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ABSTRACT. We construct Quillen type spectral sequences
in homology and rational homotopy for cofibration se-
quences which are Eckmann-Hilton dual to analogous ones
for fibration sequences. These spectral sequences are con-
structed by direct filtrations of the Adams cobar construc-
tion. We also prove various collapsing theorems general-
izing results of Clark and Smith in the case of a wedge of
1-connected nicely pointed spaces.

1. INTRODUCTION

The purpose of this paper is to study the relation between the ra-
tional homotopy groups of topological spaces in cofibration sequences.
In his pathbreaking paper on rational homotopy theory Quillen de-
rives a Lie algebra spectral sequence relating the rational homotopy
Lie algbras of spaces in a cofibration. This spectral sequence is a per-
fect Eckmann-Hilton dual to the coalgebra spectral sequence of Serre
relating the rational homology coalgebras of spaces in a fibration. [13]

Quillens approach is via homotopical algebra viewing rational ho-
motopy theory in terms of both equivalent homotopy theories of the
closed model categories of differential graded Lie algebras and differ-
ential graded coalgebras.

Instead of using models we construct the Quillen spectral sequence
by defining an appropriate filtration of the cobar construction functor
and use a theorem of Adams, which gives an isomorphism between
the homology of the loops of a space and the homology of the cobar
construction applied to the normalized chain complex on the space,
explicitely we have an isomorphism of graded connected k-algebras [1]

H(QX5k) = H(F(C(X)); k)

Drachman showed that this is even an isomorphism of homology k-Hopf
algebras, i.e connected graded k-Hopf algebras with cocommutative
comultiplication [6]. We will in this paper always deal with nicely
pointed spaces, i.e. topological spaces which are pathwise and simply

connected with nondegenerate basepoints.
1
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Our first main theorem relates the homology algebras of the loop
spaces of the spaces in the cofibration.
Theorem Suppose we have a cofibration sequence

A— X —(C

where A, X, C" are nicely pointed spaces. Let k be a field. There is a

natural 15" quadrant spectral sequence {E”_, d"} of algebras over k with

B2 = H (QA; k) [T HA(QC: k)
E., = H.(QX; k)
where [ denotes the coproduct in the category of algebras AL /k.
Using the results of Drachman we can even get a spectral sequence
of homology k-Hopf algebras. We then enter the field of rational ho-

motopy theory by using the Cartan-Serre isomorphism of Lie algebras
over Q induced by the rational Hurewicz morphism

L.(X)=Z PH.(QX;Q)

where L£.(X) = 7.(2X) @z Q is the rational homotopy Lie algebra
equipped with the Samelson product and PH.(QX;Q) is the sub Lie
algebra of the associated Lie algebra for the Q-Hopf algebra H.(2.X; Q)
given by their primitive elements and equipped with the Pontrjagin
product [11].

By applying the primitive Lie algebra functor to the homology spec-
tral sequence and using the Cartan-Serre isomorphisms we can derive
directly Quillens rational Lie algebra spectral sequence

Theorem Suppose we have a cofibration sequence

A— X —(C

where A, X, C' are nicely pointed spaces. There is a natural 1** quadrant
spectral sequence {EI_, d"} of Lie algebras over Q with

B2 = L () [ £.(0)
B = L.(X)
where 1] denotes the coproduct in the category of connected graded Q-
Lie algebras L/Q.

We will proof also various collapsing theorems for both spectral se-
quences generalizing results of Clark and Smith in the case of a wedge
of 1-connected nicely pointed spaces.

We will give complete proofs of results and assertions of Clark and
Smith as stated in [14].

In a future paper we like to apply this direct approach of filtering
the cobar construction functor to derive analogous spectral sequences in
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Hochschild and cyclic homology of cofibration sequences to get various
applications to the homology of the free loop space or to the reduced
rational algebraic K-theory of spaces of a wedge of 1-connected nicely
pointed spaces.

Notations and Terminology. We will make use of the following no-
tations of categories we will have to deal with. Let k denote a field.
Mk : the category of connected graded k-modules (i.e. vector spaces)
AL/k : the category of connected graded k-algebras
H*AL/k : the category of cohomology k-algebras (i.e. the subcategory
of AL/k of objects with commutative multiplication)

CO/k : the category of connected graded k-coalgebras

H.CO/k : the category of homology k-coalgebras (i.e. the subcategory
of CO/k of objects with cocommutative comultiplication)

H/k : the category of connected graded k-Hopf algebras

H.H/k : the category of homology k-Hopf algebras (i.e. the subcate-
gory of H/k of objects with cocommutative comultiplication)

L/Q : the category of connected graded Q-Lie algebras

We will write D in front of the category symbol for the subcategory
of differential objects, and C! for the subcategory of 1-connected ob-
jects, e.g. C'DCO/k denotes the category of 1-connected differential
connected graded k-coalgebras.

For us, an H-space is a topological space with homotopy unit and
homotopy associative multiplication.

Acknowledgements. We would like to express our gratitude to Larry
Smith for various discussions and suggestions. Parts of this paper are
worked out earlier as part of the authors diplomathesis written un-
der his guidance. We would also take the opportunity to thank the
Studienstiftung des Deutschen Volkes for financial support.

2. THE COBAR CONSTRUCTION AND THE THEOREM OF ADAMS

We give a brief description of the cobar construction as originally
introduced by Adams [1]. We will follow the lines of Moore and Smith
[12] [14] with the extensions of Drachman [7]. In this section k always
denotes a fixed field.

We first introduduce the r-fold suspension functor s".

Definition 2.1. If M is a graded k-module and r € Z, the r-fold sus-
pension of M is the graded k-module s"(M) where s" (M), = M,,_.,n €
Z. If f: M — M" is a morphism of graded k-modules s"(f) :
s"(M') — s"(M") is the morphism determined by s"(f), = fao—r. If
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r < 0 the functor s” is called desuspension functor. We write [z] for
the element of s™'(M) corresponding to x € M.

The case r = —1 of the desuspension is for us important. Direct
from the definition we get

Lemma 2.2. If M is a graded k-module and r € Z,n € N, there is a
natural isomorphism s"(M)®" = s"(M®™)  O.

Now we can introduce the cobar construction functor F.

Definition 2.3. Let C' € C*DCO/k. The (reduced) cobar construction
of C, denoted by F(C'), is the object of DAL/k defined as follows:
(1) As an algebra F(C) is the tensor algebra (i.e. free associative
algebra) generated by s~!'(J(C)) with J(C') = Coker{n : k — C}
where 1 : & — (' is the counit of C'.

