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1 Introduction

The main content of this dissertation is the comparison of statistical experiments which are
based on the Ranked Set Sampling (RSS) technique. Using the randomization criterion in
the theory of experiments we decide on the existence or non-existence of an informational
order between RSS experiments.

Sampling and Resampling Techniques

In the era of cheap and fast computation, more and more attention is given to sampling
(resampling respectively) problems. The purpose of sampling (resampling) theory is to
make sampling (resampling) of observations more efficient with respect to costs, speed of
sampling (resampling) and information gained from a sample, which is used in further sta-
tistical inference. From an applied point of view, sampling techniques are defined before
the process of observing and measuring and then directly involved into it, while resampling
techniques is a generic name for all methods which evaluate an estimator of a parameter
with the help of reweighted versions of the empirical probability distribution, i.e. resam-
pling techniques rely on an already existing sample of observations. Cochran’s [10] book
Sampling Techniques is one of the first books giving an overview of the most important
sampling procedures used in sampling surveys, like Simple Random Sampling (further
denoted by SRS), Stratified Random Sampling, Systematic Sampling, Double Sampling,
etc. Quenuille [22] and later Tukey [28] invented a nonparametric estimate of the bias
respectively the variance, subsequently named the Jackknife. The Bootstrap method, first
mentioned by Efron [13] is a more general method of estimation. The latter two method
are as the Random Subsampling, the balanced Repeated Replications, resampling techniques.

The Ranked Set Sampling

The technique Ranked Set Sampling (RSS), a sampling technique, was first introduced
by Mclntyre [20] as an efficient alternative to simple random sampling for estimating the
expected pasture yields. In environmental and ecological sampling, or more generally in
spacial sampling, one may encounter situations where exact measurements of the variable
of interest are expensive (in terms of time, money, or other), but where ranking on the
basis of visual inspection or on the basis of another highly correlated random variable can
be done easily. In Mclntyre’s case, measuring the plots of pasture yields requires moving
and weighting crop yields, which is time consuming. However, a small number of plots
can be even though sufficiently well ranked by eye without measurement. McIntyre’s goal
was to develop a sampling technique to reduce the number of necessary measurements to
be made, maintaining the unbiasedness of the SRS mean and reducing the variance of the
mean estimator by incorporating the outside information provided by visual inspection.
Therefore, since the ranking of the plots could be done very cheap, he developed a tech-
nique to implement this advantage.



In the original form, the practical RSS technique can be described as follows: A set of p,
p > 2, independent and identically distributed (i.i.d.) random variables X;, 1 < i < p, is
drawn from a population with unknown distribution, denote it by P¥. In practice, the
items of the set are not yet measured, but ranked visually. The item which is believed
to be the smallest is measured, denote it by X[;;. Then another set p of i.i.d. random
variables is drawn, ranked visually and the item which is believed to be the second small-
est is measured, denote it by Xy. The procedure is repeated until the item ranked the
largest in the p-th set of p i.i.d. random variables is measured, say X,). This completes a
cycle of the sampling and is called in literature the RSS technique with one cycle. McIn-
tyre estimates the expectation of the underlying probability distribution P* with the RSS
mean estimator p~* Y 7 X i) and concludes that it is unbiased and has a smaller variance
than the sample mean estimator obtained via SRS, p~'>7 | X;. In practice, the set size
p is kept small to ease the visual ranking and the cycle mentioned above can be repeated
several times. The balanced RSS technique with n cycles then gives rise to the random
variables Xi[1]7 “ee 7Xi[p]7 1 <1< n.

MeclIntyre’s RSS technique did not find further interest for over a decade. Then Halls
[14] conducted a field trial by using RSS technique for estimating forage yields in a pine
forest. They reported the gain of efficiency by using RSS instead of SRS and mentioned
also the practical problems which can arise when using RSS. Halls gave also the name
Ranked Set Sampling which is today in use. The first attempts of a mathematical mod-
eling of the RSS technique were made by Takahasi [27] and Dell [12]. They showed that
the relative efficiency of the RSS mean estimator (in the perfect case, to be defined later)
with respect to the SRS mean estimator is bounded below by 1 and above by p—;l for all
continuous distributions with a finite variance. Since then, the RSS technique has found
more and more interest in diverse statistical problems and a considerable number of pa-
pers have been published. These papers can be classified into theoretical papers, design
improvement papers and practical applications papers.

For an overview of the papers dealing with theoretical statistical problems, we introduce
some notations: Assume Xi,..., X, is a SRS sample of size np, p > 2, n € N, of i.i.d. ran-
dom variables with distribution PX. Further, let Xinps - -+ Xipp), 1 <4 < n, be independent
random variables, Xjj;; ~ PXil for all 1 <i<n,1<j<p,the RSS with n cycles. We do
not give here a detailed description of the distribution of the RSS random variables. We
only mention the difference between the perfect RSS and imperfect RSS, which has found
great attention in the literature. Loosely speaking, the perfect RSS is the RSS technique
in case the visual ranking is done perfectly, i.e. the j-th measurement in the j-th sample
is with probability 1 the j-th largest measurement in a sample of size p. Theoretically this
means PXil := PXG» is the distribution of the j-th order statistic in a sample of size p
and in this case we denote Xjj;; :== Xj(;), 1 <@ <mnand 1 < j < p. All the other cases are
called in literature imperfect RSS, error in model RSS or judgment RSS. In this disserta-
tion, we give a well defined mathematical expression for the above mentioned cases of RSS.



In what follows we list some of the relevant statistical decision problems which were treated
by the RSS technique and mention the important results.

e Let the functional to be estimated be expectation Epx X. This estimation problem
was first treated by McIntyre [20]. The SRS estimator compared with the RSS
estimator is the usual sample mean, Xgrs = n—p E"p X;. The RSS estimator is

defined by Xpgg := an Yoy Zf L Xijj)- The RSS estimator is unbiased: E[Xpgs] =
E PXX Moreover it has an asymptotic normal distribution, \/np(Xggs—Epx X) "=

N(0, 5 Ele var[(Xy[;))]). The gain of information by using RSS as compared to SRS,
in terms of relative efficiency is obtained as

> (B[Xap)] — Epx X)?

