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1 Introduction

After Jones’s construction of the classical by now Jones polynomial for knots
in S® using Ocneanu’s Markov trace on the associated Hecke algebras of type
A, arised questions about similar constructions on other Hecke algebras as well
as in other 3-manifolds.

In [12] is established that knot isotopy in a 3-manifold may be interpreted
in terms of Markov braid equivalence and, also, that the braids related to
the 3-manifold form algebraic structures. Moreover, that the sets of braids
related to the solid torus or to the lens spaces L(p,1) form groups, which
are in fact the Artin braid groups of type B. As a consequence, in [12, 13]
appeared the first construction of a Jones-type invariant using Hecke algebras
of type B following Jones approach, and this had a natural interpretation as an
isotopy invariant for oriented knots in a solid torus. In a further ‘horizontal’
development we constructed in [9], using a different technique, all such solid
torus knot invariants derived from the Hecke algebras of type B.

In this paper we consider all possible generalizations of the B-type Hecke
algebras and we construct Markov traces on each of them, so as to obtain all
possible different levels of homfly-pt analogues in the solid torus related to the
B-type Hecke algebras. Our strategy is based on the one in [13], which in turn
followed [11]. So, in this sense, the construction in [12, 13] is incorporated as
the most basic level.

In more detail: It is well-understood from Jones’s construction of the
homfly-pt (2-variable Jones) polynomial, Py, in [11], that H,(¢), the Iwahori-
Hecke algebra of A,-type, is a quotient of the braid group algebra Z[¢*']B,
by factoring out the quadratic relations

ol =(q—1)oi+q
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and that this relations reflect precisely the skein property of Py:

1 1
—F —ﬂ\/XPL_ =q¢——=) 1
NG Vi
where L, is a regular projection of an oriented link containing a specified
positive crossing, L_ the same projection with a negative crossing instead,
and Lo the same projection with no crossing.

We do now analogous considerations for the solid torus, which we denote
by ST'. Let us consider the following Dynkin diagram.

t o o O
(Bn)c:ol—02—~~~—ol n=1
(300,50)
[b]
The symbols t,0q,...,0,_1 labelling the nodes correspond to the generators

of the Artin braid group of type B,,, which we denote by By ,,. Bj, is defined
therefore by the relations

otot = toqtoy
to; = ot i e>1
0,0, = 0;0; if |Z—j|>1
0;0i110; = o100 i 1< <n—2

Relations of these types will be called braid relations.

B, may be seen as the subgroup of B, 41, the classical braid group on n+1
strands, the elements of which keep the first strand fixed (this is the reason for
having chosen the symbol By ,). This allows for a geometric interpretation of
the elements of By, as mixed braids in S3. Below we illustrate the generators
o;,t and the element ;. = o; .. .Ultal_l .. 0;1 in By ,, which plays a crucial
role in this work.

Note that the inverses of o;,t are represented by the same geometric pictures,
but with the opposite crossings.

As shown in [12, 13], we can represent oriented knots and links inside
ST by elements of the groups B ,, where the fixed strand represents the
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complementary solid torus in S, and the next n numbered strands represent
the knot in ST. Also, that knot isotopy in ST can be translated in terms
of equivalence classes in ;2 By, (Markov theorem), the equivalence being
generated by the following two moves.

(i) Conjugation: if a, 3 € By, then a ~ 37taf.

(ii) Markov moves: if & € By, then o ~ ao, T € By -

Consider now the classical Iwahori-Hecke algebra of type B,, H,(q,Q), as
a quotient of the group algebra Z[¢*', Q*'] B, by factoring out the ideal
generated by the relations ¢* = (Q — 1)t + @ and ¢? = (¢ — 1)g; + ¢ for all
i, where we denote the image of o; in H,(¢,Q) by ¢;. The idea in [12, 13, 9]
was to construct invariants of knots in the solid torus by constructing trace
functions 7 on U;2; Ha(g, @) which support the Markov property:

7(hgn) = 27(h),

for z a fixed parameter in Z[¢™', Q%] and h € H,(q,Q). In other words,
traces that respect the above braid equivalence on J;~, By ,. The construction
of such traces was only possible because we were able to find an appropriate
inductive basis on H,4+1(¢, @), every element of which involves the generator
gn or the element t' := g, ...g1tg7" ... g7 at most once (see picture above for
the lifting of ¢/ in By,). In particular, the trace constructed in [12, 13] was
well-defined inductively by the rules:

—_

tr(ab) = tr(ba)  a,b€ H,.(q,Q)
tr(1) =1 for all H,(q,@Q)
tr(ag,) = ztr(a) a € Hy(q, Q)
tr(at!) = str(a) a € Ha(g, Q)

]

e o
e e S e

If we had not used the elements ! in the above constructions we would have
not been able to define the trace with only four simple rules. The intrinsic
reason for this is that By, splits as a semi-direct product of the classical braid
group B, and of its free subgroup P, generated precisely by the elements
N

n

Bl,n = Pl,n ><|Bn.

All Jones-type invariants in ST constructed from the above traces on
U2, Ha(q, Q) satisfy the skein rule related to the quadratic relations ¢? =
(¢—1)g:+q plus another one reflecting the quadratic relation ¢* = (Q —1)t+Q
(cf. [12, 13, 9] for an extensive treatment).
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During the work of S.L. and J. Przytycki in [15] on the problem of com-
puting the 3rd skein module of the lens spaces L(p,1) following the above
strategy, it turned out that the skein rule of the S7T-invariants in [12, 13, 9]
related to ¢ was actually ’artificial’, so far that homfly-pt type knot invariants
were concerned, and that for analogous constructions in L(p, 1) it was needed
to have constructed first the most generic 2-variable Jones analogue in ST,
one that would not satisfy any skein relation involving ¢.

We drop then the quadratic relation of ¢, and we consider the quotient of
the group algebra Z[¢*!] B, ,, by factoring out only the relations

g =(qg—1)gi+q

for all :. This is now a new infinite dimensional algebra, which we denote by
H.,.(q,00) and we shall call it generalized Twahori-Hecke algebra of type B. By g;
above we denote the image of o; in H,,(¢, 00), whilst the symbol co was chosen
to indicate that the generator ¢ satisfies no relation (since now any power ¢~
for k € Z may appear, like in By ,). These algebras have been consequently
studied in [6] in connection with the affine Hecke algebras of type A.

But we would like to go one step back and, instead of removing from the
defining relations of H, (g, Q) the quadratic relation for ¢, to require that ¢
satisfies a relation given by a cyclotomic polynomial of degree d:

(t—u)(t —uz) - (t—uq)=0

Then we would obtain a finite-dimensional algebra known as cyclotomic Hecke
algebra of type B, denoted here by H,(q,d). The corresponding cyclotomic
Cozeter group of type B, which we denote by W, 4, is obtained as a quotient
of By, over the relations g = 1 and ! = 1. H,(q,d) may be seen as a
‘d-deformation’ of W, 4: In order to obtain the group algebra we have to sub-
stitute the parameters of the cyclotomic polynomial by the dth routs of unity
(and not by 1 as in the classical case). These algebras and their correspond-
ing groups have been introduced and studied independently by two groups of
mathematicians in [1, 2, 5, 4]. It follows from the discussion above that the
cyclotomic Hecke algebras are also related to the knot theory of the solid torus
and, in fact, they make the bridge between H,, (¢, Q) and H,(q, o).

Like for the Hecke algebras of type B, in order to construct linear Markov
traces on U2, Hn(gq,00) or on T2, H,(q,d), we need to find appropriate in-
ductive bases on both types of these algebras. This is the aim and the main
result of Section 3. Note that, in the classical case of H, (¢, @), we could easily
yield such an inductive basis using the results in [7]. This presumes at least
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knowledge of some basis for the algebra. In Section 2, we study the structure
of H,(¢q,00) and we construct a basis for it using the structure of the braid
group Bi, and the known bases for H, (¢, d).

In Section 4 we construct Markov traces on U~ H, (¢, 00) and on U2, H, (¢, d)
using the inductive bases of Section 3. Finally in Section 5, we normalize the
traces according to the Markov braid theorem in order to derive the corre-
sponding knot invariants in ST, and we also give skein interpretations. The
invariant related to H, (¢, 00) is the most interesting one for us, and in this
sense, this work may be seen as the required fundament for extending such
constructions to knots in the lens spaces. The knot invariant derived from
H.,.(q,00) reproves the structure of the 3rd skein module of the solid torus,
found before in [10, 17]. On the other hand, the knot invariants derived from
H.(q,d) are related to submodules of the the 3rd skein module of ST

It may be worth noting that introducing and studying H, (¢, oc) has been
independent of the studies on the cyclotomic analogues.

It gives the author pleasure to acknowledge her thanks to V.F.R. Jones for
his comments on this work and to T. tom Dieck for many discussions and his
valuable suggestions. Many thanks are also due to . M. Geck for discussions and
for pointing out the literature on the cyclotomic Hecke algebras of type B, and
surely to J. Przytycki for our discussions and conjectures about the structure of
the generalized Coxeter groups and Hecke algebras. Finally, financial support
by the SFB 170 in Gottingen and the European Union for parts of this work
are gratefully acknowledged.

2 Finding a basis for H, (¢, o)

We start by introducing in more detail H,(¢,0), H.(q,d) and their corre-
sponding Coxeter-type groups W, o, W, 4.

