(X) < N/x—1. (4.8)

More sophisticated bounds for J(X) depend on (4.3) or (4.4).

Lemma 4.2 Letk, h be one of the pairs satisfying (1.5), andlet 1 < X < }—‘Nl/z. Then
Proof Let

K(y)=)_ e(—yn).

n<N

Then, by (3.3) and (3.4),

1
gla) = /0 Jila +y) fola +y)K(y)dy.

@ Springer



S194 J. Bridern, R.C. Vaughan

Hence, by (4.5),

1 p1
J<X><// |K(y>K<y/)|/ ®(@)|F(@. y. ") da dy dy’
0Jo £(X)

where we wrote

Fa,y,v) = fila+y) fula +y) fi(—a — ¥") fa(—a — ).

For any complex numbers z, z’ one has 2|zz’| < |z|> + |z/|% and so,

21F (a, v, Y1 < | fila + ) fula + 01> + 1 file + ¥ fula + y)I?

We put
J(X,y) =f (@) | file + v) fule + )| dar. (4.9)
£(X)
By symmetry in y and y’ it now follows that
1 pl
100 < [ [ik@reamay ey
The trivial bound K (y) < N(1 + N|y|[)~! implies that

1
/ [K(y)|dy < logN,
0

and we arrive at the preparatory bound

J(X) < (logN)?* sup J(X, ). (4.10)
0<y<I

By (4.9) and Schwarz’s inequality,

172

1 1/2
J(X.p) < (/ e + y>|4da> (f (@ file + y>|4da)
0 £(X)
By (4.4) and (4.6), we have
/ ¢(a)2|fh(a + y)|4 dC{ << N2/h—l+£ + X—1N4/h—l+£
MN(X)
while Hua’s Lemma [14, Lemma 2.5] yields
1
[ 1t ottt < w2,
0
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Sums of two unlike powers in arithmetic progressions S195

both bounds being valid uniformly in y. This shows that

and the lemma is available from (4.10). O

The bounds obtained so far are useful for large X. The next two lemmata are of
preparatory nature for an argument that gives good bounds for J (X) when X is smaller.

Lemma4.3 Let k, h be a pair satisfying (1.5) and let 1 < X < ;N2 Then
/ D (o) |g(e)| dar « NO7HHe(1 4 XENTVEW 4 x N=672),
£(X)

Proof We follow through the initial phase of the proof of Lemma 4.2 leading to (4.10).
In this way, we arrive at the provisional bound

/ P(@)|g(a)|da < (logN) sup / Q@) | fi(a +y) fula +y)lda.
£(X) 0<y<1J200)

By Schwarz’s inequality, the integral on the right-hand side is reduced to the integrals
in (4.3) with [ = k and / = h, and the lemma follows immediately. O

Define the function g*: 91 — C by taking g*(«) = g*(«; ¢, a) whenever o €
MN(g,a; tN?) with 1 <a < g < jN'*and (a,q) = 1.

Lemma4.4 Let k, h be a pair satisfying (1.5), and let 1 < X < 41_1N1/2. Then
/ D (@) |g* () da « NP1 (NTHR 4 x =2/,
£(X)

Proof Let B(q) = [—1, 1] when %X < g < X, and when g < %X put
B(g) ={e e R: X/(2qN) < |Bl < 1}.

Then, writing / for the integral to be estimated,

q
(1+NIghH~!
Z /B(q)

a=1
(a,q9)=1

2
dg. 4.11)

a
g*<—+ﬂ;q,a>
q

r<y -

1
g<x 4

By (3.1) and (3.7),

’

h
3 e(%) e(By") v (B. (N — y")/¥)

YN

g*(g + B q, a) < kk(q)
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S196 J. Bridern, R.C. Vaughan

so that

2

w4 .
8 5+18’q7a

<m(@? Y. e(f (y?—y?))e(ﬂ(y{‘—yé’))

VI, NI/
x v (By (N =y ) v (=B, (N — yH/k),

the expression on the right being real and non-negative. We insert this in (4.11), bring
the sum over a inside and estimate it by (4.1). This manoeuvre yields

2
1< xe Y @7 /%)(HNWD—I > (@t o)

g<X a VL2 SN/
x|ve (B, (N =y YE) v (=B, (N — y)E) | dB. (4.12)