P

var[Xgss]

=1 Var[le]

e Let the functional to be estimated be the variance varpx [X]. This estimation problem
was first treated in the case of perfect RSS by Stokes [24]. The SRS estimator con-
sidered is s%pg = (np—1)71 Y77 (X; — Xgrs)?. The RSS Estimator is s%45 = (np —

D7 D (X — Xpss)?. The RSS estimator is biased, E[s%qg] = varpx[X]+

i l(f(f; Ji) EX)* but asymptotically unbiased as lim,, .., E[s%q¢g] = varpx[X]. The

gain of information in terms of asymptotic relative efficiency can be summarized as
follows: 3N € N such that for np > N m > 1. For example, if PX = N(0,1)

? var[sd g
then we need p > 5 to achieve the latter inequality. The asymptotic relative efficiency

is then ARE = lim,, . varlsens) > 1.

r[SRss} -

e A more recent application is the kernel estimation problem, as treated for example
also in the case of perfect RSS by Barabesi [2]. Consider PX < A where we have de-
noted by )\ the Lebesgue measure on the real line. Then the functional to be estimated
is f = . The usually SRS kernel estimator is fsps(z) := (np) ™' 3202, Kn(z — X,),
Ky (u ) = h 'K (u/h) where K is a kernel function. The bandwidth % is chosen
such that consistency of the estimator is achieved. The RSS estimator as given by
Barabesi is frss(z) == (np)~' S0, 1 Kn(z — Xy(j)). The expectation of the RSS
estimator equals the expectation of the SRS estimator: E[fsgs(2)] = E[frss(z)] =
EKp(x—X). The two estimators are asymptotically equivalent, therefore in the case
of kernel estimation, the RSS technique is relevant for finite sample sizes. The gain
of information by using the RSS technique is described by the relationship

var| fsns ()] = var|frss(x)] + nin S (BEw(z — X)) — EKu(e — X))?,
MISE(fsrs) = MISE(frss) + an2 > / EKy(z — X1j)) — EKp(z — X))?dx,

where MISE is the mean integrated squared error.
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e The sign test was treated by several authors, under many derivatives of the original
RSS technique. We mention here Hettmansperger [15]. Consider the family of proba-
bility distributions on the real line { P;* = PX(x—0) : 6 € ©}, where 0 is the median.
Assume PX(0) = 1/2. Consider the test: Hy : 6 = 6 versus H; : 6 # 6y. The usu-
ally SRS test statistic is Tsrs == > _i7; 1{x,>0}- The new defined RSS test statistic
is denoted by Trss := Y 4 Zle L{x,;>03- Then, under regularity conditions, the
Pitman efficiency of the RSS test versus the SRS test is given by

1
¢(Thss, Tsrs) = 71 S (P (0) — 3)? -t
p —I= 2

Other relevant problems treated via the RSS technique are for example the comparison of
the Fisher information matrix in specific parametric RSS with the Fisher information in
specific parametric SRS (Bai [1]), RSS M-estimation for symmetric location families (Zhao
[30]), RSS estimation of quantiles (Chen [8]), RSS regression estimation (Chen [9]).

The Theoretical Background

The mathematical tool used for the definition of the RSS technique will be that of the
statistical experiment. The notion of a statistical experiment was introduced by Blackwell
[5] and is now wide-spread. Due to Blackwell and LeCam and in the spirit of Kolmogorov’s
axiomatic system of the probability theory a statistical experiment is considered a triple
for the parameter space © # 0, (E,B,{FPy : 6 € ©}) where E is the sampling space, B a
o-algebra for F and {Py : 6 € O} is a family of probability measures on 5. We therefore
define statistical experiments which correspond to the RSS technique and derivatives of it
and to SRS. In the defined family of statistical experiments we investigate the relationship
between the RSS experiment and the SRS experiment given a decision problem! or gener-
ally, for every decision problem.

The main difference between the usual decision theory and the theory of statistical ex-
periments is the following: The aim of decision theory is to investigate a fized statistical
experiment and to find an optimal decision rule? for a given decision problem. Questions of
comparison of different statistical experiments for arbitrary decision problems is subject of
the general theory of statistical experiments. The main ideas of this theory are formulated
by LeCam [19] even though the investigation of the comparison of statistical experiments
was initiated by the papers Bohnenblust [7] followed by the papers of Blackwell [5], [6]. A
natural question in the theory of experiments is how much ”statistical information” con-
tains a considered experiment, or in other words how much information is carried by the
observed data. In spite of the various existing definitions of ”information” (for example,
Fisher information, Shannon information or Kullback information), the definition intro-
duced first in Blackwell [5] and generalized by LeCam [19] is suitable and always defined

LA decision problem is a triple (©, D, W) consisting of a parameter space O, a topological space D of
the possible decisions and a loss function W.

2Example: For the family of all absolutely continuous w.r.t. Lebesgue measure distribution functions
on R, the sample mean as estimator for the expectation has the smallest convex risk in the family of all
unbiased estimators.



for a wide class of statistical comparisons. We give here the LeCam version (see the Pre-
requisites): The statistical experiment £ is more informative than £* (denoted by £* C &)
for the parameter space O, if for every decision (D, W) with a continuous, bounded loss
function W and any generalized decision function $* in the experiment £* there exists a
generalized decision function [ in the experiment £ such that

BE W) B (& W), 6e0.

For the case of a decision problem on a locally compact space, this definition reduces to
the comparison of the risks in the corresponding experiments. There are several methods
to compare experiments which lead to assertions equivalent to the definition of informa-
tion. The criteria to be chosen for the comparison depend mostly on assertions made on
the measurable spaces of the experiments as well as on the families of the measures of
the experiments. The randomization criterion first stipulated by LeCam [19] gives the
necessary and sufficient conditions for the existence of an informational order between two
arbitrary experiments. The criterion can be summarized as follows: An experiment & is
more informative than another experiment £* if and only if £* is a randomization of £. If
the experiments £ and £* are dominated, then £* is a randomization of & if there exists
a stochastic operator M : Ly(£) — L1(E*) such that £ = ME. If the experiment £ is
dominated and the measurable space of £* is a locally compact separable space, then £* is
a randomization of & if there exists a Markov kernel K from & to £* such that £ = K&
(for arbitrary experiments this property is called exhaustivity). In this dissertation we will
need the definition of randomization of two experiments via the existence of Markov kernels.

Motivation of the Comparisons via the Randomization Criterion

Consider the SRS experiment ({R™, B(R"),{®!, P~ : P*¥ < A, [#?P¥(dz) < oc}). As-
sume we want to estimate the expectation with respect to P¥, i.e. Epx[X]. In this
family of probability distributions, the sample mean as a nonrandomized decision func-
tion, %Z?Zl x; minimizes the convex risk among all mean unbiased estimators. But as
we have briefly shown in the examples above, the RSS estimator, constructed also via the
sample mean, as the nonrandomized decision function to be taken in the RSS experiment,
is unbiased and has a smaller variance than the SRS estimator. Therefore, we do not have
to consider the search of an optimal decision in a fixed experiment, but the comparison of
the SRS and RSS as statistical experiments. Furthermore, one could search for a sufficient
statistic which should induce the RSS experiment and generate via conditional expecta-
tion also the sample mean as the nonrandomized decision to be made for the estimation of
Epx[X], but as the results show, there does not exist such a sufficient statistic. Thus, the
next step would be not to search for a sufficient statistic, but for a more general exhaus-
tivity relation between SRS and RSS on proper probability spaces.

Results

We give a well-defined expression of the RSS random variables, the perfect and non-perfect
cases being differentiated only via distributional assumptions on the model. Assume © # ()
to be a parameter set, the characteristics of which will be made precise in the thesis. We



consider a family of statistical experiments derived by the RSS technique. We only mention
here the relevant experiments, the SRS of size n,

(R"’B(R")’ {®?:1P9X : 0 € @})7

the RSS of size n without repetition

(n)
(R™, BR™), {&, P, " : § € O},

and the RSS with n repetitions

(R™, BR™), {®i, &F_; P, V' : § € ©}).