(2) Being generated by s™!(J(C')) the cobar construction F(C') has a
bigrading given by

bideg((es] . lea]) = (X degles), —n)
and the total grading of F(C') is given by

deg([cr] . le]) = (Y deg(ei)) —n

for a typical element of F(C').
(3) We define differentials d; and dg of F(C') with bidegrees (—1,0)
and (0, —1) respectively on elements of bidegree (x,—1) by

di([e]) = —[de],
dp([]) = (= 1) [ef]]]

where d : ¢ — (' is the differential and A : ¢ — C @ C is the

comultiplication of €' with

A(c)zl@c—l—c@l—l—Zc;@c;'

The total differential of F(C') is defined on elements of bidegree (*, —1)
by dy = d; + dg The differential is extended to all elements of F(C')

by requiring that dr is a derivation of the algebra structure.

We have denoted a typical element [¢;] @ ... ®@ [¢,] of F(C) by
[c1]...]en]. The cobar construction F(C) of Adams [1] is of course
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a formal dual of the (reduced) bar construction as introduced by Eilen-

berg and MacLane [10].

Definition 2.4. Let ¢' € C'DCO/k. The total cobar construction of
C, denoted by F(C), is defined by F(C) = C @ 1, F(C) We define dif-
ferentials d; and dg for F(C') by requiring that the following diagrams
are commutative:

C C @ pF(C)

d d;
1®T

C C @ F(O)

C C @ F(O)

A dg
1®T

C C @ pF(C)

where 7 : C' — F(C) is the natural k-morphism given by
C— J(C)=s71(J(0) C F(O)
and the total differential of .7:—(0) is defined by dr = d; + d.

We have the following facts concerning the total cobar construction:

(1) .7:—(0) is a differential C'-comodule with coaction
given by
Yre)(c@z)=Ale) @ =
(2) .7:—(0) is also a differential F(C')-module with action
.7:—(0) @ F(C)— .73(0)
given by
(c@[cr].. |en]) - ([ba] - |bm]) = ¢ @ [ca] .- |enlbr]- - |bm]
(3) the cobar construction F is a functor F : C'DCO/k — DAL/k
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Proposition 2.5. Let C € C'DCO /k. Then the total cobar construc-
tion (F(C),dr) is acyclic.

Proof. The map
s F(C)— F(CO)
s(eer] ... |en]) = ele)er]ez] .. en]

is a contracting homotopy where € : ¢ — k is the augmentation mor-

phism of C. O
If C € C'DH.CO/k, i.e. the comultiplication A : €' — C' @ C is co-

commutative, then A is a morphism of differential graded k-coalgebras,
i.e. we have the commutative diagram

A
C Cod
A A®A
AO@O
ced Celrlel

Applying the cobar construction functor F and using the Eilenberg-
Zilber equivalence [7] F(C' @ ') — F(C) @ F(C) for C € C*DCO/k,

we get the commutative diagram

F(C) F(C)a F(C)

F(A) F(A) @ F(A)

F(Acgc)
FC)o F(C) ——F(C)aF(C)a F(C)a F(C)

SoA: (' — C®C induces a comultiplication for the cobar construc-

tion F(C') given by
Aoy F(O)V 2 F(o o) = F(O) 0 FIO)

The commutative diagram shows that Az is also a morphism of dif-
ferential graded k-coalgebras, so the comultiplication Az(¢y is commu-
tative. Because the cobar construction is a functor F : C'DCO/k —
DAL/, the diagonal Ary is a morphism of differential graded k-
algebras, and finally F(C) is a differential homology k-Hopf algebra.
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The diagonal Az of F(C) is therefore uniquely determined by the
requirement that

sTH(J(C)) € P(F(C))
In other words, the comultiplication Az of F(C') is defined by the
condition that for ¢ € s™H(J(C)

Af(c)(c):1®c+c®1

and we extend Ar(c) to all elements of F(C') by requiring that Ar
is a morphism in DAL /k.

In general, if C' € C'DCO/k and the comultiplication A : C' —
C ® C' is not cocommutative, then this functorial way of defining a
k-Hopf algebra structure on F(C') fails. For example, the singular
chain complex S.(X; k) of a space X does not admit a cocommutative
diagonal in general. If one can, however, form a strongly homotopy
comultiplicative map (SHCM)

H:{hl,hz,...}
from C' to €' ® C, where the initial mapping hy = A : ¢ —- C ® C

is the comultiplication of ', then we get, as Drachman showed [6],[7],
that
Asey: FIO) T Flow o) = FO) o FO)

is a morphism of differential graded k-algebras, so that F(C') becomes
a differential graded k-Hopf algebra. These algebraic constructions
are dual to similiar constructions of Clark [4], who considered strongly
homotopy multiplicative maps (SHMM) for defining a multiplication on
the bar construction. Summing up we get

Proposition 2.6. The cobar construction F is a covariant functor
F:C'DCO/k — DALk
or
F:C'DH.CO/k — DH.H/k
respectively [

We now introduce the normalized chain complex functor C for nicely
pointed spaces.

Definition 2.7. A topological space X is a nicely pointed space if X is
pathwise connected and simply connected with basepoint xq, which is a
neighbourhood deformation retract in X; xg is called a nondegenerate
basepoint. We denote by 7! the category of nicely pointed spaces.
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Definition 2.8. Let X € 7', Let C.(X) = C.(X, xo; k) denote the
normalized singular chain complex of X with all 1-simplices (edges) at
the basepoint xg and coefficients in the field k.

For X € T}, the normalized chain complex C(X) is chain homotopy
equivalent to the ordinary singular chain complex S.(X) [15].

Let X € 7.!'. The diagonal mapping V : X — X x X induces via
the Alexander-Whitney chain homotopy equivalence

p:C(X X X5k) = Cu( X3 k)@ Cu( X3 k)
of the Eilenberg-Zilber theorem a comultiplication
A=poV.:C(X; k) = CuX5 k)@ CAX5 k)

which is a chain map, so C.(X) € C*DCO/k, but the comultiplication
need not to be cocommutative, i.e. need not to satisfy T'o A = A.
However, T' o A and A are chain homotopic; more precisely, there is a
sequence of chain maps

H=ALhy, hy,...}
where
hy = A:Cu(X) — Cu(X) @ Cu(X)
and
hjy1:h;j~Toh;

is a chain homotopy of degree j,7 > 1. This is proved by the method
of acyclic models [15].