Definition 1 The generalized Iwahori-Hecke algebra of type B, is defined as
Ho(q,00) := Z[¢*F ) Brn | <o =(q—1)o; +q forall i > .
The underlying generalized Coxeter group of type 5, is defined as
Whoo := B,/ <o?=1 forall i >.

It follows that if ¢; denotes the image of o; in H,(¢,o0), then H,(q,0) is
defined by the generators ¢, ¢1, 9o, ..., g,-1 and their relations:
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tgitgr = gitgit
tg; = gt for 1>1
GiGi+19i = Git19iGi+1 for 1<:<n-2
gi9; = 459 for |Z — ]| > 1
92 = (¢—1)g;i+q for all:

H,.(q,00) is an associative algebra with 1. Also, it is easily verified that, if S,
is the symmetric group, then

Wioo = Z" XS, ( compare with the structure of By ,).

Definition 2 Let R := Z[¢*', uf', ... uf', . ], where ¢, us,... uq,... are
indeterminates. The cyclotomic Iwahori-Hecke algebra of type B,, and of degree

d is defined as
H.(q,d) ;=R B,/ <o’ = (qg—1)o;+q all i, (t—uy)(t—ug) - (t—ug) = 0> .
The underlying cyclotomic Coxeter group of type B and of degree d is:

Woa =B,/ <o?=1 foralli, t*=1,de N >.

The relation t* = 1 is derived by the cyclotomic polynomial by substituting
the u;’s by the d’th roots of unity. Also, the Coxeter group of B,-type, in our
notation W, 5, is the quotient of By, over the relations t* = ¢;> = 1, for all 1.

H.,.(q,d) is an associative algebra with 1, and it is a free module over R of rank
d"-nl, which is precisely the order of W,, 4 (cf. [2],[5]). If d = 1 and uy = 1, then
H.,.(q,1) is isomorphic to the Iwahori-Hecke algebra of type A (over Z[q¢*!]).
If d =2, uy = —1 and uy = —@Q), we recover the familiar relation of H,(¢, @),
the Iwahori-Hecke algebra of type B (over Z[¢*, Q*']). In H,(q,d) we have

[ t4=ag_1t 4+ -+ ap, where

ad—1 = —(url-' : "I’ud)v ag—2 = —(u1u2—|—- : "|‘ud—1ud)7 ceey 00 = (_1)d(u1 ce Ud);
from this we can derive easily a relation for +71.

W,.qa may also be seen as the quotient W, ., / < t=1,d e IN > of Wi oo
and it is easily verified that

Wi a = Zy" xS,

Its order is 2" - n!, whilst W, o = Z5" xS, (compare with the structure of By ,,).
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Note 1 W.l.o.g. we extend the ground ring of H, (¢, o0) to R. Then H,(q,d)
may also be obtained from H,, (¢, c0) by factoring out the cyclotomic relation.
In this sense H,, (¢, d) is a ‘bridge’ between H,, (¢, o0) and H, (¢, Q), the classical
Hecke algebra.

We shall now find a basis for H, (¢, c0) as follows: We find first a canonical
form for the braid group B, which yields a basis for Z[¢*']B; . The im-
ages of these basic elements in H,(¢,00) through the canonical map spann
H,(¢q,00). We then treat the spanning set in order to obtain a basis for
H,.(¢q,00). The advantage of this approach — apart from starting from the
better-understood stucture of the braids — is that it shows clearly the relation
among the structures of By ,,, H,(q,0), Hal(q,d) and W, oo, W, .

In order to proceed we need to recall the notion of the pure braid group and
Artin’s canonical form for pure braids: The classical pure braid group, F,,
consists of all elements in B, that induce the identity permutation in S,;
P, < B, and P, is generated by the elements

1 1

— - - -1 2
Ars =0y Or41 -.05-2 051 05-2...0,410¢

_ 2 -1 -1 -1
= 051052 ... 0,410, 0pqy1  ...0s_2 051 , 1 <r<s<n.

Artin’s canonical form says that ‘every element, A, of P, can be written
uniquely in the form:

A=U0,U;-- U,

where each U; is a uniquely determined product of powers of the A;; using
only those with ¢ < j7. Geometrically, this means that any pure braid can
be ‘combed’ i.e. can be written canonically as: the pure braiding of the first
string with the rest, then keep the first string fixed and uncrossed and have the
pure braiding of the second string and so on (cf. [3] for a complete treatment).

We find now a canonical form for By ,. An element w of B, induces a
permutation o € 5, of the n numbered strands. We add at the bottom of
the braid a standard braid in B, corresponding to o=, and then we add its
inverse 0. Now, wo ™" is a pure braid on n + 1 stands (including the first fixed
one), and we apply to it Artin’s canonical form. This separates the braiding
of the fixed strand from the rest:
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The above sketch in fact the proof that By ,, = P, xB,. ;(From the unique-
ness of Artin’s canonical form, it follows that any w € By, can be expressed
uniquely as a product v - o (‘vector-permutation’), where v is an element of
the free group Py, :

gt ki ke 1 kr ko kE_—1 -1
v="=4 ", k. ke € Z, where t =0 oitto o0,

and o € B, is written in the induced by P, canonical form. Thus the set {v-o}
forms a basis for the algebra Z[q*!] B, ., and, therefore, it spans the quotient
H,.(q,00). On the level of H, (¢, c0) we can already improve this spanning set,
since on this level o is a word in H,,(¢), the Iwahori-Hecke algebra of A,-type.
So, o can be written in terms of the canonical basis of H,(¢) (cf. [11]):

{(ghgh—l s by —T1)(gi2gi2—1 s gi2—7°2) s (gipgip—l e ‘gip—Tp)}7
for 1<y <...<, <n—1.
Therefore we showed

Proposition 1 The sel

ki k r
D R R R P
where t) =1, " =g gitFgrt g7 g, g €401, n—=1}, k.. ke €
Z and o a basic element of H,(q), spans H,(q,o0).

Notice that the indices of the ‘vector’ part are not ordered. Also, that the
above canonical form for By, yields immediately the following canonical form

{v-o} for W, :
{v ) U} = {tj1k1tj2k2 s tjrkr ’ U}v

where 1o := ¢, t* 1= s;...51Fs1...8;, for 0 < 53 < ... <4, <n-—1,
ki,...,k. € Z and o € S, is an element of the canonical form of S,, (where
s; denotes the image of o; in W,, o). Thus, this set also forms a basis for the
group algebra Z[q¢* | W, ...
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Notice here that the indices of the ‘vector’ part are ordered. This suggests that
it may be possible to order the indices jy,. .., j, of the words #, k1 t;2k2 . .t;rkr
in X1, so as to be left with a canonical basis for H,(¢,00). To achieve this
straight from Yy is very difficult, because it is hard to get hold of an induction
step, even though there are relations among the tgk”s. Instead, we change the
t;k’s to the elements t;*, where to := t, and ; := ¢;...¢it¢1...¢;. These
elements commute in H, (g, o0).

The following relations hold in H,(¢,o0) and in H,(¢,d) and will be used
repeatedly in the sequel.

Lemma 1 For ¢ € {£1} the following hold:
(i) 9" =q"9:" +(¢" = 1),
9% =(¢"=Dgi*+ ¢, forq#0.

(ii) g5t gty .. ;) = (G gEly . ;) g, fork>i> ],

g (g g o) = (g gt fork >0 > )

(11i) gigi=1 .. 941959541 - - - 9i = 9iGj1 - - - Gi-19iGi=1 - - - §j+195
G 9T i i G = G5 - Gi GG - G i
(1v) ¢ Gn10n Gn G - Gi° =
(45— 1) X028 9 (G5 -+ Gumrm1 “Grmr S Grmrer - gi6) + ¢ =
St (g = D)4 (9 - - Gnmr1 Gnmr a1 - - G0,
where €, =1 if r<n—1 and €,_;11 = 0.
Stmalarly,

€

9t 92 h G G g =
(g = 1) X026 47 (96 G2 0o “Grga - 96) + 47 =
Sieo (45 = 1747 (6 gra2 Gr1 Gria" - 6,
where ¢, =1 if r<i:—1 and ¢ =0.
(v) t'gitgr = gitgit for N € Z corr. Zy,
gt =t q; for k>, k<i—1,
giti = qticagi + (¢ — 1) 1,
gition = q g + (7 = 1) 1,
gitia™ = qtiT g+ (g — 1) i
gt = i T g+ (g7 = )i
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(vi) giti" =1.5gi for k>i, k<i—1,
gt =t g+ (= D + (L= )ty

92’%’—1E = tgegi-

(vii) t*t,N =t M for i #£ 5 and kN € Z corr. Zy.

(viii) tgk =gi...1t°Fqi7 . g7 for k€ Z corr. .
Therefore we have in H,(q,d):
(t—up)(th—uz) ... (th—ug) =0& tgd = ad_ltgd_l + -+ ao,

where the a;’s are given in the relation (M) in Section 2.

Proof. We point out first that in the rest of the paper and in order to facilitate
the reader we underline in the proofs the expressions which are crucial for the
next step. We also use the symbol ‘3" instead of the phrase ‘linear combination
of words of the type’.