The upper index of the probability distributions is used to control the fixed set size of the
ranked samples. Since we restrict ourselves to dominated experiments, we establish the
existence or non-existence of Markov kernels between the experiments mentioned above
(randomization criterion) and, by this, we decide on the existence of an informational
order. The main relevant results are: The RSS experiment without repetition of size n
is not more informative than the SRS experiment of size n. Therefore it exists at least a
decision problem where a decision with the SRS gives more information than a decision
with the RSS experiment without repetition of size n. Analogously, the RSS experiment
with n repetitions is not more informative than the SRS of size np. The same implication
for the information follows here. Another relevant result, perhaps not directly for the
applications, but for the rest of the assertions, is that the RSS with n repetitions is more
informative than the SRS of size n. Despite the intuitive thought that an observation of a
RSS random variable would contain more information than a purely random observation,
since for example it carries the additional information given by the prior visual ranking, we
show that this is not true, since the experiment generated by a single RSS random variable

({R,B(R),{P, U0 c o))
is not more informative than a purely random experiment
({R,B(R),{F;" : 0 € ©}).

In the Appendix of the thesis we relate RSS experiments with repetition to stratified
random sampling experiments. The main result here is that the stratification generated by
the RSS random variables is not the optimal stratification one can use for the estimation
of the sample mean. The results are given for fixed but arbitrary sample sizes. All the
results mentioned here hold under some regularity conditions for the respective families of
probability distributions. The proofs rely basically on the sufficiency and completeness of
the order statistic for specific families of probability distributions.



The Content of the Chapters

This dissertation is structured as follows: The first chapter is the Introduction. In the
second chapter, the Prerequisites, we give the necessary notations and the basic results
from the theory of experiments and order statistics. The purpose of the third chapter is to
give a precise mathematical definition of the RSS random variables and of RSS statistical
experiments. Starting from a new definition of RSS random variables via random stochas-
tic matrices, we construct two models of RSS statistical experiments. The first model,
the RSS experiments without repetition, consists of a family of experiments indexed by
the number of RSS random variables to be considered in the model. The second model
consists of the RSS experiments with repetition. They are defined as a product experiment
of RSS experiments without repetition. The fourth chapter focuses on the comparisons
in the family of RSS experiments without repetition. In the beginning of the chapter we
recall and make some new relevant remarks on the order statistic as a sufficient, exhaustive
and complete statistic. The main result of this chapter is that the RSS without repetition
is not more informative than the SRS and that the family of RSS experiments without
repetition is not more informative. In section 4.3 we treat some decision problems where
RSS behaves more informative than the SRS. The content of the fifth chapter is the com-
parison of RSS experiments with repetition with a SRS of a smaller dimension. In this
case, we prove the existence of a Markov kernel to assure the informational order, that
RSS with repetition is more informative than the SRS. From an applied point of view,
the result is of relative importance, even though we give two examples, to see how the
existing Markov kernel generates a better decision. The second example shows that the
comparison of an estimator based on n observations with an estimator based on a higher
number of observations is in the case of subconvex loss functions motivated. In the next
chapter we proceed with the comparison of the RSS experiment with repetition with the
SRS of the same size and the result is that the RSS is not more informative than the SRS.
In the last chapter, the Appendix, we treat the RSS technique from a different point of
view. We introduce stratified random sampling as statistical experiments, the RSS falls
into this group. Then, by using results by Taga [26], we conclude that the RSS experiment
is not the optimal stratification one can choose for the estimation of the expectation. On
the other hand, a reasonable compromise in this case, since the boundaries of the strata
for the optimal stratification are computationally difficult to achieve.
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2 Prerequisites

In this chapter we repeat some definitions from statistical decision theory and recall some
well-known facts, which are needed in the sequel.

2.1 Notations

If not otherwise specified, we will always denote by B the corresponding o-Algebra of a
measurable space E. All random variables are defined on a probability space (2, F, P).
Expectations with respect to P will be denoted by Ep. For a topological space D we
denote by B(D) the Borel o-Algebra and by By(D) the Baire o-Algebra in D. The Borel
o-Algebra B(R") is equal to the product o-Algebra® B(R)". If T : (E,B) — (E',B) is
a measurable map then we denote by PT the image measure on B'. For the probability
space (R", B(R)", P) we write P(B) for an arbitrary set B € B(R)" and P(z) for the
distribution function. If T is a matrix then we denote by 7. (respectively T%;) the i-th row
vector (respectively the j-th column vector) of the matrix. We denote by M(B(R)") the
set of all probability measures on (R", B(R)").

2.2 Comparison of Experiments

Definition 1 (Statistical experiment) Let © # () be an arbitrary set. A statistical
experiment for the parameter space O is a triple £ = (F, B, P) where (E, B) is a measurable
space called the sample space and P = {Fp : 6 € ©} is a family of probability measures
on B. The collection of all experiments for the parameter space O is denoted by £(O).

Remark 2 We say that a statistical experiment €& = (E, B, {P : 0 € ©}) is dominated if
it exists a o-finite measure v on B such that Py < v, for every 6 € ©.

Remark 3 In a parametric setting we could consider © to be an open subset in RF,
k > 1. In a nonparametric setting we do not make any assumptions on the distribution of
the random variables in the sample space. In this case the parameter space can be taken
to be a function space, for example the space of all continuous distribution functions on
the sample space.

Definition 4 (Markov Kernel) Let (£, B) and (E’,B’) be two measurable spaces. A
kernel from (E, B) to (E',B') is a function on E x B’ with the properties:

o v — K(x,B’) is B measurable for all B’ € B’
e B — K(x,B') is a measure on B’ for all z € E.

The kernel K is a Markov kernel if K(z, E') =1 for all z € E.

3See BAUER [3], section 6.



Let £ = (E,B,P) be a statistical experiment and let D be a topological space. We call
(D, By(D)) the decision space. Note that if D is a metric space then By(D) = B(D).

Definition 5 (Decision Function) Let (D, By(D)) be a decision space. Any Markov
kernel p : E x By(D) — [0,1] is called a decision function and the set of all decision
functions for an experiment is denoted by R(E, D). A decision function p € R(E, D) is
said to be nonrandomized if p(-, B) € {0,1}, Py —a.s for every § € © and B € By(D). The
set of all nonrandomized decision functions will be denoted by Ro(E, D).

Definition 6 (Loss Function) A family (Wy)peco of functions Wy : D — R, § € O,
By (D) measurable, is called a loss function. We say that (Wj)gco is a lower semicontinuous
loss function if each Wy is bounded from below (inf; Wj(t) > —oo) and the sets {Wy(t) <
a}, a € Rare closed. We say (Wy)gco is a continuous loss functions if each Wy is continuous.

Definition 7 (Risk Function) The risk of the decision p € R(E, D) at 6 € © is denoted
by

WopPy := /E /D Wo(t)pl, dt) Py(dz),

and the function 6 — WypP,y, 0 € O is called the risk function of the decision p.

Remark 8 If p € Ry(€, D) then, obviously,
WypPy = / Wy(p(z))Py(dx), 60 € O.
E

Definition 9 (Decision Problem) The triple (0, D, W) consisting of a parameter space
©, a decision space D and a loss function (Wy)geeo is called a decision problem (for ©).

Remark 10 Here, © can be identified with a fixed family of probability distributions.