The sequence H = {hq, ha,...} is then a SHCM and so F(C.(X))
is an object of DH/k, but the induced comultiplication

Ar: FIOL(X)) = F(C(X)) @ F(CLX))

need not to be cocommutative. However it is for the same reasons as
before cocommutative up to a chain homotopy induced by H. This
leads to a procedure of iterating the cobar construction [6]. We will
bear in mind

Proposition 2.9. The normalized chain complex functor is a covari-

ant functor C : T} — C'DCOJk O

As Adams [1] originally pointed out, the construction

F(C)—=CaF(C)—=C
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for C' € C'DCO/k is analogous to a fibration with acyclic total space.
More precisely, in the terms of [7]

F(C)—=CaF(C)—=C
is a principal construction. If X € 7!, the cobar construction F(C.(X))

*

is a model for the chains of C.(Q2(X)). One verifies for C' € C'DCO/k
that

k—C=(C@rF(C)o— (C@rF(C)a1 — ...
is an exact sequence of ('-comodules. Since
F(C)=(C @ F(C))ck
we have (see [12])
H.(F(C); k) = CotorS,(k, k)

Combining the work of Eilenberg and Moore [8] and Drachman [6],
[7] we get a stronger version of the classical theorem of Adams [14]

Theorem 2.10 (Adams). Let X € T'. Then the spectral sequence
obtained by filtering (F(C.(X)),dr) by the first degree coincides with
the Leray- Serre spectral sequence of the path space fibration

QX - PX —- X
Hence there is a natural isomorphism in H.H /k
H(QX5k) = H(F(C(X)); k) O
3. CATEGORIES WITH COPRODUCTS AND COPRODUCT
PRESERVING FUNCTORS

In this section we give a summary of necessary definitions, construc-
tions and examples following the lines of [5]. Let k be again a fixed

ground field.
Definition 3.1. Let C be a category and A, B € C. A coproduct of A
and B in C of a diagram in C

A4 AT B <& B

such that for any pair of morphisms f: A — (', ¢g: B — C in C there
is a unique morphism

f Hg A H B—C
such that the following diagram in the category C
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14 B

Al B

Jlyg

C

is commutative. A category C is a category with coproducts, if each pair
of objects in C has a coproduct.

From the universal property of the definition we get that if a co-
product of A and B in C exists, it is unique up to a natural isomor-
phism. Furthermore if the category C is a category with coproducts

there are natural C-isomorphisms A[IB = BI[A and A[I(B[IC) =
(AIIB)LIC for all A, B,C €C.

Example 1 In the category 7. of pointed topological spaces we de-
fine a coproduct by the wedge X [[Y = X VY.

Example 2 In the category M /k of connected graded k-modules
we have Ag = k for each object A of M /k and we define a coprod-
uct by the direct sum (Al B), = A, & B, forn > 0 and (A[] B)o = k.

Example 3 Consider the category AL/k of connected graded k-
algebras. For A € C let A be the reduced k- module. Then the tensor
algebra of A given by T(A) = k & 322, A®" is an object of C, and
there is in C a canonical morphism p: T(A) — A. Let I(A) = Ker p.
Then I(A) C T(A) is an ideal and T(A)/I(A) € C. If A, B € C, their
coproduct in C is defined by A[IB = T(A @ B)/(I(A), [(B)) (where
(I(A), [(B)) denotes the ideal of T(A @ B) generated by I(A) and
I(B)), together with the obvious morphisms

A—T(A® B)/(I(A),I(B)) «— B
We have the additive isomorphism

ATl B = ka(AdB)D((A@B)B(B@A))B((A2BRA)B(BOARB))®...

From the universal properties of the coproduct and the tensor algebra
we get by a simple diagram chase

Proposition 3.2. Let A, B € M /k. Then we have in AL/k
P ITB) =T(45 B) O
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Example 4 In the category DAL /k of connected differential graded
k-algebras the coproduct is defined as in Example 3 and the differentials
extend naturally by the diagram

A AIlB B
A AllB B

Example 5 In the category H/k of of connected graded k-Hopf
algebras we form the coproduct as in Example 3 regarding them as
objects in AL/k. In AL/k we can construct the diagram

A AIlB B
A®@rA (ALl B) @ x(AII B) B@yB

defining the morphism AA]_[B by the universal property of the coprod-

uct in AL/k and imposing a k-Hopf algebra structure on A B.

In the same way we can construct a coproduct in the categories
DH/k of connected differential graded k-Hopf algebras, H,H/k of ho-
mology k-Hopf algebras and DH.H/k of differential homology k-Hopf

algebras.

Example 6 In the category CO/k of connected graded k-coalgebras
we define a coproduct as in Example 2 and the comultiplication extends
naturally.

In the same way we can construct a coproduct in the categories
DCO/k of connected differential graded k-coalgebras, H.CO/k of ho-
mology k-coalgebras and in the category DH.CO/k of differential ho-
mology k-coalgebras.

Example 7 Let us consider the category £/Q of connected graded
Q-Lie algebras. Each A €£/Q is a graded Q-module with A4 = Q.
Let U(A) be the universal envelopping algebra of A given by U(A) =
T(A)/J, where J is the ideal generated by all elements x @y —(—1)P7y@
r—[x,y]withe € Ayand y € A,. Then U(A) € AL/Q with a canonical
morphism j4 : A — U(A) such that if C € AL/Q and f: A — Cis
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a morphism of Q- Lie algebras, i. e. f[z,y] = [fz, fy], then there is a
unique morphism in AL/Q, namely U(f) : U(A) — C, such that the

following diagram is commutative

JA
A

First we construct the coproduct in £/Q by forming the coproduct
UATIU(B) in AL/Q as in Example 3. We now define A[] B to be
the sub Lie algebra of (the associated Lie algebra of) U(A)[[U(B) gen-
erated by the images of A and B. We have the commutative diagram

A B

Al B
jA jA]_[B jB

U(A)

U(A)IU(B)

U(B)

It is easy to check the universal property of A[[ B. From the unique-
ness of the constructions we get immediately

Proposition 3.3. Let A, B € L/k. Then we have in AL/k
vAJJuB)=UAllB) O

In their paper [5] Clark and Smith give a list of functors which pre-
serves coproducts for the various categories we are dealing with.

I. the normalized chain complex functor C : 7.' — C'*DCO/k
ITI. the homology functor H,. : DALk — AL/k

ITIL. the cobar construction functor F : C'*DCO/k — DAL/ k
IV. the universal envelopping functor U : L/Q — H.H/Q
V. the primitive Lie algebra functor P : H.H/Q — L/Q

We have the following theorem concerning the presevertation of co-
products, where the last statement follows directly from the fact that
the functors P and U constitute a pair of adjoint functors (over Q).
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Proposition 3.4 (Clark-Smith). Let k be a fized ground field.

(1) Let X|Y € T.b. Then we have H.(C(XVY)) 2 H(CXTICY) in
the category C*CO /k.

(2) Let A, B € DAL/k. Then we have H (ATl B) = H.(A)Il H.(B)
in the category AL /k.

(3) Let C, D € C*DCO /k. Then we have F(CID) = F(C)IIF(D)
in the category DAL /k.

(4) Let A, B € L/Q. Then we have U(ATT B) Z U(A)TTU(B) in the
category H.H/Q.

(5) Let A, B € HH/Q. Then we have P(AIIB) =2 P(A)LIP(B) in
the category L/Q O

4. THE HOMOLOGY SPECTRAL SEQUENCE OF A COFIBRATION

We will now prove the first main theorem and give the explicit con-
struction of the desired homology spectral sequence. First we have to
define an appropriate filtration of the tensor algebra functor.