Except for (iv), all relations are easy consequenses of the defining relations
of H,(q,00). Relation (vii) can be also checked using braid diagrams. We
prove (iv) by induction on the length [ = n — 7 + 1 of the word ¢,¢u—1...¢;.
For [ = 1 we have ¢,° = (¢—1)g, + ¢*'. Assume now (iv) holds up to [ = n —1.
Then for [ =n — 1 + 1 we have

induction step

Gidi+1 - - - Gnfn - - - Gi+19i =

& [(q - 1) Z?;(gl—l—l) qT (9i+1 oo 9n—vr-1Y9n—rYn—r—-1 - .- 9i+1) + qn_l] & =
(q - 1) E;:(EZ—H) qT (gz e 9n—r-1Yn—rY9n—r—-1-- - gz) + qn_lﬁ -

(= 1) 2™ 4G Gumr1GnmeGuoror - 00) (= D" g4 g =
(q - 1) ZZ};(ZJ q (gi s Yn—r-19n—r9n—r-1 - . -gi) + qn_H—l'

Furthermore note that in the Relations (v) and (vi) a t; or a ; will not change
toat;7! or a t;»_l respectively and, therefore, these relations preserve the
total sum of the exponents of the #;’s and the #’s in a word. Note also that
for j = ¢ — 1 the relations (iii) boil down to the usual braid relation and its

variations with inverses. O

Theorem 1 In H,(q,00) the set
Yy = {tilklti;@ .. .tirkr . 0'}

forl<iu<...<t,<n—1,k,....k € Z and o a basic element in H,(q),
forms a basis for H,(q,0).
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Notice that in ¥, the indices of the ‘vector’ part are ordered.

Proof. To show that ¥, spans H,(q, 00) it suffices, by Proposition 1, to show
that an element of > can be written as a linear combination of elements in

Y,. Indeed, let
w=1t R ey
We do the proof by induction on
p=lku| =+ [kl + -+ [k,

the absolute number of #’s in w. For p =1 either w =t,-0 or w=1""-0:

tho=g...qtq1 " .. g7 o=

1

Gi---it(gr .. qi9:7 " .. -t -t

g g g o =t oy,

where o1 € H,(¢q), a linear combination of basic elements of H,(q).

o =g...qt g g o=
_ _ _ _ _ Lemmal,(iv)
Gi-gilgr- . gigi™ TN T g 0=
(¢—1) 26 4" (g - Gra2grsrGraz - - 90)gi ™" g g™ g T T

g ot o=

1

(q—1) X020 4" (gi -+ Grpa)gr L. 1

g g g o+ qiti_l -0 =
(=1 T2 ¢ gie o Gragen ™ g o) H ¢ o =
(q—1) XZh ¢" 1,7 oi + ¢' 171 - o, where o; € H,.(q).

Suppose now the assumption holds for up to p — 1 t’s in w. Then, the
induction step holds in particular for all such words with ¢ = 1. So, for

|| + k2| + -+ + |k | = p we have:

! kl 7 km—l 7 .
+ k1 1 km o= tJl e t]m t]m g, if km >0 by induction
]1 DTS ] —_— k k. 1 _1 . pu—
" Lt mt t o, ik, <0

Lel v . . / _1.
Yl o T o,

{ St Mot o,

foron € Holg), 1< <...<t, <n—1, [M+---+|]=p—1and
foros € Holq), 1< <...<pn<n—1, ||+ +|m|=p—-1
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-1 -

{ X ti1/\1 s tin/\n c 01 t]m (gjm_l ce gl_lgl_l s g]m_l) g Lemmal,(iv),(v)
Sttty o (g 101 g )t T o

Lemmil,(vii)

St Mot Mt o, a0’ € Ha(q),
Sttt olo, olo € Halq),

1

where o' = (g;,, " .. !

gt g Y oand o = 029, - 9191 - G0 )

A . .
{ Ztil L .tir/\r . tel . tir+1/\r+1 .. .tin/\" . 0'2'0'/7 fori, < e < Tpyt-

v -1 o
Sl e, T e, oloy for e <ea < gy
I.e. in either case we obtained a linear combination of elements of 5.

We next show linear independency of the elements of X:

Let -7 Aw; = 0 for wy,ws,...,w, € X;. We assume first that the
exponents of the ¢;’s in the words w; are all positive for all ¢, and we choose
d >k € IN, where k is the maximum of the exponents of the ¢;’s in 37" Ajw;.
Then, the canonical epimorphism of H,(¢,00) onto H,(q,d) applied on the
equation >, Aw; = 0 in H,(¢,00) yields the equation 372, Ajw; = 0 in
H,(q,d). As shown in [2], Proposition 3.4 and Theorem 3.10, the elements
of ¥y with 0 < ky,...,k < d — 1 form a basis for H,(¢q,d),d € IN. (In
[2] d is denoted by r, H,(q,d) is denoted by H, . and o is denoted by a,.)
This implies that \; = 0,72 = 1,...,m in H,(q,d), and therefore, \; =0, ¢ =
L,...,malso in H,(q,0).

Assume finally that some w;’s contain ¢;’s with negative exponents. The
idea is to resolve the negative exponents and then refer to the previous case.
One way is to proceed as above, and after we have projected >/, A\jw; = 0 on
H.(q,d), to resolve the t;’s with negative exponents using the algebra relations;
finally, to conclude that A, = 0,7 = 1,...,m in H,(¢,d) (and therefore in
H,(q,20)), using induction and arguments from linear algebra. But we would
rather give a more elegant argument, that was suggested by T. tom Dieck.

Namely, let P be the product of all t?, k € IN for all j, k such that tj_k is in
some w;. Since P is an invertible element of H, (¢, 00), we have 37 A\jw; =
0&< P37 Aw; = 0. The last equation is eqivalent to >3- ; A\; Pw; = 0, where
the elements Pw; are pairwise different and the exponents of the ¢;’s contained
in each Pw; are positive for all . We then refer to the previous case, and the
proof of Theorem 1 is now concluded.

Thus Y5 is a basis of H, (¢, o), and therefore H, (¢, 00) is a free module.
O
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3 Inductive bases for H,(q, c0) and H,(q,d)

The basis of H,(q, 00) constructed in the previous section as well as the corre-
sponding one for H, (¢, d) yields an inductive basis for H, (¢, o0) and H,(q¢,d),
which gives rise to two others, the last one being the appropriate for construct-
ing Markov traces on these algebras. Here we give these three inductive bases
and we conclude this section by giving another basic set for H,(¢,o0) and
H,.(q,d), which is analogous to the set Y5, but using #}’s instead of ¢,;’s.

;From now on we shall denote by H,, both H,(¢,o0) and H,(q,d) and by
W, both W, ., and W, 4. Also, whenever we refer to k € Z corr. k € Z; we
shall always assume k& # 0. We now find the first inductive basis for H, 1.
This on the group level is an inductive canonical form, and it provides a set of
right coset representatives of W,, into W,, 1, which is completely analogous to
[7], p. 456 for B-type Coxeter groups.

Lemma 2 For k € Z (corr. k € Zy) the following hold in H,41(q,00) (corr.
Hn-l—l(Qv d))

(i) tnhgn = (q—1) 2528 ¢/ tar? 057 + ¢ gutna®,  ifk € IN and

bFgn = (1= q) S50 ¢/ a6 + P gutnn ™. ik € Z — IN.
(it) 1" gugn—r -9 =

(¢ —1) X5 S @ (taet? Gum1Gnz - g )t T+

(= 1)¢" 2525 ¢/ (tneo? Gn—2gn—s - - - §i)Gntn—a "7+

(= 1)¢* 025 ¢ (tues'Gnes - - - 9i)gnGn-1tn—2""

+- 1+

(g —1)gt"=9" Zf;é ¢ (tic1!)gngn-1 - - - Gigr 1"

+q TR gy gitia®, i k€ N,
whilst for k € Z — IN we have an analogous formula, only (¢ — 1) is replaced
by (1 —q), ¢" = q ™ and |k — j| + |j| = [k].

Proof. We prove (i) for the case & > 0 by induction on k. (For k < 0 completely
analogous.) For k = 1 we have ¢,9, = (¢ — 1)t, + ¢'gutn_1. Suppose the
assumption holds for £ — 1. Then for &£ we have:

by induction

tnkgn — tntnk_lgn

Lemma 1,(vit)

t_n [(q - 1) Zf;g qj tn—ljtnk_l_j + qk_l gntn—lk_l] =
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(q - 1) Zf;g q] tn—ljtnk_j —I' qk_l tngntn—lk_l Lemm:aL(U)

_ . . . _ _ Lemma1,(vit
(q - 1) Zf:g q] tn—ljtnk I —I' qk l(q - 1) tntn—lk ! —I' qk gntn—lk = ( )

We prove (ii) for the case k > 0 by decreasing induction on ¢. (For k& < 0
completely analogous.) For i = n we have (i). Assume it holds for ¢+ + 1 <
n(<i<n—2<&n—1i>2). Then for ¢ we have:

by induction

t¥gn i =

(¢ —1) Zf;é ¢’ (tn—1jgn—1gn—2 . -gi+1)tnk_j]gi + -+

[(q - 1)q(n_(i+1))k Zf;é qj (tij)gngn—l .- -gi+2ti+1k_j]gr|‘

n—i Lemmal,(v)&Lemma2,(i)
(¢ grgna - gty =

(¢ — 1)q(n—(i+1))k Zf;é ¢ (17 G gnGnt - - - Gigalipr 7T+

g% (g —1) Zf;é ¢ GnGn-1 - Giprtis ' tF 7+

qTRGE ggny o gitiF =

(q — 1)q(n—(i+1))k Zf;é ¢ (tijgi)gngn_1 N -9i+2t¢+1k_j—|-
q(n_i)k(q - 1) Z;:é qj (ti—lj)gngn—l . -gi+1tik_j‘|‘

qTRGE GGy - gitig

Theorem 2 Fvery element of Huq1(q,00) corr. Hy(q,d) is a unique linear
combination of words, each of one of the following types:

1) wy—q

2) Wp-19nGn-1---9i

3) Wn 1GnGn1---Giti1", k € Z corr. k € Xy
4) wa1t,*, k€ Z corr. k € Xy

where w,_y is some word in H,(q,00) corr. H,(q,d). Thus, the above words
furnish an inductive basis for H,41(q,o0) corr. Hy(q,d).
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Proof. By Theorem 1 it suffices to show that every element v - o, € Y5, where
v is a product of t;’s and 0, € H,41(¢), can be expressed uniquely in terms of
1), 2), 3) and 4). We prove this by induction on n: For n = 0 there are no ¢;’s
in the word, so v - o9 = t* - 1, a word of type 1). Suppose the assertion holds
for all basic words in ¥, with indices up to n — 1, and let w € X5 such that w
contains elements of index n. We examine the different cases:

o w= tilkltiz)k? ot R o, 1<4 <. <1, <nand g,_; € H.(q).
Then, by Lemma 1,(v), w = ;" ... t; ¥ -0, 1 - t,* = w,_1t,*, a word of type

1),

iy

o w= tilkltiz)k? i P o, where i, < noand 0, = 0,1 - (gnGn-1.-.9i) €

Hot1(q). Then w = tilkltiz)k? N PR S (gnGn-1---9i) = Wn—1GnGn-1 - - - Gi

a word of type 2).

e Finally, let w = tilkltiz)k? ot R o, where 0, = 0y - (gnGn-1...9i) €

Lemma1,(v)

Hos1(q). Then w =t;," .. t; ¥, 0, 1 gugn1...9:

Lemma 2,(it)

tilkl ...tirkr cOp_1 -tnkgngn_l T =

W1t 7+ YWn1Gn Gt - - Gsls—1* 77, for 5 =0,...,k—1.

Le. w is a sum of words of type 4) and type 3). The uniqueness of these
expressions follows from Lemma 1 and Lemma 2. a

Theorem 2 rephrased weaker says that the elements of the inductive ba-
sis contain either g, or 1,” at most once. But, as explained in the be-
ginning, our aim is to find an inductive basis for H,4; using the elements
th=q;¢i1...gitg1 " ... gi_17 g, 7!, as these are the right ones for constructing
Markov traces on [ J77, H,,. We go from the ¢;’s to the ¢’s via the ‘intermediate’
elements

T! = gigic1...qit* g1 ... giagi, k € Z

Theorem 3 FEvery element of H,11(q,00) corr. H,(q,d) is a unique linear
combination of words, each of one of the following types:

1) wpq

2’) Wp-19nGn-1---9i

) Wp1GnGni---gTF,, k€ X corr. k € %y

4) wa 1 TE k€ Z corr. k € Zy
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where w,,_q is some word in H,(q,00) corr. H,(q,d).

Proof. 1t suffices to show that elements of the inductive basis given in Theorem
2 can be expressed uniquely as sums of the above words. For this we need the
following three lemmas.

Lemma 3 For k € IN (corr. k € Zy—1) and € € {£1} the following hold in
Hn+1(q,oo) (007“7“. HTL-H(de))

t e(k+1) _— Zn (qe N 1)5T1+...+Erk q5(7«1_|_..._|_7«k)'

n 14T =0

9 G111 e Gyt )t G, UG 1 G,
where e,, =1 ifr;=0,...,n—1, ¢, =0 and g := 1.

Proof. We show the case ¢ = +1 by induction on k. The proof for e = —1 is
completely analogous. For £ =1 we have:

Lemma 1,(iv)

tn? = GnGn1 - G1tG1 - - Gu190GnGn-1 - - - G111 - - - Guo1Gn =

S o= 174 gngu1 - - 1t(g1 - Guer - G1)EG1 - Gr1Gn-
Assume that the statement holds for any & € IN. Then for £ 4+ 1 we have:

n 2 Sk Foetrg
ZTl,...,Tk_lzo (q - 1) ! k-1 qu Th—1 g?’L .. .gl‘

Har oo Gnory - o-gi)t e (g1 oo e Gnerpy oo 9181+ GG - g1tG1 - - Gn)

by induction

tnk-l—l — tnktn

Lemma1,(iv)

rtoter
- S gm0 (= 1) TegnttTe g gy

Hgr oo Gnery oo g1)t e (g1 Grmryy - 1)EGL - - G O

Lemma4 For k € IN (corr. k € Zy) and € € {£1} the following hold in
H,(q,00) (corr. Hu(q,d)):

(1) tg1%qc = g U@+ (¢ — Dtfg " + (1 — ¢ )% gt and
(ZZ) t_ﬁgletekgle — gletekglﬁt—ﬁ + (qe o 1)t6(k—1)g16 + (1 _ qﬁ)glﬁtﬁ(k_l).

Proof. We only prove (i) for the case ¢ = +1, by induction on k. All other
statements are proved similarly. For & = 1 we have tg,tq1 = ¢1tg1t. Assume
the assertion is correct for k. Then for £ + 1 we have:

Lemma 1,(7)

tHlg = tgltk91£t91 =

2751

induction step

gt ggtg + (71 — 1) tgitFgitg "=
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gttt gitgitg + ¢ g — Dtgitbgitgr + ¢ H1 — q) rgitgitgr+

(¢ =D git*gitPgi 4+ (¢ = 1) (g — 1)t t" g+

(7" = 1)(1 = q) thg g, " T g1 gk g gy

(=g DYatrat?g+ (1 —¢ g =1)tgt" g+ (1 —q¢ ") (1 —q) tFgpt? i+
(7' = )t gitgl + (¢ = Dgut* i’ + (¢ = (g — D 1git™gi+

Lemma 1,(¢)

(=D =g g’ =
¢ g— D) at* gitgn + guit" gt + (g7 = 1) (g — 1) tF gatgr +

Lemma 1,(v)

gt = 1)gt* gt
1—g™ ") gitgt" " + 1 " git 4+ (7' = 1) (g = 1) " gylgr + (1 —q) 5 gt =

1—q¢ (g —=1) gt t™ + (1 — ¢V )gtgt* + git" g+

(
(
(
(¢ = Dlg 1)tk+lg1tg1 + (1 - q)tkﬂg tLemmal( v)

B (4= 1)1t (1= ) g ;

Lemma 5 (Fundamental Lemma (F.L.)) For o,k € IN (corr. i,k € Zy)
and for e € {£1} the following hold in H,(q,o0) (corr. H,(q,d)):
(Z) teigletekgle — gletekgletei_l_
(qe _ 1) [teglete(k—l—i—l) T tQEglete(k—I—i—Q) N teigletek]_l_
(1 _ qe) [tekgletei T te(k—l—l)glete(i—l) N te(k—l—i—l)glete] and

(”) t—eigletekgle — gletekglet—ei_l_
(qe o 1) [te(k—l)glet—e(i—l) T te(k—?)glet—e(i—Q) ot te(k—i)gle]_l_
(1 _ qe) [t—e(i—l)glete(k—l) T t—e(i—Q)glete(k—Q) ot glete(k—i)]‘

Proof. We prove (i) for the case ¢ = +1, by induction on 7. The proof for
e = —1 is completely analogous. For ¢ = 1 the assertion is true by Lemma

4,(i). Assume it holds for . Then for 7 + 1 we have:

: : znductzon ste
trgithgr =t gith gy 8 tgrth gt +

(q o 1) [thltk-I—i—l _I_ thltk-I—Z—Q _I_ . _I_ ti-l—lgltk]_l_

Lemma 4,(7)

(1 o q) [tk-l—lglti _I_ tk-l—leti—l _I_ _I_ tk-l—zglt]
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git* gt + (g — D tgut™ (1 — q) thgut™ 1 4
(q _ 1) [thltk-I—i—l _I_ t3gltk+i—2 _I_ . _I_ tZ-I—lgltk]_l_

(1 o q) [tk-l—lglti _I_ tk-l—leti—l _I_ . _I_ tk-l—zglt]
O

We go back now to the proof of Theorem 3. By Lemma 3, a typical sum-
mand of ¢,<k+1) ¢ Hot1(q,00) (corr. Huqi1(gq,d)) is:

Gnt o 1M (G G, I N (g S NG L g,

where Ay, Ao, ...  Avp1 € IN such that My + -+ + Ay = k+1and [} <
nfori=1,..., N (since the cases [; = n are incorporated in t**). In order to
prove the theorem we want to show that such a word can be expressed in terms
of words of the form 17), 2), 3') and 4’). This is a very slow process as we shall
readily see. In order to obtain an inductive argument on the number N + 1
of the intermediate powers of ¢, we show first the following, seemingly more
general result, where an unsymmetric expression appears also in the word.
It is ’seemingly more general’ because this unsymmetry of the word appears
anyhow in a later stage of the calculations.