First consider the portion of the sum on the right where %X < g < X. Here
B(q) = [—1, 1], so we can bring the sum over ¢ inside the integral and use the trivial
uniform bound |vg (B, (N — y")1/%)| < Nk, We then see that this portion of (4.12)
is bounded above by

« Nkt 1(1+N|f3|)‘1 > k()" Y (a0 =) ds
; q.y! — i

X/2<q<X YLy SN/
_ ki (q)*
« NYk=1+2¢ Z Z (q’y{'z B yg)
X/2<q<X yI,Yy2 <N/

Here we single out terms with y; = y; and apply (4.2) for the remaining choices of
¥1, ¥2. Then, by (2.2) and (2.3) we see that the above expression is bounded by

ho_ Lk
2/k—1+&( arl/h 2 —2/k (@ —¥)
< N NS k(@) + XS y L=

g<X A xp<g<x 1
« N29—1+5(N—1/h +X_2/k) (413)

which is sufficient.
Our treatment of the portion where g < %X is similar but relies on the bound
(B, (N — y"1/Ky « |B|~1/¥ that is again uniform in y, and which follows from
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(3.6). This portion of (4.12) therefore does not exceed

2 1
« N&! Z Kk (q) Z (q,y{’—yé’)/ ﬁ_l_z/kdﬁ

q<X/2 Y1y <N/ X/(2gN)

K N2 S @q* Y (a0 —v3).
g<X yLy2KN /A

We can now proceed as in (4.13) to obtain the same final estimate. O

Lemma4.5 Letk, h be a pair satisfying (1.5)and 1 < X < %Nl/z. Then

J(X) « N-1He(N—Vh g x =2k 4 N—Vkx!/2
 NTAR@ L N (/=36/23/2),

Proof Directly from (4.5) we have
I < / O (@)|g@) — 5" (@) |g(@)] da +/ (@) |g" (@) g(e)] da
£(X) £(X)

while Schwarz’s inequality shows that

1/2
/ ®(e)|g* (@) (0| dar < J<X>1/2<f c1>(a>|g*<a)|2da> :
£(X) £(X)
Combining the last two inequalities implies that
J(X) <</ <I>(Oé)|g(a)—g*(ot)llg(a)ldol+/ @ (o) |g*(@)]* da.
£(X) £(X)

The second integral on the right-hand side is estimated in Lemma 4.4, and contributes
an acceptable amount. To bound the first integral on the right-hand side, note that
Lemma 3.3 yields g(«) — g*(a) <« N'V/hXV/2+e for @ € £(X), and then we apply
Lemma 4.3 to find that
|, e@ls@ - ¢ @lig@) da
£(X)

This establishes the lemma. O

We have completed the estimation of J(X) but simplify the results for readier use.

Lemmad.6 Letk =2, h >3and1 < X < {NV2 Puto(3) = 1/12, 0(4) = 1/16
and o (h) =0forh > 5. Then
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Proof First suppose that & > 5. For X > N*/" Lemma 4.2 gives J(X) < N/ For
X < N%/" the desired estimate is contained in Lemma 4.5.

Next suppose that A = 3 or 4. If X > NY2Z=o) e use (4.8) and obtain
J(X) « NVhtote Eor X < N1/279M) the desired bound is again a consequence
of Lemma 4.5. O

Lemmad4.7 Letk =3 and h = 4 or 5. Furtherlet1 < X < %Nl/z. Then

Proof This follows from Lemma 4.2 for X > N/3+1/@h and from Lemma 4.5 for
the remaining X. O

5 Imperfect variance

We launch our attack on Theorem 1.1 by first considering the expression

q 2
UNN.Q.T) =Y Y| Y (rm)—06Csn: THn""")
g<Qa=1' n<N
n=a (mod q)

that may be viewed as an imperfect version of the variance V (N, Q). One opens the
square and finds that

UWN,Q,T)=|QJUy(N,T)+2S 5.1
where
Uo(N.T)= Y (r(n) — 6Cs(n; T)n?~1)? (5.2)
n<N
and
S=Y > (rem)—0Cs(m: T)m’~")(r(n) — 6Cs(n: T)n"").
g<Q 1<m<n<N
n=m (mod q)

Our ultimate goal in this section is an asymptotic formula for U(N, O, T). It is
easy to extract a main term from Uy(N, T).