Let k£ denote a fixed field and consider the short exact sequence

0— V' 25 v Ly g

of simply connected graded k-modules. The sequence splits and we
have V. =2 V' @& V”. Denote by T the tensor algebra functor, so
TV, T(V) and T(V") are bigraded free algebras. We have in AL/k

TWV)2T(WV'a V) =TTV
The tensor algebra T'(V') is bigraded by
bideg(vi @ ... @ v,) = (D deg(v;), —n)

and has a total degree given by
deg(v1 @ ... 0 v,) = (Z deg(v;)) —n

We regard T'(V) as singly graded using the total degree. We consider
V' as a subspace of V. Fix a basis B for V extending a basis B’ for V.
We note that o” projects B — B’ to a basis B” for V".

Definition 4.1. If vy,... ,v, € B then the elementw = v ®...®v, €
T(V) is called a word (in the basis B) and vq,... ,v, are called the

letters of the word w.

We note that the spelling of a word is unique (although it depends
on the basis B).
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Definition 4.2. If w € T(V) is a word, its *-weight, denoted by
wt*(w), is defined by

wt*(w) = Z (deg(v;) — 1)

v B!

Since the spelling of a word is unique, this is certainly well defined.
Immediately we get

Lemma 4.3. [fw € T(V) is a word, then wt*(w) < deg(w) O

Every element @ € T (V) can be written in a unique way as a linear
combination of words w; € T'(V)

x:Z)\iwi; ANi €k, N #£0

We now define a filtration of the tensor algebra T'(V), the *-weight
filtration {F,T(V)} by setting

F.T(V):={z € T(V)| max{wt™(w;)|w; € 2} <n}

for n > 0 and
F.T(V):={0}
for n < 0 where the notation w € z means that the word w occurs

with a nonzero coefficient in the representation of @ € T'(V) as a linear
combination of words.

Lemma 4.4. The filtration {F,T(V)} on T(V) is complete. In par-
ticular, the filtration is canonically bounded, i.e. is finite in each degree
n.

Proof. At first we have (F_;T(V)), = {0} per definitionem. Now let
x € T(V) with total degree deg(x) = n, then we have a unique repre-
sentation

x:Z)\iwi; ANi €k, N #£0

with w; € T(V) a word and deg(w;) = n. Hence it follows by the
previous Lemma

max{wt*(w;)|w; € 2} <n

and so x € F,T(V). We get (F,T(V)), =T.(V) O
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In each total degree n the *- weight filtration {F,T'(V)} looks as
follows

{0} = (FAT(V))n ... C (Fad T(V))y C (ELT(V))n = Tu(V)
If we identify T(V') with a subalgebra of T'(V'), then the following is

clear.
Lemma 4.5. F,7(V)=T7(V') O

Lemma 4.6. [fw € T(V) and deg(w) = wt*(w), then the spelling of
w contains no letters from B'. Therefore, for n € N there is a bijective
correspondence

(B TV FocaT(V), = T, (V).

Proof. The first assertion is clear from the definitions. We know that o
projects B — B’ to the basis B” of V”. We now set up a correspondence

o (E,T(V)/FooaT(V)), 2 T, (V")

as follows:
For z € F,T(V) of total degree n write

= Z )\iwgl + Z /ij;

wt* (w!')=n,A;#0 wt*(w;)<n,p,];é0

This representation is unique. The words {w!} are all spelled with
letters from B — B’ and each of these words satisfies

wt*(w!) = n = deg(w!)

K3

and hence identifying B — B’ with the basis B” for V” via o” we see
that 3°; Ajw? € T,(V). So we get a map

? (T (V))n — To(V")

=y !

By construction ¢ is a linear map with kernel ker @ = (F,_1T(V)),.

By definition of B” any element 2" € T,,(V") may be written uniquely
as a linear combination of words spelled with letters of B”. By the
identification of B” with B — B’ such a word may be identified with
a word of T'(V), and by linearity 2" € T, (V") determines an element
x € T(V) of filtration degree n, so ¢ is an epimorphism and we get the
isomorphism

o (E,T(V)/FooaT(V)), 2 T, (V")
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We denote by E2.T(V) the associated bigraded k-module of T'(V)
with respect to the x-weight filtration {F,T(V)} of T(V). From the

previous lemmas we derive directly the natural isomorphisms

B T(V)=T(V)  (+)

E2oT(V)=T(V") ()
Because the filtration { F,,T(V)} respects the algebra structure of T'(V) €
ALk, we get that E2.T(V) is a connected bigraded k-algebra and so

(*) and (**) are isomorphisms of connected graded k-algebras. So we
obtain the diagram

TV =k, — ELT(V) e« B, =T(V")

and by the universal property of coproducts we get a morphism of
connected bigraded k-algebras

a: TVHI[T(V") — ELT(V)
by the diagram
(V') = Eg,

rvHaTv)

E2o = T(V")

BT(V)
We note that for the modules of indecomposable elements of E2, T(V)
and T (V) IIT (V") we have
QUELT(V)) =V
QT T(V") = QUI(V & V) = V' 5 v

With respect to the identification V! @ V" 2 V the map « is induced
by the identification of B — B’ with the basis B” of V". Therefore, « is

an isomorphisms of the modules of indecomposable elements. Hence, it

follows that « is an epimorphisms in AL/k [11]. Because V is a vector

space and since T(V) Z T(V)IIT(V"), we have in M /k
ELT(V)=T(V)IT(V")

Hence, both sides are isomorphic as graded vector spaces over k, and

so « is an isomorphism in AL/k. Finally we get therefore

Proposition 4.7. There is an isomorphism of bigraded k-algebras

ELT(V)=T(V)IIT(V")
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where the bigrading is determined by the bigrading of the coproduct and
the isomorphisms Eg T(V) = T(V') and E},T(V)=T(V") O

We now construct the homology spectral sequence for a cofibration
sequence of nicely pointed spaces

A— X —(C

This spectral sequence comes into the world as the associated spectral
sequence of the x-weight filtration applied to the cobar construction.

Theorem 4.8. Suppose we have a cofibration sequence
A— X —C

where A, X, C" are nicely pointed spaces. Let k be a field. There is a

natural 15" quadrant spectral sequence {E”_, d"} of algebras over k with

B2 = H (QA; k) [T HA(QC: k)
E., = H.(QX; k)
where [ denotes the coproduct in the category of algebras AL /k.

Proof. Suppose that we have a cofibration sequence
A— X —C

of nicely pointed spaces A, X, (. We may realize this cofibration se-
quence as a short exact sequence in C'DCO/k of simply connected
normalized chain complexes

0 — C(A) — C(X) — C(C)—0

with CL(A), C.(X),C.(C) € C*DCO/k, chain homotopy equivalent to
the singular chain complexes S,(A),5.(X) and S.(C') respectively.