Proposition 2 Let k € IN (corr. k € Zy_1), e € {1}, Lm,lh,....Ixn <n
and let My, Agy ..., Ang1 € IN such that A\ + -4+ Ayygr = k+ 1. Then it holds
in Hu+1(q,00) (corr. Hut1(q,d)) that words of the form:

Wn_1Gn© . . .glﬁtdl(gf e I gmt .gf)ifEA2 (g1 a1,° - .glﬁ)tdf’ .
ifEANJrlglE e G

where only between the first two powers of t appears the unsymmetric expression
(g1 )N e gm 1), can be expressed as sums of words of the form 1'),
2), 3) and 4'). Note that, if | = 0, we obtain the generic summand of 1,°*+1)

Proof. We prove the statement for ¢ = +1 by induction on the number N + 1
of intermediate powers of t. The proof for € = —1 is completely analogous.
For N = 0 we have w,_16n ... 11" g1 ... gn, where \y = k + 1 i.e. wn_le"'l.
Suppose the assertion holds for N. Then for N 4 1 we have:

A=w,1Gn. .1t g1 9) (g1 G- g )t (g1 Gty - g I g,

= Wy 1Gn - 1N G 9) (G G G )Gy g1 g, )P PG g,

Here we also use the symbol ‘377 to mean ‘linear combination of words of the
type’, the symbol ‘w,_;” for not always the same word in ‘H,,, and, in order to
shorten the words, we substitute the expression g, ... gy ...gn,t" ... t"¥+1g; ... g,

by S.
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We proceed by examining the cases [ < m, [ > m and [ = m.
o For [ < m we have:

A=Wy 10 1t - G201 -G (G- G1) G- - 11 - - gmfig2 - - . git"-S m21

W1 (Gt -+ 9191)Gn - - G117 G1 « - GmGa - qit" - S =

F.L.
Wn—1(Gm-1---91)Gn - - Pttt ge . gmGa .. g S =

W1 Gn - - 921 911" G192 -« Gmg2 - - g1 - S+
Zz’+j:A+u WnetGn - G2l 1 G2 - o Gmg2 - g1+ S =
Wo1 G o 1 1 - GG g S+

. ; Lemma 1,(21),I<m
Yitimatn Wno1l'Gn - G192 - - G2 - git? - S =

(W1 t"g2 - @) G -+ G187 G1 -+« G - S+

Yirimngn (Was1t' g1 - g1t - G1m1)gn it - S =

(Wne1Gn - g1t g1 oo G - S+ > it jmaip Wn1Gn - - L7 - S
and the number of intermediate powers of ¢ has reduced to N in all summands

of ¢,

e lor [ > m we have:

m<l, Lemma 1,(i7)

A=w,_1gn. .. 1t g1 @) g1 Gut" - S =

(Wn1Gm - G1- - Gm)Gn -1l g1 gl - S =

F.L.
Wp1Gn -1t g1t gs . g1+ S = Wo1Gn - GatP it gy .. g1 S+

Zz’+j:A+u Wnp—19n - - -92@1@2 g S =

Lemma 1,(3¢)

W1t g 11 g S oy Wne1t g g1(ga gt =

Wp—19n - - -glt/\gl g S+ Zi-l-j:/\-l-u (wn—ltigl .- -91—1)gn .. -ghtj -S =

WneiGn - 1101 g+ Yitj=rp Wn—1gn - - .t
and the number of intermediate powers of ¢ has reduced to N in all summands

of ¢,

e Finally if [ = m we have:

Lemmal, (1v)

A=wo1gn- 11 (g1 GG Gr- - gnl" - ST =

Wo1Gn - - G110 G2 . .. g t" - S+
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m Lemmal, (3¢)
S 01 Wn_1Gn - .gltA(gm_T i G201 - Gmer )2 -« Gm* - S =

(Wue191 -+ Gt )G - - T S+

ST (WasaGmer—1 - G1)Gn - B (G2 Gmr)G2 - G - S

Wn1Gn - gr T S+ T w1 g g2t g NG - Gmer)G2 - - G - S
Y it oo Wt Gn -+ G2l 1 (G2 - G )Gz G - S =

W 1Gp - TS w0, 110G, it 91 G G2 - Gt - - G

Lemmal, (3¢)

S+ Vit imntn 20 Wacal'Gn - g1(g2 - Gmr )2 gmlt! - ST =

Wo1Gn - .- 11T S+

ST (wWaalga o Gt )G G191 Ger 1 G Grt1 - Gm) - S+

Yitimngn oro (Wi l'G1 - Gonmr—1G1 - - Gm=1)Gn - - G2l - S =

Wo1Gn - - 11T S+ ZT o Wn—1Gn - .gltA(gl e Gm—r—1Gm—rt1 - - - Gm) - S+
S W1 Gn e 11N (g1 Gm) - S+ Y itimA St w1y gt - S =
Woa G - G S T 0 Gt o G 18N (G Gmr1) - S
S Wit Gn - NG ) S F Lot D Wam1gn - it S =
Wt - 1T S+ T w1 g 11N (g1 Gmero1) - S

ST W1 1N G Gm) S+ Vit Soreo Wn1Gn - 1t - S

and the number of the intermediate powers of ¢ has reduced to N in all sum-
k1

mands of ¢,
O

We can now conclude the proof of Theorem 3, since for the different possibilities
of a word w € H,, 41 we have:

Case 1. Ifw = w,_y0orw = w,_1¢,...¢g; fort = 0,...,n there is nothing to
show.

Case 2. If w = w,_1t*, k € Z corr. Zy, then by Proposition 2, w is a unique
linear combination of words of type 1'), 2'), 3') and 4').

Case 3. Finally, if w = w,_ 16y ... gin1tY, k € Z corr. Zy, by Proposition 2, ¥ is
written in terms of words w;_1, w;_1¢g; ... g, forr <z, w;_1g;...¢,11 Tf
and w;_1T*. Therefore w can be written uniquely in terms of the words
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Wp1Gn -+ - Git1Wi—1Gi - - - g for r =0,... .2,
k
Wne1Gn -+ Git1Wi—1Gi - - - Gy 1Y and
. . Tk
Wp-19n - - -gz—l—lwz—l i

w;—1 commutes with ¢, ...g;11, unless ¢ = 0, where the word is already
arranged in a trivial manner. So the above words reduce to the types

k
W 1Gn - - - Gr OF Wy_1Gp - - .ngTj .

a

Theorem 3 rephrased weaker says that the elements of the inductive basis
contain either g, or T* at most once. We can now pass easily to the inductive
basis that we need for constructing Markov traces on J;2; H,,. Indeed we have
the following:

Theorem 4 FEvery element of Hyy1(q,00) corr. Huy1(q,d) can be written
uniquely as a linear combination of words, each of one of the following types:

1") wp—q

2) W1 GnGn-1 - - Gi

3') Wn1gnGn-1 - - -gi+1t§k, k € Z corr. Xy
1) wait' " k€ Z corr. Z,

where w,,_1 s some word in H,(q,00) corr. H,(q,d).

Proof. By Theorem 3 it suffices to show that expressions of the forms 3’) and
4"} can be written (uniquely) in terms of 1”), 2”), 3”) and 4”). Indeed, for
k € Z corr. Zy, let

W= Wy 1GnGn_1---Gi1 T} = Wp 1GnGn_1---Gis1Gi - 1t*q1 ... g;.

We apply the relation g, = ¢- ¢!+ (¢ —1) -1 to all letters of the word ¢; ...g¢;
to get:
W= Wn1Gn - - - Giy1Gi - - .gltkgl_l .. .gi_l + > wu_1Gs - .gltkgj_ll .. .gj_kl,

where in the words gj_ll .. .gﬁl there are possible gaps of indices. Let the closest
to t* gap occur at the index p; then

k _ _ _ _
W= Wy _1Gn - Gig1t:" + W 1Gn - qutFgr .. .gp_llgp_ﬂ1 .. .gjkl =

k _ _ _ _
Wy 1Gn - - - Jir1ly + 2 (Wa1g, L .gjkl_l)gn cogittgrt .gp_l1 =
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Wp-1Yn - - gz-l—lt;k ‘I’ Z Wp-19n - - -gpt;)_lk-
Hence w is a sum of words of type 3”. In the case where w = w,_T* k€ Z

corr. Z;, we apply the same reasoning as above.
O

Theorem 4 rephrased weaker says that the elements of the inductive basis
contain either g, or t%k at most once. Notice also that if we were working on
the level of the Iwahori-Hecke algebra H, (¢, @), we would omit Theorem 3.

Remark 1 All three inductive bases of H,,11(gq,00) corr. H,11(q,d) given in
Theorems 2, 3 and 4 induce the same complete set of right coset representa-
tives, Sy41, of W,, o corr. W, 4 in W, 1 o corr. W, 44 4, namely:

Spa1 = {8pSpn_1...8: ]t =1,...,n}U
{80801 ...51t*sy .. si|i=1,...,n—1, k& Zcorr. k€ Zy, k+#0}U
{t,¥ |k € Z corr. k € Zy}.

We now give the final result of this section, namely, a basic set of H, 1
which is a proper subset of ¥j.

Theorem 5 The set

D R
for1 <y < iy < ...<i, <n, ki,.... k. € Z corr. Zy and 0 € H,11(q)
forms a basis in Hyu41(q,00) corr. Huy1(q,d).