In what follows we extend the definitions usually used in common decision theory to defini-
tions used in the theory of the comparison of statistical experiments. For further details see
LeCam [19], Strasser [25] or Shiryaev-Spokoiny [23]|. Let (E,B,{Py : 6 € ©}) be a statisti-
cal experiment. We denote by C,(D) the set of all real continuous and bounded functions
on D, ||f|| := sup,ep | f(t)| and by L(E) :== {p € ca(E,B) : 01,0 € © = oLu} where
ca(E, B) is the set of all bounded, signed measures on (E,B), ||u|| := (u* + p~)(E). For
convenience we denote

forn= / / f(@)p(z, dt)p(dr)

if f € Cy(D) and p € L(E). Every decision function p € R(E, D) defines a bilinear function
B, : Cp(D) x L(E) — R according to

Bo(fop) = fop, [ €Cy(D), e L(E).

10



Definition 11 (Generalized Decision Function) A generalized decision function for
the statistical experiment £ = (E, B, P) and D is a bilinear function 5 : C,(D) x L(£) — R
satisfying the following conditions:

L | B, P) I [Ifll Pl it f € Co(D), P € L(E).
2. B(f,P)>0,if f>0,P>0.
3. 8(1,P) = P(E), if P € L(£).

The set of all generalized decision functions is denoted by B(E, D). For every p € R(E, D)
we have 3, € B(E, D).

Definition 12 (More Informative Experiments) Let & = (Ey,Bi,{F,: 0 € O}) and
Ey = (B9, B2,{Qp : 0 € O}) be two statistical experiments and (0, D, W) be a decision
problem such that (Wjp)sco is a lower semicontinuous loss function. The experiment &;
is called more informative than the experiment & for the decision problem (©, D, W)

(D,W)
denoted by & C &, if for every generalized decision function 3y € B(&;, D) there exists
01 € B(&1, D) such that

Bi(Wo, Py) < B2(Wy,Qp), 0 €0O. (1)

(D,W)
If& C & holds for every (D, W) with a continuous and bounded loss function, then we

denote & C &;. The relation 7 C 7 is an order relation on the space of experiments £(0O).
If & C & then & is called more informative than & for the parameter space ©. If neither
Ey C & nor & C &, then we say that the experiments & and &; are not comparable for the
parameter space ©. We say that a family of statistical experiments £gery, with an ordered
index set I, is more informative if &1, is more informative than &; for every {i,i + 1} € I.

Remark 13 Even though according to Definition 9, a decision problem is given by the
triple (6, D, W), in the notation for the informational order, the parameter space for which
the comparison between the experiments is done, is omitted and assumed to be fixed.

Remark 14 Let & and & be dominated experiments and let (©, D, W) be a decision
problem such that D is a locally compact space with countable base and (Wj)seo is a
continuous loss function. The experiment &; is more informative than the experiment &

(D,W)
for the decision problem (0, D, W), ie. & C &, if for every py € R(E2, D) there is
p1 € R(&1, D) such that
nglpg S nggQg, feo. (2)

For a proof, see Strasser [25], Section 43.

The following definition of the randomization of experiments is given for the particular
case of dominated experiments on locally compact spaces, for the general definition see
Strasser [25], Section 55.

11



Definition 15 (Randomization of Experiments) Suppose & = (Ey,Bi,{Fy : 0 €
©}) is a dominated experiment and & = (FEs, By, {Qy : 6 € ©}) is such that F, is a locally
compact space with countable base and By = B(FE3). Then &, is a randomization of &; if
there is a Markov kernel K from (E7, By) to (FEs, By) such that

Qo(A) = / K (x, A)Py(de)

for every § € © and A € B,.

Analogously, the following theorem has a more general context, for the general randomiza-
tion case, stipulated first by LeCam [19]. This version is in the spirit of Heyer [16].

Theorem 16 Let & = (E1, By, {P : 0 € ©}) be a dominated statistical experiment and
Ey = (B9, B2,{Qp : 0 € O}) be a statistical experiment such that F, is locally compact
with countable base and By = B(E3). Then & C & (i.e. & is more informative then &)
if and only if & is a randomization of &;.

Proof.
See for example Theorem 55.9 and Corollary 55.11 in Strasser [25]. U

Sufficiency, Exhaustivity

Definition 17 (Conditional Probability Distribution) Let X : (Q, F, P) — (E1, B)
be a random variable and let G C F be a o-subfield. The conditional distribution of X
given G is any Markov kernel PX!9 from (Q,G) to (E;,B;) such that for all B, € By,
w +— PXI9(w, B)) is a version of the conditional probability P(X~'(B;) | G).

Proposition 18 Let X : (Q, F, P) — (Ey,B;) be a random variable and F; be a Polish
space. Then for every o-subfield G C F there exists the conditional distribution PX 9,
Two versions of the conditional probability are equal up to a set of measure 0.

Proof.
See Proposition 56.5 in Bauer [3]. O

Definition 19 (Sufficiency) Let (Fi, B;) be a measurable space and P = {F : 6 € ©}
be a set of probability measures on B;. A o-Algebra By C B is said to be P-sufficient if
for every B € B there is a By-measurable function fp such that fg = Pp(B | By) Py — a.e.
for every § € ©. A measurable map S : (Ey, B)) — (Es, By) is called a sufficient statistic*
if S71B, is P-sufficient. Then we also write fg(z) = P(B | S(x)), = € E}.

4Historical Remark: Fisher developed the idea that a statistic S is sufficient if any statistic T has
a conditional distribution, given S, which is independent of the probability measure. Knowing T'(x), in
addition to S(z), can therefore, contribute nothing to the knowledge about the ’true’ probability measure.

12



Remark 20 (1) By Proposition 18, if F; is a Polish space and By C By a o-subfield, then
there exist Markov kernels Ky : Ey x By — [0, 1] such that

Kg(l’,B) = P@(B ‘ Bo)(l’) Py—as., BeB

If By is sufficient, then we can choose Ky independent of # and the measurable functions
f5 in Definition (19) can be determined by the Markov kernels.

In this case, by definition of the conditional probability, the Markov kernels are B, mea-
surable solutions of the equation:

/ K({L‘,B)(Pg |BO)(dl‘) :/ 13([L‘)P9(dl‘) = Pg(BﬂC), B e B
C C

for all C' € By and 6 € ©.
(2) Analogously, if F; is a Polish space and if S : (Ey, By) — (E», Bs) is a sufficient statistic
then it exists the Markov kernel @ : Ey x By — [0, 1],

Q(s,B):=Py(B|S=s) P/ —as., BechB

such that the right hand side does not depend Py-a.s. on 6 € ©.
In this case, by the definition of factorised conditional probability, the equality holds

cx&maﬂ@y:/ (@) Py(dz) = Py(B N S~ (C))

CQ Sil(Cg)

for every Cy € E5, B € By and § € ©.

Definition 21 (Minimal Sufficiency) The sufficient statistic S, : (Fy,B1) — (s, Bs)
is said to be minimal sufficient if for any sufficient statistic S : (E1, By) — (Es, By) there
exists a function H : (Es, By) — (Es, Bs) such that S, = Ho S, Py — a.s., for every 6 € O.