Applying the cobar construction functor F leads to a sequence in
DALk

FC(A) — FC(X) — FCL(C)

We denote by d4,dx and d¢ the total differentials of FCL(A), FC.(X)
and FC.(C) respectively. As an algebra, the cobar construction F is
nothing but the tensor algebra T'. Therefore, we can define a filtration
on FC.(X) by taking the x-weight filtration on FC.(X) as defined

above for n > 0
F,FC(X) ={x € FOX)| max{wt™(w;)|w;, € 2} <n}

and for n < 0 we set

F,FC.(X) = {0}
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for a fixed basis B of C.(X) which extends a basis B’ of C(A). This
filtration {F,FC.(X)} preserves the algebra structure of FC.(X), i.e.
F,FC.(X) - F,FC.(X) C F,3,FC.X) and further dx F,FC.(X) lies
in Fp}—C*(X). So the spectral sequence {F7,, d"} associated to this
filtration is a spectral sequence of algebras over k.

By Proposition 4.7 we get the isomorphism in AL/k

a: FO(A[FCAC) = ELFC.(X)

The differentials of the spectral sequence {FE! _,d"} are differentials
of the algebra structure. It suffices to describe the differentials on the
factors of the coproduct. By Proposition 4.7 we have in AL/k

E°. = FO(A) [ FC.(C

with £y, = FC.(A) and E], = FC.(C). We get d°|EJ, = 0 and
dO|E87* = d 4, so finally the differential d° is given by

d°=dsJ0
so we have in DAL /k
E° FC.(X) AT FCAC),daT0)

It follows by the explicit construction of the coproduct and the classical

Kiinneth Theorem in AL/k
El, = H(FC(A)JIFC.(C

with £, = H,(FC.(A)) and E}, = FC.(C). We get now d'|E}, = d¢
and d1|E57* = 0, so finally the differential d' is given by

d'=0]]dc
50 we have in DAL [k
Bl = (H(FC(A) T FCA).0 [T de)
Thus applying the Kiinneth Theorem again we get in AL/k
B2 2 H(FC(A) I H(FC.(C))
with I, = H.(FC.(A)) and EZ, = H.(FC.(C)).

From Lemma 3.2 we see that the filtration is complete and the spec-
tral sequence {7, d"} lies in the 1% quadrant, and so we find that

B = H.(FC.(X))
EX = p° H(FC.(X))

ok )
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From the Theorem of Adams we finally get the identifications
B2 = H (QA; k) [T HA(QC: k)

with I3, = H.(QA; k) and B2, = H.(QC; k), where [ is the coproduct
in the category of k-algebras AL/k. For the convergence, we have, in
the strong sense

El, = H.(QX; k)
as desired. The spectral sequence {E!_ d"} is natural with respect to
maps between cofibrations. O

If we suppose that the normalized chain complexes of A, X, (' are co-
commutative, i.e. Ci(A),Cu(X),C(C) € C*DH.CO/k, then FC,(A),
FCO(X), FO(C) € C*DH.H/k with cocommutative diagonals given
as described in chapter 2 by the requirement that they are primitive on
the generating vector spaces and morphisms of the algebra structures.

Therefore, the filtration {F,FC.(X)} preserves also the coalgebra
structure of FCL(X), i.e. AF,FC.(X) C @, F.FC(X)QF,_sFC.(X),
and so the spectral sequence is a spectral sequence of homology k-Hopf
algebras. The morphisms contained in the previous proof turn out to
extend to the categories DH.H/k or H.H/k respectively. With this
input, thinking through the proof the second time we get

Theorem 4.9. Suppose we have a cofibration sequence
A— X —C

where A, X, C are nicely pointed spaces with cocommutative normalized
chain complexes. Let k be a field. There is a natural 1% quadrant
spectral sequence {EL_,d"} of homology Hopf algebras over k with

ok )

B2, = H(QA; k) [T Ho(QC; k)

EL. = H.(QX; k)
where 1] denotes the coproduct in the category of homology k-Hopf al-
gebras HLH/K O

The question now is, under which conditions the homology spectral
sequence collapses and could be replaced by an isomorphism theorem.

Because the «weight filtration {F,FC.(X)} on FC.(X) is canoni-
cally bounded, we get that the induced filtration {F,H.(FC.(X))} of
H.(FC.(X)) given by

H(FC.(X))=Im(H(F,FC/(X)) = H(FC.(X)))
is finite, of the form (see [10],XI)
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{0} = FLiH,(FCU(X)) C FoH(FC.(X)) C ...
o CE L H(FCUX)) CFH(FCU(X)) = H (FC(X))
By the theorem of Adams this is an induced filtration on the homol-
ogy of the loop space H.(QX;k) = H (FC.(X)) of the form
{0} = F_1H,(QX) C FoH,(QX) C ...
o C R HL(QX) CFLHL(QX) = Hy(2X)
so we get [0 = E H,(QX) with the sucessive quotients £ _ = =
F,H,(QX)/F,_1H,(Q2X) The spectral sequence {FEZ_,d"} lies in the
15" quadrant, and so we get the edge homomorphisms

Hy(QA) = EZ, S, B3, R = By 5 Hy(QX) (*)
H,(0X) D By = it S0 5 B35 B2 = H,(0C) (+)

0
where a is a mononmorphism and b an epimorphism. While the e’s
build up a chain of monomorphisms, the f’s give a chain of epimor-
phisms. These edge homomorphisms are induced by the natural mor-

phisms

et Ho(QA k) — H(QX; k)
pe s Ha(QX5 k) — H(QC k)
This follows from the naturality of the spectral sequence for maps of

cofibration. Let us consider the following diagram of cofibrations and
maps between cofibrations

vd

A A *
vd 7

7

A X C
P
P vd

i ¢ a ¢

By the naturality we get induced morphisms of spectral sequences
for these cofibrations

ET(A, A %) =25 E7(A, X, C) 25 E7(x,C,C)
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The spectral sequence E"(A, A, *) is trivial and consists of the single
column Ea* >~ H,(QA), and so collapses at E?. By passing from E? to
E? and so on, Ej (A, A, *) unaltered, while £ (A, X, (') starts going

through the factorization process as given by the f’s in (%) above.

H,(Q24) - H,(QA)
*| K
H,(QA) ES,

12

@ v
; w

H,(QA) EgL
*| | |/
H,(QA) - H,(2X)

Once this process is finished, we get in the left column identical copies
of H,(QA), while in the right column the result is the chain of maps in
(*). We notice that at the E*- stage we have an isomorphism

Eg,*(Av A7 *) = Eg,*(Av X7 C)

and that the diagram above is commutative. Then in the resulting
square we have isomorphisms on the upper and on the left side, so the
edge homomorphism (%) is induced by the morphism ..