Lemmab5.1 Let T > 1. Then

Uo(N, T) =Y r(n)* + O(T'T*N¥ =1 4 72F¢),
n<N
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Proof We square out the expression in (5.2), and first consider the cross term

Z r(n)ne_ls(n; T).

n<N

Here, by (3.1), (3.2) and (2.3), we have the trivial bound

sz T) < Yt () k(1) < T
t<T

Hence, by Lemma 2.1 and partial summation, we see that the cross term is bounded
by

<< T1+8 Z ne—lr(n) << T1+8N20_1,
n<N

which is acceptable. This leaves the sum involving |s(n; T)|% and here Lemma 3.1
provides an acceptable estimate. O

The next theorem provides an estimate for S. Recall the data o (h) defined in
Lemma 4.6.

Theorem 5.2 Let k, h be one of the pairs satisfying (1.5) and suppose that 1 < Q <
N Ifk =2and 1 < T < N'" then

S« N1+l/h+o+a +Nl+2/h+£T_1.
Ifk=3h=4and1 <T < N8 then
S « N20-1/32+e | N20+ep—1 | NT/8+ep2
andifk =3, h=5and 1 <T < NLY/20 then

The initial steps in the proof of this theorem are identical to the work in [2, Section 3].
Form the exponential sums

G@) =Y (r(n) —0Cs(n; T)n"")e(an) (5.3)

n<N

and

F(a) = Z Z e(aqr).

g<Qr<N/q
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Then

1
S:/ F(a)|G()|*de. (5.4)
0

We follow Goldston and Vaughan [4, Section 3] and examine the integral in (5.4)
by the circle method. This depends on a mean square estimate for G («). By (5.3) and
(3.3),

G(a) = gla) — 6C Z s(n; T)n’ le(an)
n<N

so that

2
> s(n: Tyn"e(an)| . (5.5)

n<N

1G(@))? < |g(e)* +

By Lemma 3.1 and orthogonality, one finds that

[

Then, by (4.7), (5.5) and (5.6), it follows that

2
da < N20_1+8+T2+8. (56)

Z s(n; T)ne_]e(om)

n<N

1
/O |G(a)|?da <« NY + 17272, (5.7)

Consider a typical interval 91(r, b) associated with the element b/r of the Farey
dissection of order 2N'/2 namely, when 1 < b <r <2N'2and (b, r) =1,

S <b+b b+b+]

r4r_ 4y

where ry is defined by br+ = F1 (mod r) and N2 —p <y <2NY2 and by is
defined by by = (bry £ 1)/r. We observe that

1
Tt

b+by b

r+ra r
lies in [1/(4rN'/2),1/(2rN1/?)). For r < ;N'/? this implies that
N(r, b; N'/?) C M(r, b). (5.8)
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The analysis of the function F relative to the Farey intervals performed in [2, Section 3]
we invoke with R = 2N1/2 (in the notation of [2]). Then, by (5.8), we infer the bound

F(a) < N(log N) ®(ex) + N2 log N

for all & covered by the Farey intervals. Consequently, by (5.4) and (5.7),
S << N1/2+9+8 +N1/2+8T2+8 +N1+8/ Cb(ot)|G(Ol)|2da (59)
Nn

We are reduced to estimating the integral on the right hand side. We choose a
parameter ¥ with 1 < ¥ < 4—1‘N 172 write & = MN(Y) for the core major arcs, and
put £ = 9\ R. By (4.6) we see that (o) K Y ! holds uniformly on &, so that (5.6)
provides us with the bound

/ ® ()
e

Further, since £ is covered by no more than log N sets £(X) with ¥ < X < }‘N 172§t
follows from (4.5) that

2
> s Tyn"e(an)| da < YTH(NPTIFE 4 T2,
n<N

/dD(oz)|g(a)|2dot < (logN) sup J(X).
4 YSXQ%NI/Z

If k = 2, then by (5.5) and Lemma 4.6, the last two bounds combine to give
/Etb(a)|G(a)|2da < (NVite® o N2y =1 L y=IT2)NE. (5.10)
When k = 3, the same argument based on Lemma 4.7 yields
/ECI>(a)|G(a)|2doz & NI (NTVER y=23) oy =Ir2he - (5.10)