Definition 22 (Exhaustivity) Let & = (E;,B;,{P,o : 0 € ©}), i = 1,2, be statistical
experiments. & is called ezhaustive® for &; if there is a Markov kernel K from (Es, Bs) to

(E1, By) such that
H%@:/K@&mmw) (3)

for every 6 € © and every A; € B;.
We call S : (Ey,By) — (Ey, Bs) an ezhaustive statistic for the experiment &; if there is a
Markov kernel @ from (FEs, By) to (E4, ;) such that

Pro(Ay) = / Qly. A1) PE,(dy) (4)

for every # € © and every A; € B.

5The concept of ezhaustivity goes back to Blackwell [5]
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Example

Let £ = (FE,B,{P: 6 € ©}) be a statistical experiment and By C B a o-subfield. Denote
by £ | By := (E, By, {Py |5,: 0 € O}) the statistical experiment restricted to the o-subfield
By. Then £ is exhaustive for € | By. To prove this note that K(z, A) = 14(z) for A € B,
and x € E defines a Markov kernel K : E x By — [0, 1] from & to & | By.

Remark 23 (Interpretation of Exhaustivity) By Theorem 1.10.33 in Pfanzagl [21],
if (Ey,B;) is a Polish space, then for every Markov kernel K from (Es, Bs) to (Ey,Bi)
there exists a measurable function m : Ey x (0,1) — E; such that for every y € Es,
the probability measure K(y,-) is the image of the Lebesgue measure U on (0, 1) by the
transformation u — m(y, u) i.e.

K(y,B) =U{u € (0,1): m(y,u) € B}, B € Bs.

Therefore, if & is exhaustive for &£, i.e. there exists a Markov kernel such that

Pl,g(Al) = /K(y,Al)Pg,g(dy), 9 € C"‘)
Thus, we obtain
Pyp @ U{m(y,u) € A1} = Pro(Ar)

for every # € © and A; € B;. If we know y and determine a realization u from the
uniform distribution over (0, 1), m(y,u) defines a random variable with exactly the same
distribution as the original one, for every 6 € ©.

Proposition 24

1. A sufficient statistic is exhaustive if (Ej, B;) is a Polish space.

2. Any exhaustive statistic is sufficient.

Proof.
(1) Obvious, by remark (20).
(2) See Theorem 1.3.9. in Pfanzagl [21]. O

Remark 25 The fact that any exhaustive statistic is sufficient does, however, not involve
that the Markov kernel which occurs in the definition of exhaustivity is a conditional
distribution given the sufficient statistic. The situation is different if the sufficient statistic
is minimal.

Proposition 26 Assume that B; is countably generated and S : (E1, 1) — (Es, Bs) is a
minimal sufficient statistic. Then any Markov kernel @) from (Es, By) to (Ey, By) fulfilling

Fy(4) = / Qy. AP (dy) (5)

for every 0 € © and A € B; is a conditional distribution P(- | S = s) and therefore unique
in the following sense: if Q;, ¢ = 1,2 fulfill (5), then Q:(y, ) = Qa(y, ), Py — a.s..

14



Proof.
See Proposition 1.4.9. in Pfanzagl [21]. O

Lemma 27 Suppose that &€ = (E,B,{P : § € ©}) is an experiment and F : (E,B) —
(E1, By) is a measurable mapping. Then the experiments F.E := (Ey, B, {Pyo F~': 0 €
0}) and & |p-1p,:= (E, F 1By, {Py |p-15,: 0 € ©}) are mutually exhaustive.

Proof.
Define the kernel K7 : E x By — [0, 1],

Ki(z,A) = (140 F)(z), z€E, AcB

Then we have that
PgOFl(A):/Kl(I‘,A)dPg(I‘) VHE@,AGBL

Therefore € is exhaustive for F,E. It is clear that F.E = F,(€ |p-15,). This implies that
E |1, is exhaustive for F,E. To prove the converse define Ky : £, x F~1B; — [0, 1],

KQ(I‘l,A) = 1F(A)(ZL‘1), AEFﬁllgl, I GEl.
Note that A = F~1(A;) implies F~1(F(A)) = F~(A;). Tt follows that

Pg(A) = P@(F71<A1)) = /1F—1(A1)<x) dP.g(SL’)
_ / Loy () dPo(2) = [ Lpay(a1) dPyo F-\(z).
0
Definition 28 (Completeness) A family of probability distributions {P : P € P} on
(E,B) is gq-complete, 1 < ¢ < o0, if for every measurable f € (p.p L(P),
/f(:p)P(dx) =0VPeP = f=0P—as. VPeP.
We call S: (E,B) — (Ey, B;) a q-complete statistic if { P° : P € P} is a g-complete family

of probability measures. When we say a family of probability distributions is complete, we
mean 1-completeness.

Definition 29 (Symmetrically Completeness) A family of probability distributions
{P: P € P}on (E, B)is symmetrically g-complete of order n if for any real permutation
invariant function f, on E", with f, € (pcp LY(P™) we have

/fn(xl,...,xn)HP(dxi):OVPEP = fu,=0P"—as. VPeP.

i=1

15



Proposition 30 Every sufficient and complete statistic on a Polish space is minimal suf-
ficient.

Proof.
See Proposition 1.4.8 in Pfanzagl [21]. O

Lemma 31 (Plachky-Landers-Rogge) For i € {1,...,n} let (&, B;) be measurable
spaces and P; g-complete families of probability measure on B;. Then the family

{@r,P: PePi,i=1,..,n}

is g-complete.

Proof.
See Proposition 1.5.6 in Pfanzagl [21]. O

Proposition 32 (Mandelbaum-Riischendorf) Assume that P is g-complete and closed
under convex combinations. Then P is symmetrically gq-complete of order n for every n € N.

Proof.
See for example Proposition 7.78 in Witting [29]. O

2.3 Order Statistics

Let n € N be fixed and arbitrary. Denote the group of permutations on {1,...,n} by S,.
Define the map 7 : R® — R" by 7:((z1,...,2n)) = (Tr1), - - -, Tr(n)) for every 7 € S,..

Definition 33 (Order Statistic) The map O, : R® — R" defined as

On((z1, .. ,20)) = (Y1, -, Yn)

with 3 < ... < gy, and it exists a permutation 7 € §,, such that 7, (xy,...,x,) =
(Y1, ---,Yn) is called order statistic.

Let X, X;: (Q,F,P) — R, 1 <i<n bea sample of i.i.d. random variables each having
probability distribution PX. The order statistic for the sample of size n is given by

(X(lzn)7 R 7X(nn)) = On(<X17 cee 7Xn>>

and the probability distribution by P9 X" where X" := (Xi,...,X,). The i-th order
statistic in a sample of size n is given by

Xim) = Dy On( X1, .., Xp), 1<i<n

16



and we denote the probability distribution by P~m . The probability distribution of two
order statistics is denoted by PXtm)Xm)

The Exact Probability Distribution of the Order Statistic

Proposition 34 Let X;, 1 <7 <n be i.i.d. real random variables each with distribution
P¥. Foreach 1 <i<j<nandy,z€R and by denoting 7,/ (P¥(2)) := (7)(P¥(2)) (1 -
PX(z))"! and

n!