Proof. By Theorem 4 it suffices to show that words in the inductive basis 1”),
2"),3") and 4”) can be written in terms of elements of X. Indeed, by induction
on n we have: if n = 0 the only non-empty words are powers of ¢, which are
of type 4”) and which are elements of ¥ trivially. Assume the result holds for
n — 1. Then for n we have:

Case 1. If w = w,—1 there is nothing to show (by induction).

Case 2. If w=w,_1¢,...qg;, then, by induction w,_, = t;lkl ...t;rkr - o, a word
of ¥ restricted on H,. Thus w = t;lkl ...t;rkr “ O Gn...g € X, since
O gn...g;is an element of the canonical basis of H,11(q).

Case 3. Ifw = wn_19y .. .g¢+1t§k, then, by induction step w,_; = #}, M .tgrkr o,
a word of X restricted on H,, so

1 k1 1k 1k Lemmal, (vi)
w=1t; " .. 0 Gial] =
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Lemmal, (vi)

/kl 1 kr 1k _—
til "'tir 0t G i =
1k 1 ket k

[ S N T8

Now o - ¢y, ...¢; is a basic element of H,11(q), thus w € X.

Case 4. Finally, ifw = wn_lt;lk, by induction step we have w,_; = #}, M .t;rkr-a,
a word of X restricted on H,,. Then

k Lemmal, (vi)

_ ok 1 kr / 1 k1 1 ke k

4 Construction of Markov traces

The aim of this section is to construct Markov linear traces on the generalized
and on each level of the cyclotomic Iwahori-Hecke algebras of B-type. As
these algebras factor through the braid groups, the constructed traces will
actually attach to each braid a Laurent polynomial. The traces as well as the
strategy of their construction are based on and include as special case the one
constructed on the classical B-type Hecke algebras in [12], [13] (Theorem 5),
which in turn was based on Ocneanu’s trace on Hecke algebras of A-type, cf.
[11] (Theorem 5.1). In the next section we combine these results with the
Markov braid equivalence for knots in a solid torus, so as to obtain analogues
of the homfly-pt polynomial for the solid torus.

Let R = Z[¢*', v, ... ,u%', .. ] and let H, denote either H,(q,o0) or
H.(q,d). Note that the natural inclusion of the group B, into By ,+1 (geo-
metrically, by adding one more strand at the end of the braid) induces a natural
inclusion of ‘H,, into H,41. Therefore it makes sense to consider B := )77, By,

and 'H :=;Z, H,,. Then we have the following result:

Theorem 6 Given z, sy, specified elements in R with k € Z corr. Z; and
k # 0, there exists a unique linear trace function

tr: He= ) Hy — R(Z7Sk)keZcorr.Zd

n=1
determined by the rules:
1) tr(ab) = tr(ba) a,beH,
) tr(l)=1 for all H,
) tr(ag,) = ztr(a) a€H,
) tr(

[ S \)
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Proof. The idea of the proof of Theorem 6 is to construct tr on U,—; H,
inductively using Theorem 4 and the two last rules of the statement above.
For this we need the following:

Lemma 6 The map

¢t (Hy O, H,) @keZcorr.Zd Hy — Hpn

given by Cula@bByer) = ag.b+ ZkeZcorr.Zd ekt%k
is an isomorphism of (H,, H,)-bimodules.

Proof. Tt follows from Theorem 4 that the set £,, below provides a basis of H,
as a free H,_1-module (compare with Remark 1 for W, 41):

Lo ={gnrGn-z-..gili=1,....n =1 U{t._,*|k € Zcorr. k € Z}
{gn1Gn_z...qit*q' ...g' i =1,....n—2, k€ Zcorr. k € Z, k # 0}.
Then we have: H, = @z, Hn-1 - b,
and using the universal property of tensor product we obtain:
Ho Qu,  Hn = HuQxn,_,(Brec, Ho1-0)
= Drec, (Ha i, Ho1 - b)
= Pyec, Hn - b.
Therefore:
Hi Qn,,_, Hn @keZcorr.Zd Hn = @rec, Hn - b@kEZCOI’I’.Zd Ho.

Applying now the same reasoning as above, the set £, 11 below provides a basis
of H,11 as a free H,-module:

L1 = {gngn_l...giu:1,...,n}U{t%k|k€Zcon’. ke ZitU
{9nGn1 ... qittg .. g7 | e=1,....n—1, k€ Zcorr. k € Z, k#0}.

The latter isomorphism then proves that ¢, is indeed an isomorphism of
(H., H,, )-bimodules, since it corresponds bijectively basic elements to elements
of the set £,11.

O

We can now define inductively a trace, tr, on H = U2, H, as follows:
assume tr is defined on H,, and let * € H, 41 be an arbitrary element. By
Lemma 6 there exist a,b, e, € H,, k € Z corr. Z;, such that

x:=c,(b® e By ag).
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Define now:

tr(z) = z-tr(ab) +tr(ey) + Z sk - tr(ek).
ke Zcorr. Z,

Then tr is well-defined. Furthermore, it satisfies the rules 2), 3) and 4) of
the statement of Theorem 6. Rule 3) reflects the Markov property (recall the
discussion in Introduction), and therefore, if the function #r is a trace then it
is in particular a Markov trace. In fact one can check easily using induction
and linearity, that tr satisfies the following seemingly stronger condition:

(3") tr(ag,b) = ztr(ab), for any a,b € H,.

In order to prove the existence of tr, it remain to prove the conjugation
property, i.e. that tr is indeed a trace. We show this by examining case by
case the different possibilities. Before continuing with the proof, we note that
having proved the existence, the uniqueness of tr follows immediately, since
for any @ € H,q1, tr(z) can be clearly computed inductively using rules 1),
2), 3), 4) and linearity.

We now proceed with checking that tr(ax) = tr(xza) for all a,x € H. Since tr
is defined inductively the assumption holds for all a,z € H,, and we’ll show
that tr(ax) = tr(za) for a,@ € H,41. For this it suffices to consider a € H, 41
arbitrary and x one of the generators of H, 1. Le. it suffices to show:

tr(ag;) = tr(ga) a€Hppr, 0=1,....n

tr(at) = tr(ta) a € Hyyr.

By Theorem 4, a is of one of the following types:
i) a =w,_q

i) a = Wy—1gnGn-1---9i

i) @ = w19 Gn-1 - - .gH_lt;k, k € Z corr. Zy

iv) a= wn_lt;k, k € Z corr. Z,, where w,_1 1s some word in H,,.
Ifa=w,1andx=torax =g, for:=1,...,n—1 the assumption holds from

the induction step, whilst for + = g, it follows from (3') that tr(w,-19,) =
ztr(a) = tr(g,wn—1).
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If a is of type ii) or of typeiii)and x =t orx = g; fort = 1,...,n—1 we apply
the same reasoning as above using rule (3'). So we have to check still the cases
where ¢ = W, 1¢nGn_1...¢; OF @& = Wy_1GnGn_1 - - .gH_lt;»k and © = g,, l.e.

r(Wp—1Gn - - - 9iGn) = 1r(gnWn—1n - .- gi)
tr(wy,—19n . - .gi_|_1t;»kgn) = 1tr(gnWn-19n - - .gH_lt;»k) (*)
If a is of type iv) and x =t or v = g; for i = 1,...,n — 1 we have to check:
tr(wo_gt' ") = tr(tw,_1t)")

(+)

tr(wn_lt%kgi) = tr(giwn_lt%k)

Finally, if a is of type iv) and « = ¢, we have to check:

tr(wn_lt;kgn) = tr(gnwn_lt;k) (% * %)
Before checking (%), (%) and (* * *) we need the following:

Lemma 7 The function tr satisfies the following stronger version of rule 4):

(4) tr(et,"y) = s tr(zy),
for any x,y € H,,, k € Z corr. Zy.
Proof. Tt suffices to prove (4') for the case that y is of the form y = y,#'y,,

where y11s a product of the g;’s for: =1,....,n—1, A\ € Z corr. Z,; and y3 an
arbitrary word in H,. Indeed we have:

Lemmal,(vi)

tr(atl"y) = tr(at, yithys) = ir(at] )

Lemmal,(ve
= tr{ayagn - it g g, T ) TTEN
= tr(zy19s . - .Mgg_l g ) = A

The latter underlined expression says that we have to consider four possibilities
depending on k, A being positive or negative. We show here the case where
both k., \ are positive. The rest are proved completely analogously. For &k, A
positive, Lemma 5,(i) says:

gttt = Pattg Tt + (¢ = D) [P g th T 4 4 it
+ (=g ) [ttt + -+ 7 g,

We substitute then in A to obtain:
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1

A=tr(zyign ... gt it g™t g )

+(g7 = D) [tr(zyign - .. g2 gt g™ g T yn)

-1

+ir(xyign - g1t g7 g7 y)]

1

+(1 —¢7Y) [tr(zy1g, - - CgatFgith g, L gn M y2)

Lemma 1,(vi)

gt  gtge T g T )] =

+tr(zy1gn -
= tr(zy '], ys)

+Hg =) [tr(ayit* " gn . gige ™ g T ) 4

+ir(xyign - - g1g2a" " .. .gn_ltk"'Ayz)]
+(1—q™) [tr(:z;yltkgn N T .gn_ltkyz) 4+ .-

_ Lemma1,(7it)
T gn ltyZ)] =

—I—tr(:zjyltk"'A_lgn N

= tr(:z;yltAt;kyz)
+g =D tr(zyt™ g g g it ) 4
Ftr(eyign ™ g T G 1)

+(1—q™) [tr(:z;yltkgl_l .. .gn_l_lg_n. ) .gltAyg) + ...