On the core major arcs, we use approximations to G («) provided by Lemma 3.4.
Here we follow the pattern of our previous work [2, Section 3] quite closely, beginning
with (3.12) of that memoir. In the wider context of our current analysis, this formula
still reads

t
Gl)=gl@)—Y Y Wit o), (5.12)

t<T c=1
= (en=1

but now stems from (5.3), (3.12) and (3.2).
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We wish to use this for @ € £ and therefore write £ as the disjoint union of intervals
Rr,b) ={a:|lra —b] <Y/N}withl < b <r <Y and (b,r) = 1. Suppose that
« is in one of these arcs K(r, b). Then

G() =g(@) — W(a;r,b)+ D(a;r, b) (5.13)
where in view of (5.12) we have

t
D(a;r,b) = W(a; r,b) — Z Z W(a:t,c).

t<T c=1
= (en=1

Here we estimate a typical summand on the far right when ¢/t # b/r. If « € &(r, b),
then |o — b/r| < Y(rN)~!. We proceed subject to the condition that T < Y, this will
turn out to be the case later. It then follows that

c b ¢ Y 1|b ¢
a— - S D
t r t rN 2 1r t
Hence, by (3.1), (3.11) and (3.12), we have
R b |l
Wa;t,c) KLtk (t) kp(t) i

At this stage, we may follow through the argument in [2] that leads from (3.15) to
(3.20) of that paper. Instead of [2,(3.17)] we then encounter the sum

PIAGTAGH

t<T

and by (2.3) and Cauchy’s inequality, this sum is bounded O (T'1+%), as is required to
proceed to [2,(3.18)], and we then arrive at the estimates

D(a;r,b) < r? + T (- <T) (5.14)
and
D(a;r,b) L |W(a;r,b)| +r? + T (r > T). (5.15)

Lemma 5.3 One has

> 2 / ® ()| D(: r, b)) [P dB < NP1t Ny (v 4 72).

r<y b=l YRCD)
(b.r)=1
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Proof We begin with the set of all « where D(«; r, b) K r? + T17¢ holds. This set
makes a contribution to the integral in question that does not exceed

r<y b=1 JH0D)

r
Yo / r (4 Nla—b/r)H(r? + T2H) da < Ny (Y + 72).
(b,r)=1

On the remaining set we have r > T and D(«; r, b) < |W(«; r, b)|. This follows
from (5.14) and (5.15). By (3.1), (3.11), (3.12) and (2.4) we see that

> Z/ r '+ Nja = b/r) " W (a; r, b)* de

T<r<y b=1 *RCD)
(b,r)=1

Y/(rN)
< N¥ Y rgxk(r)th(rﬁ/ (1+ NN~ "2 dp <« N~ 1Fer—L
T<r<Y —Y/(rN)
This confirms the estimate proposed in Lemma 5.3. O

Our last auxiliary estimate is now almost immediate. For « € £(r, b) we see from
(5.13) that

1G(@)]* < |g@) — W(a; r, b)[> + |D(a; r, b)|*.
We multiply by ®(«). Then, by Lemma 3.4,
D (a)lg(e) — W(a;r, b)> < NE(NY" 4+ N ki (r)?).

Now we integrate over g and obtain

| e@lgt@ ~ Wiair P do < N (zvz/hy2 NS mr)z).
R r<Y

We apply (2.3) and combine the result with Lemma 5.3 to confirm the bound

f (@) |G@)|*doa < NNy + NYRy + ¥4 4 yT2 4 NPT,
R
(5.16)

We are ready to derive an estimate for S. Indeed, 1 is the union of ¢ and R, so we
have to combine the results in (5.9) and (5.16) with either (5.10) or (5.11). We first
consider the cases with k = 2 and choose ¥ = N1/, Then, we are allowed to take
1 < T < NY and find that

S<< N1+l/h+0’(h)+£ +N1+2/h+£T_l.
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For k = 3, the choices Y = Y5 = N/20 and Y = v, = N1/8 give
S <« (N20-V@W 4 Ny t12 4 NPT NE

in the range 1 < 7 < Y}, In both cases, Theorem 5.2 is now available.
Asymptotic formulae for U (N, Q, T) are also available.