Tt PX(0), PX(2) 1= e (PY W) (P () = P (1 = P ()

we have

PXen(z) = > ma(PX(2)),

, v P(X(jm) < 2) z<vy
PX('L:n)7X(]:n) ,Z — { n (]n) T;m —
W) = S S Tt (PY(0), PX() < 2
Proof.
See for example Witting [29], section 7.2.2. O

Denote for 1 < ¢ < n the density with respect to to the Lebesgue measure of the Beta
distribution, By : [0,1] — R,

w1 —u)™
By () = M 51— =T

Analogously, denote the density with respect to the Lebesgue measure of a m-dimensional
Beta distribution by

1<i<n. (6)

uil—l (u2 _ ul)ig—il—l (1 _ um)n—im
(U ) = 1!
ﬁ(ll ..... zm.n)<u17 , U ) n (Zl — 1)' (’lQ _ il _ 1)| (n - 'lm>'

(7)
for0<u; <...<u,<1and 0 else.

Proposition 35 Let X;, 1 <¢ < nbei.i.d. real random variables each with the continuous
distribution PX. Then the following holds:

1. PXem <« PX and
dPXn
dPX

2. Generally, for 1 <31 < ... <4, <n

d P X1y X (imm)
d(PX)m

(2) = B (P (2)), P* —as. (8)

(@1, ... 2m) = By, im:n)(PX(xl), o PX (), (PYY™ —a.s. (9)

Proof.
See for example Witting [29], section 7.2.2. O
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3 Ranked Set Sampling Experiments

In this chapter we define the Ranked Set Sampling (RSS) random variables to generate the
RSS statistical experiments by making use of the properties of random stochastic matrices.

3.1 Sampling Random Variables

Consider n € N to be fixed but arbitrary and 1 < r < n. A random matrix (7};)1<; j<n
(2, F, P) — R™™ is called a random stochastic matriz if »7_, Ti; = 1 holds P — a.s. for
every 1 < ¢ < n. If the condition >  T;; = 1 also holds P — a.s. for every 1 < j < n,
then the matrix is called a random double stochastic matriz.We call a random stochastic
matrix T € R™*" a sampling matriz of size r if the following conditions are fulfilled:

1. T, €{0,1},1<i,j<n
2.T;j=0,P-as,r+1<j<n, 1<:<r

3. Ty =1,Pas,r+1<1<n

4. Ty . independent of T;,, for all 1 < iy # iy < n.

Henceforth we denote such a random matrix by T() := (Tz‘(f))lsi,an where the upper index
corresponds to the size of the sampling matrix.

Remark 36 The rows of the sampling matrix T, 1 < i < n, have a multinomial distri-

2% )
bution,

TS ~ Mn(L,pit, .-, Pin): sz‘j =Lp;=0Vj=zr+1
j=1

where we have denoted by p;; == P(Ti(jr) =1),1<4,5 <n. For each t := (tj)1<;j<n, such
that ¢; € {0,1} and 3°7 | ¢; = 1 we have PTY =t,..., T =) =T’ (pij)¥.

j=1

Let X : (2, F,P) — R be a random variable with distribution P*. Denote by X :=
(Xij)1<ij<n & matrix of i.i.d. real random variables each with distribution PX.

Definition 37 (Sampling Random Variables) Let T") be a sampling matrix of size
r and let X be a matrix of i.i.d. real random variables each with distribution P¥, such
that X, is independent of (T&))lgk;&ign- Then the sampling random variables of size r are
given by

X = ()X, 1<i<n (10)

Lemma 38 The distribution of the sampling random variables of size r satisfies:

18



(r)
1. X[(ir) ~ P*u , where

for every A € R.

2. The Fundamental Equation

1 [< (r)
PX(A) = — (Z PX(A) + (n - r>PX<A>> . A€BR) (11)
n
i=1
3. The sampling random variables of size r are independent random variables.
Proof.
Let A € B(R).

1. If 1 <i<r, then

T

P(X( ed) = PO T X, € A)

- P({iTi(j)Xij 8 A} a {O{Ti(f) = 1}1})

= Y P(X;eA T =1).

J=1

If r +1 <4 <n the assertion is obvious.

2. Let F',... ,F" be i.i.d. random double stochastic matrices such that FZI; e {0,1}

forall1 <i,j <nmand 1<k <r. We assume Fﬁ* = ']I'Z(:) -P.a.sforall 1 <i<pyr. Then it
follows that

ST PN (A) = 3 P (A) 4 (n - r)PX(4)
=1 i=1

- Z Z P(Xy; € AT =1)+ (n—r)PX(A)

i=1 j=1

= Y ) P(X; € A Fj;=1)+ (n—r)P*(4)
i=1 j=1

= Y ) P(Xy; € A F;=1)+ (n—r)P¥(4)
i=1 j=1
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- Z Z 1{X1j€A}dP +(n — T)PX(A)

i=1 j=1 7 {F5;=1}

S /{U Lix,endP + (n — r)PX(A)
j=1

i=1 Fz’ljzl}
_ Z/I{XUGA}dP+ (n— r)PX(A)
j=1

= nPX(A)
(r)

e

3. The assertion is obvious, since the rows of the sampling matrix of size r, T
independent and X, is independent of Xj, and Tg;) forall 1 <k #1<n.

are

3.2 Ranked Set Sampling Random Variables

Let M(B(R)?) be the set of all probability distributions on (R?, B(R)?). Denote by Oy :=
{PXY € M(B(R)?) : PYcontinuous} and let (Xyj,Yij)i<ij<n @ (,F,P) — R? be a
random matrix of i.i.d. random vectors, (X;;,Yi;) ~ P, 0 € Oy, 1 < 4,5 < n. Denote
X := (Xyj)1<ij<n (vespectively Y := (Yi;)1<ij<n) with the marginal distribution X;; ~ P;*,
1 <4,j <n and independent (respectively Y;; ~ P}, 1 <1i,j < n and independent).

Remark 39 For every 1 < i < n let B; be the w-set, where Y;;(w) = Yj,(w) for some
distinct pair of integers j, k, then by continuity P(B;) = 0. For every 1 < ¢ < n we
remove B; from the space {2 on which Y is defined, and this will leave the joint distribution
unchanged and make ties impossible.

Proposition 40 Every random double stochastic matrix of dimension n with 0 —1 entries
is uniquely determined by a random permutation defined on the group S, of permutations
on {l,...,n}.

Proof.

Let (Fj)i<ij<n : (8, F, P) — {0,1}™*" be a random double stochastic matrix. Let w € €,
Fj(w) = fij, 1 <4,57 < n. Define II : (Q,F,P) — S, random permutation such that
Mw) =7 e we N F (i), 7(j) = {i : Tjw) =1}, 1 < i < n. Conversely,
define (T};)1<ij<n a random matrix such that Tj;(w) = t;; & w € I (7), t;; = Lr(j)=is
1 < 4,5 < n. One can easily see that (7};)1<; j<n is indeed a random double stochastic
matrix with 0 — 1 entries and T = FF P-a.s. O

Return now to the matrix Y = (V;;)1<ij<n. Let 1 <7 <mn. Let IT* : (Q, F, P) — S, be the
random permutations which generate the order statistics for Yi1,..., Y, 1 <k <r, ie.