3/
—|—tr(:1;y1tk“_lg1_1 . -gn—l_lg_n- . g1tya)] &2

= tr(l'?htkt%kyg) + (q—l _ 1)2 [tr(;z;yltA-l—kyQ) + (1 . q—l)Z [tr(:z;yltk"'Ayz)

= tr(:z;yltAt%kyg).

The relations (k%) follow now immediately from Lemma 7, since:

induction step

4/
tr(wn_lﬁgi) @) s tr(wn-19;) sptr(giw,—1) = tr(giwn_lt%k),

for all < n, and similarly for = = ¢.

We next show (%) for @ = w,_1¢,, ...¢;. The case a = w,_1¢, .. .gH_lt;k 1S
shown similarly. On the one hand we have:

tr(Wn—19nGn-1- - - §ign) = 1r(Wn-1909n-19nGn—2 - - - Gi)

!

3
= tr(Wn-19n-19ngn-19n—2 - - - Gi) @ 2t (Wn—1gn=1"Gn—2 - - - Gi)

=(¢—1)ztr(wp-1gn-1-..9) + gz tr(Wo—1gn—2 ... ;).
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On the other hand in order to calculate tr(g,w,—1¢,...g;) we examine the
different possibilities for w,_q:

—If w1 € Hp1, then tr(gaw,—1¢n ... g:) = tr(wn_lﬁgn_l ceGi)
=(¢— )ztr(wp—1gn-1...9) + ¢z tr(Wp—1gn—2 ... 9¢:).
~ If w,—y = bgn_1c, where b, ¢ € H,_1, then tr(g,bgn_1¢gngn-1 --.9:)

3/
= tr(bgn—lg_ngn—lcgn—l s gz) (:) < tr(bgn—lzcgn—l s gz)

=(q¢—1)ztr(bgn-1¢gn-1...9:) + qztr(bcgn-1 ... q:)

= (q— 1)z tr(bgn-1¢gn_1-..9) + gz tr(bcg,_s ... q;)
=(q¢—1)ztr(bgn-1¢gn-1...9:) + qztr(bgn_1¢gn-2 ... gi)
=(¢— )ztr(wp—1gn-1...9) + ¢z tr(Wp—1gn—2 ... 9¢:).

— Finally, if w,_; = bt%_lk, where b, € H,,_1, then

tr(ngt%_lkgn c i) = tr(bgnt%_lkg_n. i)

4M,(3!
= qtr(bty g - .g0) + (g — D tr(bgat, "gumr . g) "2V

=qz tr(bt%_lkgn_g cgi)F(g—1)z tr(bt%_lkgn_l ceGi)

= qztr(Wp—1gn-2...9;) + (¢ — D)z tr(wp—1gn-1--..9:).

Note 2 The relations (%) imply that tr(zg,.yg,) = tr(g.xg.y) for any z, y €
H,.

It remains now to show (* % *). On the one hand we have:

tr(wn_lt%kgn) Lemma1,(vi) tr(wn_lg_nt%_lk) @) Ztr(wn_lt%_lk).

On the other hand in order to calculate tr(gnwn_lt;k) we examine the different
possibilities for w,_1:

- Ifw,_1 € H,_1, then tr(gnwn_lt%k) = tr(wn_lﬁt’ kgn_l)

n—1
= (g — D tr(wty’) + gtr(wa it "g.7") = (g = 1) tr(weat, ")
4z tr(wn_lt%_lk) +(1—¢q) tr(wn_lt%_lk) = Ztr(wn_lt%_lk).
—If w,_y = ag,_1b, where a, b € H,,_;, then
tr(Mg”_lbﬁ) = tr(agngn—lgnbt%—lkgn_l

= q_l tr(agn—lgngn—lbt%_lkgn) + (q_l - 1) tr(agn—lg_ngn—lbt%_lk) =
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(applying Note 2 for @ = ag,,—1 and y = gn—1bt%_1k)

= ¢ (900G 0190 Gn-1bt_, ") + (71 = 1)z tr(ag.— bt _,")
= ¢ 1 (agn-1ngnr 20 ") + (q71 = D)z tr(aga_i bt _,")
= ¢7'2(q* — g+ D) tr(agabt, ")+ ¢ zq(q = 1) tr(abt]_,")

g™ =1)z(g=1) tr(aga_ibt],_,")+(q7 =1)zqtr(abt],_,") = z tr(wa_1t],_,").

Before proving the last case we need to deform the expression t/, _ 1 t!". Indeed

we have:

=gt g g it g

=Gt 1t Gn gy g, T T g

= (gn-19n) - - - (9192)'91t* (27 r ™) o (9 g1 Mg !

= (gn-19n) - (1) 1" 1 (g2 ™) -+ (90 g ™)
= ¢ (Gn-190) - (1)t 1t g1 (g2 17 ) o (907 Gn )

g = 1) (Gorgn) - - (G192 01701 (g2 7 n™Y) . (gL guoy 1) HE D)
= ¢ (gn190) - (0192) 01t (927 ™) o (90 G T

+(1 = ¢ ") [(gn=19n) - - - (G192t ™2 ™) o (90 G ™)+
+(gn19n) - (G192)' 91t (g2 1 ™) - (90 Gnr )]

+(g™ = D) [(gn-19n) - - (g192)F g1t (g2 g1 ™) o (g g ™) 4+
+(gn-19n) - (9192)" it (g ™) o (90 g 7))

g = 1) (9n19n) - - (G192 91t (g2 1 7Y) o (907 g )

= q_ GnGn—1 - - .glt Gn - - .g1g2_1 .. .gn_ltlgl_l .. .gn_l_l

(1= ¢ Y [gn1 - 91tgn - qug2™ . g, g T g T

t ot git'gn gt g T g T

(g =D gn-1 - q1tqn . quga™ g T T g T

tn-1- " g g g g T g Y]

g =) ot g1t g g1 g

_1...g

= q_l gngltkgl _1_llg_n...g1tlg1_ v gn—1

+(1—q¢ Y g1 g1t oo g1 g - Lt g T g T 4
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1 -1 tk-l—l

tgn1- gt 0T g T g T g Y

+(g7t = 1) [gn1 - it g it T g T

1

t ot it T g T it

=G0 T g

(1 =g gn. it g™ g

+(1—q¢ Y [gn-1---g1tgi™ o g1 g0 - T Ay Tt N M R AP
R TN ) Ly U Sy MR 8 Lt/ T M
+(g7t = 1) [gn1 - it g it T g T

1tk+l_1 -1

Gt g T g it

‘I’gn—l ... g .. gn_l_l].

Notice that with applying the other cases of Lemma 5 we obtain analogous
results.
— 1If, finally, w,_y = bt!_,', where b € H,_y, we have: tr(gnbtl,_, t%k)

= tr(bg gn-1 - 91t* 17 g et il

+(1 — ¢ ) tr(bgn’gn-1 - - N TUARRY TR M

g

(1 — ¢ ) [tr(bgngn-1 - gtr ™" o Gner g it T T g
-4 tr(bgngn_l ot T T .gn_l_lg_n. gt 1Y)
( — D) [tr(bgngn-1 ... git*q 7" .. Gn=1""Gn - ity g )
(g . gut" g 7L Ot gt g )]

= (¢=1) (bt 1, tqtr(bt, " g, )+ (=g (g 1)z+q] tr(bt, ")
+(1— ¢ [gtr(bt,t, ") + (g = Dz tr(bt, T + -

+q tr(bty, T 4 (g = D)z e (bt )]

+g™t = D) gtr(ot), 1, ) + (= Dz tr(bt], ") 4 -

+qtr(bt, ) 4 (g = Dz tr(bt, )]

= (q— 1)spsitr(b) + qlg™'z + (¢7 = )] tr(bt, ")+

[(q+ g7 =2)z+ (g = D]tr(bt, ") + (g7 = D)(g = D)z tr(t],_,")ir(b)
(g — Vsy tr(t, "D (0) + - + (g — Dysi_y tr(t,_FTHir(b)

(1= g)tr(t F)sitr(b) 4 - - 4+ (1 — ) tr(t. T )sy tr ().
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And since tr(t'") = tr(t’ _,") in all algebras H,,, we conclude that

tr(gnbt! 05y = ztr(bt!_ Y = 2t (bt ) = 2 tr(wait! ).

n—1 *n n—1 “n—1

The proof of Theorem 6 is now concluded. O

As already mentioned in the Introduction, we can define ¢r with so few
rules, because the elements ¢*, ... ,tgk in rule 4) are all conjugate, and this
reflects the fact that By, splits as a semi-direct product of the classical braid
group B, and of its free subgroup P, generated precisely by the elements
tvtllv s 7t;z—1: Bl,n = Pl,n ><|Bn-

Note that if & € Z, we are in the case of the Iwahori-Hecke algebras of
type B, and from the above construction we recover the trace given in [12, 13].
Moreover, if a word & € 'H,, does not contain any #’s (that is, if « is an element
of the Iwahori-Hecke algebra of type A, ), then tr(z) can be computed using
only rules 1), 2), and 3) of Theorem 6, and in this case tr agrees with Ocneanu’s

trace (cf. [11]).