Theorem 5.4 Let k, h be one of the pairs satisfying (1.5) and suppose that 1 < Q <
N Ifk =2and 1 < T < N'Y" then

UNN,Q,T) = CQNG + 0(N1+1/h+(r(h)+£ + N T2/ htep—1 + QTNQ/}H_E).
Ifk=3and1 <T < NYGW then
UN, Q. T) = CON’ + O(N¥+T~),

We remark here that for Q < N? and k = 2, h > 6 one has QTNz/h <
NA2+EM < N1+1/R 5o the term QT N/ can be ignored except when i < 5.
Iterating an earlier comment relating to the error term in Theorem 1.1, note here that
for k = 2 errors of size N'*1/7 correspond to square root cancellation in the integral
representation of S, and are probably hard to improve.

For a proof of Theorem 5.4 use Lemma 2.1 within Lemma 5.1 to see that

Up(N,T) = CN? + O(N'* 4 N?/hte 4 7 N2971F¢ 4 T2N7)

where we choose T in accordance with Theorem 5.2. Then T < NV " in all cases, SO
the term 72 in the error term is redundant. By (5.1) we get

UNN,Q,T)=CON’ +25+ O(N? + Q(N'/* 4 N¥/h+e 1 7 N29~1F¢)).
(5.17)

First suppose that k = 3 and 1 < T < NY/@h), Then, by Theorem 5.2, one has
S <« N¥+¢T7—1 and Theorem 5.4 follows from (5.17).

Next suppose that k = 2and 1 < T < NUVE Now 26 — 1 = 2/h, and the term
O(N?/"*¢)in (5.17) can be ignored. Further, one has QN'/? < N'*1/% and the cases
with k = 2 of Theorem 5.4 again follow from (5.17) and Theorem 5.2.

6 From the imperfect to the perfect
In this section we establish Theorem 1.1. The argument is very similar to the one

presented in §4 of our previous communication [2] but there are some subtleties, and
we therefore proceed in moderate detail. Let

EWN.Tig.a) = ) n"'s:T) ©.1)
n<N
n=a (mod q)
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and consider

ANN,Q,T)= ) Z

qg<Qa=l

E(N,T:q,a) — p(q a)N . 6.2)

Lemma6.1 Let 1 < T < Q < NP Then
AN, Q,T) < (Q*T? + N*T~ 1) N*.

Proof The method of proof of [14, Lemma 2.12] yields

t
q q m . _)1

We split the partial singular series as s(n; T) = 52 (n; T)+ 5:; (n; T) where

t
s =Y 3 we(—cam (6.4)

t<T c=1
t|q (c,t)=1

and 52 (n; T) is defined in the same way, but with the complementary condition 7 1 g.

Let E7(N, T; ¢, a) be the sum defined in (6.1), but with s(n; T) replaced by
52 (n; T). We shall use this notation also in situations where E and s are decorated by
symbols other than . We show that ET(N ,T; q,a)issmallonaverage.Let] < a < q.
Then

BN, T;q.a)= Y (a+mg)’si(a+mq,T)
0sm<(N—a)/q

t
Sk (t, c)Sy(t, c) ca _ mqc
T £ SO() 2 wm{)

0<m<(N-a)/q

The total contribution from terms with m = 0 is

13
Y RS0 (o) o5

t<T c=1
t{q (c,t)=1

For m > 1 we have a + mq > mq, and so, by partial summation,

mqgc
Z (a+mq)0—1e<_751> <<q9_1

—1
qC
l H .
1<m<(N—a)/q
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Hence the contribution to 27 (N, T'; ¢, a) from terms with m > 1 is bounded by