Yka(l) <...< Yka(r)a 1<k<nr.
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By the continuity of the distribution of Y, the random permutations are well defined.
Therefore, we can define the random double stochastic matrices F* := (F¥)1<;j<n, 1 <
kE<r,

Fk .= { Liegy=y 147 =7

0 ij ¢ {1, ..,r}.

Henceforth, if we let 7 vary, then we denote the matrix above by (F(")* := (Fi(;))’fgmgn.

This is equivalent to (117;-(;))’1‘C = 1y, =Yigim} for 1 <4,j <r and 0 otherwise.

Definition 41 (Ranked Set Sampling Random Variables) Let (X;;,Y;;)1<i j<n be a
random matrix of i.i.d. random vectors, each with distribution P;*Y, § € ©, and let
the random double stochastic matrices (F()* € R™™ 1 < k < r be (Fi(;))’fQ-JQ =
(1{ykj:yk (m)})lgi,jgr and 0 otherwise. Then the RSS random variables of size r are sampling
random variables X [(5) :
is given by

= (TZ(-:))’XZ-*, 1 < i < n, where the sampling matrix of size r, T(")
. ED) O 1<i<y
v (5i)1§j§n T + 1 S Z S n

and 5i§j§n are vectors satisfying 5; =11 =7 and 0 otherwise.

Remark 42 In a notationally more convenient form, the RSS random variables of size r
have the form ) |
i X r+1<i<n.

Proposition 43 Let § € ©q. If 1 < ¢ < r, then RSS random variables of size r are

distributed as X [(;]") ~ P, "' where

X . XY=y v
RO = | e s B 0= By R R @) (2)

for every A € B(R). If r+1 < i < n, then X [(27]") ~ P;*, where P;* is the marginal probability
distribution P;*(A) = [, 5 B (dz,dy), A € B(R), 0 € ©,. Moreover, the RSS random
variables of size r are independent.
Proof. "
X
Let 6 € ©g and A € B(R). Then, analogously to Lemma 38 we have P, ' (A) =
= > P(X; € AT =1)

Y 1]
J=1

= Y P(X; € A Yy =Y

j=1
TP(XH c A,}/ll = le(zr))
rP(Xy € A3 (0 — 1) of {Y11,..., Y3, } \ {Yi@r } which are < Yi(.p))
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= o [ [ 1a@PE - Dot Yir, . Vi) \ (Yigen)
which are < Yy | Yigry = )P (dz, dy)

- [ [ue ( )P@Y@)i1<1—P9Y<y>>"inY=y<dx>P:<dy>

= [ [ g B W 0 By B ) P ()

That X [(]) ~ Pf for r +1 < i < n is obvious. The independence follows by Lemma 38.
OJ

Remark 44 In the case {P) : 6 € ©y} < ), the distribution of the RSS random variables
of size r is determined by

x ()
P )://1A(:U)P9X|Y:y(dx)P9Y(”)(dy), 1<i<rAcBR). (13)

Remark 45 Notice also that a single RSS random variable X [(27]") has the analog probability
distribution of a random variable called in literature concomitant of order statistics or
induced order statistic with the difference that a sample of induced order statistics is only
conditionally independent. For example, in Bhatacharya [4], the induced order statistics
are defined as follows: Let (Z1,Y1),...,(Z,,Y,) be ii.d. random vectors, (Z;,Y;) ~ P#Y,
1 <@ < r. The i-th induced order statistic Zj;., is defined to be Z;.,) = Z; if Y(;,,) =Y}, for
1 < i < r. In particular, if P < X, then Z[;.y) has an analog distribution as in equation
(13). Despite the fact that each of the random variables in a set of RSS random variables
is in fact an induced order statistic, the RSS random variables are due to the sampling
separately in each row, independent. In comparison to this, the induced order statistics
are derived from a single sample of observations and are conditionally independent given
Yy = yi, 1 <1 < r: Denote by P?IY the conditional distribution of Z given Y. Then it
holds

P<Z[ZT’] < Zis 1 < i <r ‘ }/1 =Y, '7}/7“ = yr) = ®;=1PX‘Y:y(i:T)<zi)7 2 Yi € Ra 1 < v <.

For a proof see Bhatacharya [4], Lemma 3.1. For more details about concomitants of order
statistics see also David [11].

Denote in what follows the parameter space © C O, given by
=B €@0: BT =6y, P —ast, (14)

where 5{y} is the Dirac measure. In this case we remark that the distribution of X is the
same as the distribution of Y, i.e.

P (A) = /R L4(2)d1,y (d2) Py (dy) = Py (A), A€ B(R),0 € 6.
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Analogously, remark that for this parameter space, the distribution of the i-th RSS random
variable is equal to the distribution of the i-th order statistic since

R = [ [ g s B 0 0 B B
= [ [ @ g B = B @) R )

_ / L) 55 L RF ) - PR ()R (dy)

for each A € B(R) and 6 € ©.

Definition 46 (Perfect RSS Random Variables) Perfect RSS random variables of size
xn -
r are RSS random variables of size r X [(;]"), 1 <i < n, with distribution X ™) P, 0€0,

(4]
1< <n.

Remark 47 Notice that we can use the more convenient notational form for the perfect

RSS random variables: .
X(T) - Xz(zr) 1 S ? S r
[ - Xii r+1<i<n.

Here Xj;.,) is the i-th order statistic in a sample of size r.

3.3 Ranked Set Sampling Experiments without Repetition

Consider a sample of RSS random variables of size r,

xm L) P o1<i<r
[l PGX r+1<i<n

for 6 € ©y and independent.
(r)

The probability distribution PGX " is determined in equation (12). By independence, the
distribution of the vector of RSS random variables of size r, generating a statistical exper-
iment is

(X)X ~ @ Py @, B, 0 €6
Now we are able to define the RSS experiments without repetition, which includes the
original RSS technique.

Definition 48 (RSS Experiments without Repetition) Let the parameter space ©g :=
{PXY € M(B(R)?) : PY continuous} and consider parameter spaces Oy C Oy, k € N.
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Then the RSS experiments without repetition for the parameter space O are a family of
statistical experiments generated by RSS random variables

(r)
G" = (R", BR)" (@, P, " @, P 0eO,))e&®), 1<r<n.

Definition 49 (Perfect RSS Experiments) Let the parametrization O, C ©; be
Op == {PXY € 6, : PQX‘Y:y = 0y, B — a.s.}, k € N. The perfect RSS experiments
without repetition are given by

Grreret .= (R™, B(R)" A®_1 Py " @,y P 1 0€6;}), 1<r<n.

Remark 50 1) By the properties of the parameter space Oy, the perfect RSS experiments
are determined by the perfect RSS random variables

Grpertect . — (R™ B(R)", {@[_, B, " @, PX: 0€6,}), 1<r<n,

2) Notice that the original RSS technique, called in literature the RSS with one cycle, is
determined by the statistical experiment G.

3) As a particular case, the RSS experiment without repetition G} = (R™, B(R)", {®"_, P;*
0 € O}), ©r C Oy, k € N, will be called in the sequel the Simple Random Sampling (SRS)
experiment of size n.