The spectral sequence E”(x,C, () collapses also at E* and consists
of the single column E7 ; = H,(QC) which will not be changed by going
from E? to E® and so on, while the transition from EZ (A, X, () to
Ef,o(Ava (') etc. starts the process of realizing the chain of maps in
(*%). Because we have an isomorphism at the E*- stage

Ef,O(Av X7 C) = Ef,o(*v Ca C)

the edge homomorphism (**) is induced by the morphism p.. The
proof is word by word the same as above, considering the following
commutative diagram
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H,(00) = H,(00)
‘| =
B2, H,(00)

!

12

| |

Efjfgl Hp(QC)
‘| =
H,(QX) P H,(Q0)

We are now prepared to prove a first collapse theorem for our homol-
ogy spectral sequence. We get a general algebraic condition for the
collapsing of the spectral sequence, which has a natural geometric in-
terpretation.

Theorem 4.10 (Big Collapse Theorem). Suppose we have a cofi-
bration sequence

AL x Lo
where A, X, C are nicely pointed spaces. Let k be a field. The natural
1% quadrant spectral sequence E*(A, X, C') collapses at E* if and only if
the induced morphism p. : H.(QX; k) — H.(QC; k) is an epimorphism.
Then we have in AL /k

H QX k) 2 H(QA; k) ] H(QC; k)

Proof. If the spectral sequence collapses at 2% the morphism p, must be
an epimorphism, because all the €’s in the chain (x%) are isomorphisms.
If the morphism p, is an epimorphism, then all the monomorphisms
e in (#+) must be isomorphisms £, = E? ; and so we have d"|E], = 0
for r > 2. At E? however we have the coproduct representation E?2, =
E*Q,o 11 Ea* or, more constructive, the additive isomorphism
L=k (EZy® EG.) @ (B2 © E5.) & (E5. @ EZg)) &
@((E3,0®Eg,*®E3,O)@(Eg,*®E3,O®Eg,*))@
where d* on EZ is already 0.
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Because the spectral sequence E"(A, X, C) is a 1°" quadrant spec-
tral sequence, we have further, by looking at the ”differential arrow”,
d*|E§, = 0. Since d* is a differential with respect to the coproduct
representation, it follows that d? = 0, and so we get E2, = E2_. The
same argument now applies to d* for E2?, and continuing in this fashion
we establish that the spectral sequence collapses at £? with the desired
isomorphism. O

We consider now a special situation, which allows us to derive a more
geometrical collapse theorem for our homology spectral sequence.
Let A, X,C € T! and assume that the cofibration sequence

A X 2 ¢

admits a cocross section s : C' — X (which satisfies po s = 1¢). We
get the natural morphism in H.H/k

i*HS* : H (QA; k)HH*(QC; k) — H.(QX; k)

By the properties of the loop space functor €2 and the homology functor
H, we obtain directly from the Big Collapse Theorem

Corollary 4.11 (Little Collapse Theorem). Suppose we have a cofi-
bration sequence

AL X L0
where A, X,C are nicely pointed spaces and which admits a cocross

section s : C — X. Let k be a field. Then the spectral sequence
E"(A, X,C) collapses at E* and we have the isomorphism in H.H /k

i*HS* : Ho(QA; k)HH*(QC; k)= H.(QX;k) O

Let A,C € 7). We regard the wedge cofibration sequence
A— AVC —C
Because Q(A V (') contains QC as a retract, we get
Corollary 4.12 (Berstein, Clark-Smith). Let A,C € T! and k be
a field. Then there is a natural isomorphism in H.H /k
H(QUAVO); k) 2 HA(QA k) []H(QC; k) O
This result is due to Berstein [2], Clark and Smith [5] and others. In

[5] this isomorphism is proved directly by using the coproduct preserv-
ing properties of our functors C, F, H, (see section 3).
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We can iterate this result to a finite wedge X; V...V X; of spaces
Xi,...,. X, eT!

Corollary 4.13. Let Xy,..., X, € T.! and k be a field. Then there is
a natural isomorphism in H. H/k
H(UXy V.. VX)) k) 2 IL(OX BT [T HA(QXs k) O
We can also calculate the Poincaré series of coproducts giving results

about the Euler chartacteristic for the loop space of a wedge of nicely
pointed spaces.

Definition 4.14. Let k be a field and A a graded k-module of finite
type. The Poincaré series of A is the formal power series defined by

k) =" dimi(A
n=0
For a connected graded k-module A set P(A, k) = P(A, k) —

Definition 4.15. Let k be a field. For any topological space X with
H.(X; k) of finite type we let

Z dimy(H,(X; k)"

the Poincaré series of the modulo k homology of the space X, so that
PX,k)(=1) = x(X)

is the Fuler characteristic modulo k of X, whenever this expression

makes sense. For a connected space X set ]5(X, k)y=P(X,k)—
Immediately we have the following properties of the Poincaré series

Lemma 4.16. [f A, B are graded k-modules of finite type we get
(1)P(A& B, k)= P(A, k) + P(B,k)

(2)P(A® B, k)= P(A,k)- P(B,k) where - is the Cauchy Product
(S)P(A, k)= P(A,k) when A is connected and A is reduced O

We now calculate the Poincaré series of the coproduct in AL/k

Proposition 4.17. Let k be a field. For A, B € AL/k of finite type

we have
P(A k) P(B,k)
— P(Ak)-P(B,k) 1 —P(Ak) - P(B,k)

P(A]_[B,k):l
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Proof. By the previous lemma and the explicit construction of the co-
product (additive isomorphism) in AL/k we get

P(AT] B.k)[1—P(A,k)-P(B, k)] = 1+ P(A, k)+P(B, k)—P(A, k)-P(B, k)
so that

P(A k) + P(B k)
PALl B. k) = 1
WHBD=—pam rEn "
from which follows the desired result. O

Corollary 4.18. For any pair X,Y € T} with H.(QX; k) and H.(Q2Y; k)
of finite type we have

P(Q(XVY), k) = P(OX.F) P(@ 1)/

k)
—P(QX,k)-P(QY,k)+1 PQX, k) - P(QY, k)

Example We consider the wedge cofibration sequence for m,n > 2
ST — STV S — ST

From a Leray-Serre spectral sequence argument applying to the path
space fibration

Qs — pst— !
for [ > 2 we get the classical result (see [10],X1.2)

Iy )k n=0(modl—1)
Hn(ﬂs’k)_{() : nZ0(modl—1)

Therefore, we get the Poincaré series for [ > 2

1
1 — -

Hence, we have the expression for the loop space of a sphere

PQS k) =14+t 22 88 =

tl_l
1 —¢
For the wedge 5™ V S™ we calculate, therefore,
tm—l _ th—l—n—Q _I_ tn—l
1 — tm—l _ tn—l
and finally we get as the Poincaré series the symmetric expression
1 — th-l—n—Q
1 _ tm—l _ tn—l

P(QS" k)= P(QS" k) —1=

P(Q(S™ Vv S™), k) =

P(QUS™ v S, k) =
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For the Euler characteristic of Q(S™ Vv S™) we have the three cases

-3 m,n = 0(2)
X(Q(S™ Vv S")) = { 1 m,n = 1(2)
3 m+n=1(2)

5. THE RATIONAL HOMOTOPY SPECTRAL SEQUENCE OF A
COFIBRATION

We construct now the Quillen Lie algebra spectral sequence in ra-
tional homotopy by applying the primitive Lie algebra functor to our
homology spectral sequence of the last section. We will first show the
homology invariance of the primitive Lie algebra functor.