Si(t, ¢) Sp(t, ¢) C)Sh(t ) e A

>y

t<T c=1 t<T
tq (c,t)=1 t’(q (ct) 1

< q9—1 Zt1+8(Kk(t)2 +Kh(t)2) < q0_1T1+28.
t<T

Here we used (2.3) in the final estimate. By similar estimates within (6.5), we also see
BTN, T:;q,a) < @'+ ¢?~)T'*¢ and then have

q
> IETN. Tiq.a)P < QT (6.6)
g<Qa=l

Now let

Lo Sk(t, o) Sut,
st =Y ) Me(—cn/t). (6.7)

t>T c=1
tlg (c,n)=1

This sum depends on n only modulo g. Thus, with the convention concerning deco-
rations of E in mind,

BYN.Tiq.a) = sy@ T) ) n""!
n<N
n=a (mod q)

Much as before, we find that whenever ¢ < N then

Z 'l « a4 Z (a+mg)f~' « N1,

n<N 1<m<(N-a)/q
n=a (mod q)

and consequently,

q q
DUIEFWN, Tiq, )P < N¥q72 ) Ish(a, TP

a=1 a=1
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By (6.7) and Cauchy’s inequality, and then by orthogonality,

t 2
Z|si<a TS H IS e <_%>
a= ”;TqT (cct)ll
t
Y Y Sk(t, St ) C)Sh(f o < g a0 k().
t>T c=1 t>T

tlg (c,t)=1 tlg
Recall that Q < N % Hence

q
YOS IE WL Tig )P < NS g7t () kn (1)

g<Qa=l YY) t>‘T
tlq

In the sums over g and ¢ we write ¢ = ts. By (2.4) the double sum is

Yo @@ YT < (log @) Y k() k(@) < NOTT

T<t<Q s<Q/t T<t<Q
This proves that

q
> D BN Tig )P < NPT (6.8)
g<Qa=l1

We collect the results obtained so far in a single estimate. By (6.3), (6.4) and (6.7),
we have

6 T) = ) (n: T) + 850 T) = (s T) — s 7y 4 284

It follows that

BN, T, - 299 S 0ol 5T, T g, — BNV, T g, a),

n<N
n=a (mod q)

and from (6.6) and (6.8) we then conclude

3PS

qg<Qa=l

2

E(N,T;q,a) — p(qq @) Z nf1

n<N
n=a (mod q)

(6.9)
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By (6.9) and (6.2), we are reduced to replacing

_ o1 _
E n’~ ! with — E n?1.
n<N qngN
n=a (mod q)

To realize this, we may follow the argument given in [2] very closely. By orthogonality,
we see that

-1
1 14 ab bn
Z n@—l - Z n@—l — _ €<——) Z n9_1€<—>.
n<N q n<N q b=1 q n<N q
n=a (mod q)

Here, by (3.11), the sum on the far right over n is O (||b/q ||_9). Further, by (6.3) and
3.1),

P (2’ 9 « 3t (1) (1), (6.10)

tlg

Observing orthogonality, it now follows that the sum

> Xq:(p(q’a)>2' DIV SV 2 6.11)
n —_ = n .
g<Qa=l1 q n<N 4 n<N
n=a (mod q)
is bounded above by
20 L) oa bn\ 2
<Y <Zt/<k(t)/<h(t)) > e(——> > ot ( )
g<0 N tlg C A 4 n<N q
2 q—1 P
< Z(Zm(t)m(t)) ~ —‘
4<0 \1lg 4= 4
2
<Y qw‘l(z th(t)Kh(t)) < ¥,
4<0Q tlg

as is readily confirmed from (2.5).
The elementary evaluation

don Tt =6"'N"+0D)
n<N
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together with (6.10) and (2.5) implies the bound

1 2
<< > E(Z txk(t)xh(t)) <0

q<0Q tlq

ZZ p(q a)

g<Qa=l

201

n<N

Equipped with the estimate obtained for the sum in (6.11), we deduce that

2

a N?
Z Z ,0(‘1 )? ‘ Z |« Q26+8-
g
g<Qa=1 n<N
n=a (mod q)
This bound coupled with (6.9) implies Lemma 6.1. O

The endgame begins by writing (1.3) as

q
VIN.Q)= > > (AN.q.a) + B(N.q.a))°

g<Qa=l1

where

AN.q,a) = Y (r()—0Cn" 's(n: T)),

n<N
n=a (mod q)