Remark 2 A word seen as an element of different B-type Hecke algebras will
aquire in principle different values for the different traces. This difference
consists in substituting — if necessary — the parameters s; according to the

defining relation (#) of H,(q,d): t* = a; 11471 4+ -+ + ao.
For example in H,(q,00) and in H,(q,d) for d > 5 we have tr(t*) = ss.
In H,(q,5) is tr(t°) = assq + - - - + ao, whilst in H,,(q,3) is
tr(t®) = (a2® 4 2aya3 + ag) sy + (a1? + aras? + agag)sy + (apay + agaz?).

In order to calculate the trace of a word in H,, we bring it to the canonical
form of Theorem 5 applying at the same time the rules of the trace. As an
example we calculate below tr(g291t%g7 ' 939293). We have:

(92011797 ' 939293) = tr(g201°97 ' 929392) = 2 tr(gog1 g7 " g2°)
=z(q— D) tr(g20191 " g2) + zqtr(g2g1 g7 ")
2q—Dgtr(ty’) + 2(¢ — D tr(g21 %01 ) + zqtr(g201°97 ")

=q(q— Datr(ty’) + 22(¢* — g+ D) tr(t)).
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5 Invariants of knots in the solid torus

The aim of this section is to construct all analogues of the 2-variable Jones
polynomial homfly-pt) for oriented knots in the solid torus derived from the
cyclotomic and generalized Hecke algebras of type B, using their Markov equiv-
alence and the Markov traces constructed in Theorem 6. All knots/links will
be assumed to be oriented, and we shall say ‘knots’ for both knots and links.
For similar constructions using the classical B-type Hecke algebras we refer the
reader to [13], Section 5 and to [9], Section 5.

As mentioned in the Introduction the elements of the braid groups By,
which we call ‘mixed braids’, are represented geometrically by braids in n +
1 strands in S®, which keep the first strand fixed. The closure of a mixed
braid represents a knot inside the solid torus, ST, where the fixed strand
represents the complementary solid torus in S?, and the next n numbered
strands represent the knot in ST'. Below we illustrate a mixed braid in Bj 5

and a knot in ST

12345
| :
1
I

Moreover, it has been well-understood (cf. for example [12], [13], Section 2)

ST

that all knots in ST" may be represented by mixed braids, and their isotopy
in ST is reflected by equivalence classes of braids in U,_, B, through the
following result:

Theorem 7 (cf. [13], Theorem 3.)

Let Ly, Ly be two oriented links in ST and 31, By be mized braids in U, By,
corresponding to Ly, Ly. Then Ly ts isotopic to Ly in ST if and only if 3y is
equivalent to By in Uy~ By, under equivalence generated by the braid relations
together with the following two mowves:

(i) Congugation: If a, B € By, then a ~ 37 'af.
(it) Markov moves: If o € By, then a ~ ao, T € By

Let now 7 denote the canonical quotient map By, — H,, given in Defini-
tion 1, and consider the trace constructed in Theorem 6 for a specified algebra
‘H,. Then a braid in B;, can be mapped through ¢r o 7 to an expression in

the variables ¢, uf!, ... uE' ..., 2, (Sk)keZcorr.Zd' Let also & denote the knot
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obtained by closing the mixed braid «. Theorem 7 combined with Theorem 6
say that in order to obtain a knot invariant X in ST" from any specified trace
of Theorem 6 we have to normalize first ¢; to v/ Ag; so that

tr(a(VAg,)) = tr(a((\/Xgn)_l)) for a € H,.

This normalization has been done in [13], (5.1), where Jones’s normalization
of Ocneanu’s trace (cf. [11]) was followed, and it yields

z+1—gq 1—q
Ai=2——m— — = .
qz : gA — 1

Then we have to normalize {r so that

JE—

X(&) = X(a5,) = X(ao).

Let finally A be the field of rational functions over @) in indeterminates v/X, V4
Ad—1y. -y oy, (Sp), k € Z corr. Zy. (The reason for having square root of ¢
will become clear in the recursive formula in below.) Then the normalizations
result the following

Definition 3 (cf. [13], Definition 1.) For a, tr, 7 as above let

[_i
VAL —q)

where € is the exponent sum of the o,’s that appear in a. (As noted in [13],

n—1
X = Xa(q,ad_17...7a07\/X,Sl,SQ,...) = ] (\/X)etr(ﬂ'(oz)),

the t!’s do not affect the estimation of e so they can be ignored.) Then Xj
depends only on the isotopy class of the mixed knot @, which represents an
oriented knot in ST

Note that if a knot in ST' can be enclosed in a 3-ball then it may be seen as
a knot in S® and there exists a mixed braid representative, «, which does not
contain t7’s. Then X4 has the same value as the 2-variable Jones polynomial
(homfly-pt) as given in [11], Definition 6.1.

Remark 3 Note furthermore that analogously to the definition of H,,(¢, d) one
can define H, (¢, —d) and by symmetry it would hold: H,(q,d) = H,(q, —d)
(through ¢ — ¢! and ¢; — ¢;, all i). Therefore the traces and the knot invari-
ants in ST constructed above exhaust the whole range of such constructions
related to all possible Hecke and Hecke-like algebras of type B.
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We shall now show how to interprete the above in terms of knot diagrams,
and how to calculate alternatively the above knot invariants in S'T" by applying
recursive skein relations and initial conditions on the mixed link diagrams. Let
Ly, L_, Ly be oriented mixed link diagrams that are identical, except in one
crossing, where they are as depicted below:

L, L- Ly
With analogous reasoning as in [13], (5.2) (cf. also [11]) the defining quadratic
relation of H,, induces the invariant A’ to satisfy the following recursive linear
formula, which is the well-known skein rule used for the evaluation of the
homfly-pt polynomial.
1 1

= X, — VAN = (Vi ) A,

ATV ARV
In the case of H,(q,00) there is no other skein relation that X satisfies.
In the case of H,(¢,d), let My, My_q,..., My be oriented mixed link diagrams
that are identical, except in the regions depicted below:

Y Y

a:ls a1l yoee

My My M,

Using conjugation we may assume that M, = ozt;»d, My = ozt;»d_l, e, My =
a for some o € By ,,. And so by Lemma 1, (viii) we obtain:

1d—1

tr(z(at™)) = ag_y tr(x(at’" ™)) + -+ + ag tr(x(a)),

If we multiply now the above equation by

1— )\q n—1 e
e B

we obtain the following skein relation for A’

SO T ¥
X = a4 Xat’.d_l + -+ ag X, i
2

at!d
2

We next find the initial conditions that are also needed for evaluating X" for
any knot diagram in ST using the recursive formulae { and i. Clearly

Xunknot =1
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should be one of them. Recall now the canonical basis of H,1; given in The-
orem 5. With appropriate changes of crossings (using the quadratic relations
for the g¢;’s) this basis yields a canonical enumeration of descending diagrams
related to By ,41. Let now a be such a descending diagram. Applying {r on
« means geometrically that we close the braid a and we apply the Markov
moves. Using Rule (4) we extract and re-insert tr(#/") so as to obtain:
A = Xt'. RLgr ke g ke
i1 i ir

This provides the second set of initial conditions, namely the values of X" at
all links consisting of stucks of loops of different twists with same orientation
around the ‘axis’ solid torus. If A" is derived by the cyclotomic Hecke algebra
H.,.(¢,d) the number of twists of each loop cannot exceed d — 1. In the case of
H.,.(¢,0) the number of twists is arbitrary. We illustrate below an example of

a descending diagram with the starting point at the top of the last strand and
also of a basic link.

We conclude with three remarks:

(i) If X' is derived by the generalized Hecke algebra H, (¢, o0), then it is defined

by all initial conditions (with unrestricted number of twists) and only by the

first skein rule. Therefore the set of mixed links of the form #;, k1 t, 2 .t;rkr,
for k1,...,k, € Z forms the basis of the 3rd skein module of the solid torus.
Thus the result of J.Hoste and M. Kidwell in [10], and of V. Turaev in [17] is
recovered with this method. If A" is derived by the cyclotomic Hecke algebras

H..(q,d) the set of mixed links of the form ¢ klt;é k2 .t;rkr, for by, ... k. € Zy
forms the basis of the corresponding submodule of the 3rd skein module of ST

(ii) The invariant X" related to H, (g, o0) is the appropriate one for extending
the results to the lens spaces L(p,1). The combinatorial setup is similar to
the one for ST, only the Markov braid equivalence includes one more move,
which reflects the sliding moves with framing p. So, in order to construct a
homfly-pt analogue for knots in L(p, 1) or, equivalently, in order to compute
for L(p,1) the 3rd skein module and its quotients we have to normalize the
ST-invariants further so that

Xo= X

o sl

(&)7 for « € BLn,
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for all possible slidings of . This is the subject of [15].

(iii) Analogous combinatorial setup, Markov braid equivalence and braid struc-

tures in arbitrary c.c.o. 3-manifolds and knot complements has already been
done in [16, 14]. Therefore it is possible in principle to extend such algebraic
constructions to other 3-manifolds, by means of constructing appropriate quo-
tient algebras and Markov traces on them, followed by appropriate normalizing,
in order to derive knot invariants.
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