Proposition 5.1. Let A € DH.H/Q. Then we have in L/Q
H.(PA;Q) =2 PH.(A;Q)

Proof. Let A € DH,H/Q. We have in H,H/Q by using the homology

invariance of the universal envelopping functor U (see [13], App. B)
H.(UPA;Q)=ZUH.(PA;Q)

Because 4 and P give an adjoint pair of functors, the result follows
immediately by applying the functor P. O

Suppose that X is a connected H-space. Then the rational ho-
mology H.(X;Q) is a connected graded Q-Hopf algebra and we have
H.(X;Q) € H.H/Q. So we get an associated Q-Lie algebra structure
from the Pontrjagin product on H.(X;Q); so H.(X;Q) € L/Q.

Let 7.(X,*) be the graded homotopy group of X. The Samelson
product defines a bilinear pairing [16]

<, >0 mp(X) @ (X)) = g (X)

with the following properties:
(1) (Antisymmetry)
if € m,(X),8 € my(X), then

<a,Be>=(-1)Ptt < pa>
(2) (Jacobi Identity)
if o € m,(X),0 € my(X), v € 7m.(X), then

(1P <o, < By >> H(=1)P < B, < v,a >>
—I_(_l)qT <7, < O‘vﬂ >>=10
(3) if a € 7,(X),B € 7,(X), and

0.t (X)) = Ho (X, Z)
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is the Hurewicz morphism, then

Porg < @, B >= wp(a) - 9, (B) + (=1)P" o, (3) - pp(a)

where - denotes the Pontrjagin product.
Now let 7%(X) = 7.(X) @z Q be the graded rational homotopy
Q-module. Then 72(X) € £/Q, and the induced Hurewicz morphism

Pu: (X)) @2 Q — HL(X;Q)
is a morphism in £/Q. We get immediately that Im ¢. C PH.(X;Q),
so we have a morphism in the category £/Q
©x: Tu(X) @z Q — PH,(X;Q)

We have a fundamental condition under which ¢, is an isomorphism

Theorem 5.2 (Cartan-Serre). Let X be a connected H-space. Then
we have in L/Q
Pu: (X)) @2 Q= PH.(X;Q)

where @, is the rational Hurewicz homomorphism.

Proof. A statement of Moore says (see [11],App.) that we have in
H.H/Q
U(r (X)) = H(X;Q)
and so by applying the primitive Lie algebra functor (over Q) we get
in £/Q
m(X) @7 Q= PH,(X;Q)

O
Now let X € 7!. Then the loop space QX is a connected H-space,
and we define the rational homotopy Q-Lie algebra of X.

Definition 5.3. Let X € 7!. The rational homotopy of X is the
connected graded Q-Lie algebra £.(X) defined by

with Lie product induced by the Samelson product.

From the theorem of Cartan-Serre we get directly the following con-
sequence

Corollary 5.4. Let X € T!'. Then we have in L£/Q
L(X)2 PH.(OX;Q) O
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Due to this isomorphism and the theorem of Adams, we may view
L. as a functor (over Q) L, : 7! — L£/Q as the composition of the four
functors of the second chapter £, = PH,FC. For X € T}, the loop

space is a connected H-space and the path space fibration
QX — PX — X
gives rise to the long exact homotopy sequence
= T (X) S5 (X)) s my(PX) — (X)) —
Because PX is a contractible space, we get an isomorphism induced
by the boundary operator
0w 7Tq+1(X) = 71'q(QX)

On the left side we have the bilinear pairing given by the Whitehead
product

[ ] " (X) @ moqa (X)) = i (X)
and on the right side we have the bilinear pairing given by the Samelson
product
< >0 (X)) @ (QX) — mpp(2X)
Samelson has proved [16] that if o € 7,11(X), 8 € my41(X), then
Oa, 8] = (1) < Oecr, 0.3 >

So we get for £.(X) the isomorphism £,(X) = 72(QX) & 71'9_'_1()()
and we could have defined the Lie product on £.(X) by the Whitehead
product on 72(X). Let X € T!. In general, the rational Hurewicz
morphism

. T (X) @2 Q — H (X;Q)

induces a rational homomorphism in M /k of degree +1
d,: L.(X)— PH.(X;Q)

If X is an H-space, then we know already from the theorem of Cartan-
Serre that @, is an isomorphism. As a more general result we get a
Cartan-Serre spectral sequence

Theorem 5.5. Let X be a nicely pointed space. There is a natural
2" quadrant homology spectral sequence {E”,,d"} of modules over Q
with

El. = PH.(X;Q)
E, = L.(X)
The edge map
LX) = B — Bl = PIL(X;Q)
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is induced by the rational Hurewicz homomorphism.

Proof. We define an increasing filtration on the cobar construction

FC.(X) by setting
FL,FC(X) =P

s2p

where C(X) = Coker{n : k — C.(X)} This filtration on FC.(X) is
complete, because (FoFC(X)), = FC(X) and (F_,.1FC(X)), =
{0} with the cobar construction graded by total degree (see chapter 2).

The first is clear by definition of {F,FC.(X)} and for the second
statement, let ¢ € F_, 1 FC.(X) and ¢ # 0, so ¢ has at least total
degree n 4 1, because C.(X) is l-connected and therefore we have
(F_\s FOL(X)), = {0}

Let {C[,,0"} be the resulting spectral sequence of this increasing

ok )

filtration. Then {C7,, 3"} lies in the 2"* quadrant with target

Ol = HFCO(X)); Q) = H(2X;Q)
Further we get
€O, =Fy/F oy 2 O(X) "

o
so 3 = d;, because dg maps an element of F_, to one of F_,_;, and
the formation of the quotient F_,/F_,_1 drops all the dg- terms from
the total differential, so only the internal differential d; survives and
we get therefore

O = (FOAX), dr)

Because the differential dg is dropped in building the associated graded
algebra C?,, we get that C?, is nothing else than the differential free
algebra (T(C.(X)),dr) and therefore an object in DH,/H/Q, defining
the diagonal by requiring that A is primitive on C.(X) and is extended
multiplicative (see chapter 2). By the Kiinneth theorem we get the

isomorphism in H.H/Q

C*l* = TH.(X;Q)

Thus, {C],, 0"} is a spectral sequence of homology Q-Hopf algebras.
We define now a new spectral sequence {D._, 6"} by applying the
primitive Lie algebra functor P

DI, = PCT

Kook 9

r
ok )

6" =PJ" =0"|PCL,
Then, {DI_,6"} is a spectral sequence, because C7_ is a homology Q-

Kook 9

Hopf algebra for » > 0, and the functor P commutes with the homology
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functor H,. From the theorem of Cartan-Serre we know that the mor-
phism

L.(X) =7m(0X) 9, Q — PH,(0X;Q)
is an isomorphism in £/Q.