B(N:ig.a) =0C > n's(n:T) -

n<N
n=a (mod q)

q

Then, squaring out and estimating the cross term by Cauchy’s inequality, we find
V(N,Q)=UN,Q,T)+ (C)* AN, 0, T) + 0((UAN'?).  (6.12)

Theorem 1.1 is now easily deduced. When k = 3 we choose T = N'/3"_ Then,
forT < Q < N? Lemma 6.1 gives A K N2T-1 and Theorem 5.4 yields U =
CON? + O(N*T~1). Now (6.12) gives

V(N, Q) — CQNQ + O(N207]/(8h)+€ + QI/ZN(39/2)71/(]6h)+8) (613)

in the range N1/ < 0 < N? For 1 < 0 < N1/3h the asymptotic formula (6.13)
reduces to the upper bound V (N, Q) « N2/~1/@M+¢ that we have just confirmed
for Q = N'/8% and hence remains true for smaller values of Q. This completes the
proof of Theorem 1.1 in the case k = 3.

The other cases are similar, and we merely indicate the choices of parameters. For
k=2,h>7 wetake T = N/ Then, for T < 0 < N? we have T3 < (N/Q)29
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so that Lemma 6.1 again gives A <« N2 T~ « N!T1/7 As above, we first deduce
that

V(N, Q) — CQNG + 0(N1+1//’l+8 + Q1/2N3/473/(2h)+€)

holdsforT < Q < N 9 and then see that the range 1 < Q < T is covered for trivial
reasons.

Next, consider the cases k = 2,4 < h < 6. We wish to conclude from Lemma 6.1
that A <« N??T~! with T as large as is possible. This requires us to take 7 < N!/”
andT < (N/ Q)ze/ 3 However, at least when i < 5 the term OTN 2/h peeds attention,
and we require that QTN*" < N??T-1 as well. This reduces to T < (N/Q)'/2
However, for 7 > 4 we have %9 < %, so this last condition for 7 is implied by the
previous ones, and we can choose

T = min (N'/" (N/0)*73).
Then, again via Theorem 5.4 and (6.12), we conclude that
V(N, Q) — CQNG + 0(N29—1/h+0'(h)+8 + N26+8T—1 + Q1/2N39/2+8T—1/2)

holdsfor7 < Q < N ? and this yields the bound in Theorem 1.1. The smaller values
of Q are again a trivial range.

This leaves the case k = 2, h = 3. We follow the same strategy but this time have
%0 > 1/2 and therefore choose

T =min(N'3 (N/Q)'/?).
Theorem 5.4 gives
U=CONY® ¢ 0(N17/12+s + Q1/2N7/6+£)’
and Lemma 6.1 asserts that
A & N2OHeT=1  N#/3+e 4 NT/6+egl/2,

Theorem 1.1 now follows from (6.12).

7 The proof of Theorem 1.2

We define 1 (n) through
ro(n) =r(n) —n(n).
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Then n(n) > 0 and takes integer values, so that

n(n) <)’ = (r(n) = ro(n))* < r(n)* = r(n).

By Lemma 2.1, this implies that

D nm) < Y nm)? < Y (rm)? = rm) < NHME

n<N n<N n<N
Now
I P(‘] a) 9 2
VN, =) Y [ YD ) —nm) - CN
g<Qa=1 " n<N 9’
n=a (mod q)

= V(N, Q) + Ey — 2E;

where

B=Y (X wm).

g<Qa=1\ n<N
n=a (mod q)

q
p(q,a)
=Y Y( X rm-20en) % on.
g<Qa=1 n<N C[ m<N
n=a (mod q) m=a (mod q)

To bound Ey, one opens the square and finds that

Eo=Y_ Y n@nom.

g<Q nm<N
n=m (mod q)

Hence

Eo < Y nmnm) Y 1.

n,m<N gln—m
g<Q

Here the terms with n = m contribute

< Q) nn)* < QN

n<N

(7.1)

(7.2)
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while the terms with n % m contribute no more than

2
< QS(Z n(n)) & N¥hte,

n<N
This shows that
Eo < QN2/h+e 4 N#/h+e,
Further, by (7.1), (7.2) and Cauchy’s inequality,
Ef K V(N, Q)Ey.
Theorem 1.2 now follows.
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