The isomorphism of Adams induces therefore a filtration on L£.(X)
by the induced filtration in homology of H.(FC.(X); Q). We get di-
rectly

E° L.(X)= PC2 =D
Reindexing in the fashion

E,,=D]

p_17q+17

d =&
gives a new spectral sequence {EZ_ d"} with target
El, = LX)
Further we get for the first term of the spectral sequence
Bl = DI = PO = PT(H.(X;Q)) = H.(X;Q)
because the primitives of the free Hopf algebra T(H.(X;Q)) are the

generating vector space over Q. In particular, we get for E&* the
identification

EL. =Dl =PC', = PH.(X;Q)

The construction of the spectral sequence {F
so the edge map

LX) = B — B}, = PHX:Q)

is induced by the rational Hurewicz homomorphism. O

r

r.,d"} is functorial, and

r
ook )

If X € 7! is an H-space, then the spectral sequence {E
and we get the isomorphism of degree +1

O, : L.(X) =5 PH(X;Q)

d"} collapses

Theorem 5.6. Suppose we have a cofibration sequence
A— X —C

where A, X, C' are nicely pointed spaces. There is a natural 1** quadrant
spectral sequence {EI_, d"} of Lie algebras over Q with

2 = L(A) [ £.(C)

where 1] denotes the coproduct in the category of connected graded Q-
Lie algebras L/Q.
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Proof. Suppose that we have a cofibration sequence
A— X —C

of nicely pointed spaces A, X, C. Over the rational number field Q,
we may realize this cofibration sequence as a short exact sequence in
C'DH.CO/Q of simply connected cocommutative chain complexes

0— A*(A) — A*(X) — A*(C) — 0

with A.(A), A(X), A.(C) € C'DH.CO/Q, having the same rational
homology as the normalized chain complexes C.(A),C.(X) and C.(C)
respectively. This follows from the work of D.Quillen [13] and Sul-
livan as a dual statement to the work of Bousfield and Guggenheim
(see [3] and [9]) who showed that over @, there is for X € 7.! a sim-
ply connected commutative cochain complex A*(X) € C'DH*AL/Q,
the Sullivan-De Rham complex, whose cohomology is just H*(X;Q).
Therefore, there is a natural 1** quadrant homology spectral sequence

{D.,, 0"} of homology Q-Hopf algebras with the isomorphism in H.H/Q
DI, = HJ(FA(A); Q) [T H.(FAL(C); Q)

where D(ZJ,* = H.(FA(A);Q) and Dio = H(FA(C);Q) and IT de-
notes the coproduct in the category H.H/Q. For the convergence we
have in the strong sense

D, = H(FA(X); Q)
The isomorphism of Adams and the special equivalences allow us to
reidentify in H.H/Q
DI = H.(Q4;Q) [T H.(QC; Q)

where D§, = H,(QA;Q) and D2, = H,(QC;Q). For the convergence
we get therefore in the strong sense

DL = H.AQX;Q)
Applying the primitive Lie algebra functor (over Q)

P:HH/Q— L/Q

we define a new spectral sequence {E!_ d"} by setting

L. = PDL,
d=PJo" =0"|PD.,
It follows from the homology invariance of the primitive Lie algebra

functor that {E7_,d"} is a spectral sequence of Q-Lie algebras.

BT
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Because the primitive Lie algebra functor preserves coproducts, we
et
) E2, = PH,(QA;Q)[] PH.(QC; Q)
with I3, = PH.(QA;Q) and E}, = PH.(QC;Q). We have conver-
gence in the strong sense
El, = PH.(QX;Q)
By the Theorem of Cartan-Serre we now get
B =7 (QA) @z Q][ 7 (QC) @2 Q
with £5, = 7.(QA)©zQ and L2, = 7,(QC)©zQ. For the convergence

we have in the strong sense

By the definition of the rational homotopy functor L., we get the final
identification

B2 = L (A £.0)

with I, = L.(A) and EZ, = L.(C). The coproduct [] is the coprod-
uct in the category of connected graded Q-Lie algebras £/Q. For the
convergence we have in the strong sense

The spectral sequence {FEL,,d"} is again natural with respect to maps

between cofibrations. O

As for the homology spectral sequence, we can derive certain collapse
theorems for the rational homotopy spectral sequence by applying the
primitive Lie algebra functor to the homology spectral sequence over
Q. As a special case we get the main theorem of Clark and Smith [5]
concerning the rational homotopy of a wedge in the category 7.!.

Corollary 5.7 (Big Collapse Theorem). Suppose we have a cofi-
bration sequence

AL x Lo
where A, X, C are nicely pointed spaces. The natural 15 quadrant ra-
tional homotopy spectral sequence E"(A, X,C) collapses at E?* if and
only if the induced morphism p. : H.(QX; Q) — H.(QC;Q) is an epi-
morphism. Then we have in L/Q

LX) = L(A)]]L.(C) O
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Corollary 5.8 (Little Collapse Theorem). Suppose we have a cofi-
bration sequence

AL Xx Lo
where A, X,C are nicely pointed spaces and which admits a cocross
section s : ' — X. Then the rational homotopy spectral sequence

E"(A, X,C) collapses at E* and we have the isomorphism in L/Q
LX) = LA]T£(C) O

Corollary 5.9 (Clark-Smith). Let A,C € T.'. Then there is a nat-
ural isomorphism in L/Q

LAVO)Y = L(A][L(C) O

If we rewrite this result in terms of rational homotopy groups
F2Q(AV 0)) = 7804 [T 7400)

this shows that the Hilton-Milnor formula holds also for rational homo-
topy groups [16]. We can iterate this result to a finite wedge X;V...V X,
of spaces X1,..., X, € T

Corollary 5.10. Let Xy,..., X, € T.! and k be a field. Then there is

a natural isomorphism in L/Q

L(XV...VX)=L(X)]].. . J]£(X,) O

We can rewrite this isomorphism in the form
QX V.V X)) 20X [T T RR0X,)
Especially for spheres S*1, ... SP< we get therefore in £/Q
QST VLV sP)) 2 r QST T T RS
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