4) Even if the parameter space Oy in the definition of the SRS experiment (or the param-
eter space Oy in the case of perfect RSS experiments) is a subset of the set of all bivariate
probability distributions on (R? B(R)?), we will not make any further notations and under-
stand the probability distribution P;X (P} respectively) as the marginal distribution with
respect to X (marginal distribution with respect to Y respectively) of P;XY| for 6 € O,
ke N.

3.4 Ranked Set Sampling Experiments with Repetition

It & = (B, Bi,{Fy; : 0 € ©}) € £(0), 1 < i < n are statistical experiments for the
parameter space © then we denote the product statistical experiment by

gl ® DRI ® Sn = (H EZ-7 ®;L:1BZ7 {®?:1P9,Z : 9 E @})

i=1

For the definition of a RSS experiment with repetition, we consider a product experiment
of RSS experiments without repetition of the full size, where the ranking is done in every
row of the original starting matrix and purely random observations are not included any
longer. Here, we denote by n the number of repetitions of the experiment, in comparison
to the case of RSS without repetition, where n was the notation for largest size of the
experiment. This has a motivation for asymptotic considerations of the experiments.

24



Definition 51 (Unbalanced RSS Experiments with Repetition) Let the parameter
space be Oy = {PXY € M(B(R)?) : PY continuous} and consider parameter spaces
O C Og, k € N. Then the unbalanced RSS experiment with n repetitions for the param-
eter space Oy, is the product experiment of RSS experiments without repetition

®:.L:1GZ = (Rzizltz’B(R)Zizltz’ {&r, ®?:1 P, il g e o)),

tleN,ISZSTL

Ifty=...=t,=p, p €N, then the experiment will be called the balanced RSS experiment
with n repetitions.

Definition 52 (Balanced RSS Experiments with Repetition) Let ©, := {PXY ¢
M(B(R)?) : PY continuous} and consider parameter spaces O C Oy, k € N. Then the
balanced RSS experiment with n repetitions for the parameter space Oy is the product
experiment of RSS experiments without repetition

®i= Gy = (R, BR)™ {@, ®F_; Py ¥ 0 € O}),

t,eN, 1<i<n.
Remark 53 Analogously as in the case of RSS experiments without repetition, when

restricting to the parameter space O, = {PXY € O, : PGX‘Y:y = 03Py — a.s.}, we obtain
the perfect RSS experiment with n repetitions and balanced

®?:1G£7Perfect — (Rnp, B(R)"p, {®;z:1 ®§:1 P@‘X(jip) = ék})’

tleN,ISZSTL
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4 Comparisons in the family of RSS Experiments with-
out Repetition

In the sequel, the definition of the RSS random variables by means of random stochastic
matrices will no longer be used. We will resume our attention only to the RSS experiments
as probability spaces which we compare with respect to the informational order in the
space of all experiments for a fixed parameter space. This chapter is divided as follows:
In the first section of the chapter we recall some facts about sufficiency and completeness
and make also some new remarks for this subject. In the second section we derive the
non-existence of an informational order between relevant statistical experiments in the
RSS problematic. The last section contains examples to motivate the treatment of the
comparisons.

4.1 Remarks on Order Statistics, Sufficiency and Completeness

Definition 54 A probability distribution P on (R", B(R)") is called exchangeable if P is
invariant with respect to the group of permutations S, on {1,...,r}, i.e. invariant under
all maps 7, : R" — R" with

T7r<x17"'7x7“) = ('Tﬂ(l)7"'7x7r(7“)>7 v E’Sr- (15>

Denote by By :== {B € B(R)": 7,B = BVr € S,} C B(R)" the o-subfield of 7, invariant
sets.

Proposition 55 If P is an exchangeable probability distribution on B(R)" then for all
B e B(R)"
1B|Br ZL—”B P —a.s.
WEST

i.e. B} is a sufficient o-subfield for all exchangeable probability distributions.

Proof.
See Witting [29]. O

Proposition 56 The order statistic O, : R” — R" is sufficient for all exchangeable distri-
butions, i.e.

O;'B(R") = B,

Proof.

We show O, 'B(R)" = B,

C: O, 07, =0, = O, is B} measurable = O 'B(R)" C B,.

D: Let B € By. If x € B then we have O,x = 7,,(x) € B for a my € S,, this implies
r € O 'B € O 'B(R)". Therefore, By D O, 'B(R)". O
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Corollary 57 Let © # () be an arbitrary parameter set and {®7_,P) : 6 € O} an arbi-
trary family of probability distributions on (R", B(R)"). Let O, be the order statistic on
R". Then the following affirmations hold:

(1) The experiment (R”,Bj,{®/_FP) |s: 6 € ©}) is exhaustive for the experiment
(R, BR)", {®I_F;) : 0 € ©}).

(2) The experiments (R", By, {(®]_,P)) |s;: # € ©}) and (R", B(R)", {PPY" 0 € ©}) are
mutually exhaustive.

(3) The experiment (R", B(R)", {PP"Y" : § € ©}) is exhaustive for the experiment

(R, BR)", {®_,F; : § € ©}).

Proof.
(1) Denote by K7 : R" x B(R)" — [0, 1] the Markov kernel

Ki(\B) = Ey(1s | B}), @_,F) —as. (16)

Then by the sufficiency of the o-algebra B, the right hand side does not depend a.s. on ¢
and by the properties of the conditional probability it follows

®i_P) (B) = /K{(yl, Y B) QP ) |y (dy, - .-, dyy)

for every B € B(R)" and § € ©.
(2) Denote by O,B := {O,(x1,...,x.) : (z1,...,2,) € B} and by K} : R" x B} — [0, 1]
the Markov kernel

Ki(-,B):=10,5, B € B;. (17)
Then by Lemma 27 it follows that

(®;:1P9Y) |B€ (B) = /K;(xl, U B)PGOTYT(d:cl, o dxy)

for every B € Bj and 0 € ©.
Conversely, let K} : R” x B(R)" — [0, 1] be the Markov kernel

Ki(-,B):=(1p00,).
Then also by Lemma 27 it follows that
POV () = /Kg(xl,...,xr,B)((X);ng/) s (da, - da)

for every B € B(R)" and 0 € ©.
(3) Define the kernel K" : R" x B(R)" — [0, 1],

KT('aB) = K{(yla"'7yraB)K§('7dy17"'7dy7") (18)

R
1
= /gZ1Tﬁ3(y1,...,yT)K§(~,dy1,...,dyr). (19)

TES,
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Then it follows that
®i_ P (B)= | K'(2,....,%,B)Py" (dz, ... dz,) (20)
RT‘

for every B € B(R)" and § € ©. O

For more details see also Proposition 24 and Lemma 27 in the Prerequisites chapter.
Recall the family of RSS experiments without repetition for the parameter space O, k € N:

(r)
G" = (R", BR)" (@, P, " @, P 0eO,))e&®), 1<r<n,

where ©;, C ¢ := {P*Y € M(B(R)?): PY continuous}, k € N. In what follows we define
parameter spaces O to take into consideration in the rest of the assertions.

We establish for which families of probabilities distributions, the order statistic is com-
plete. The functions on R" depending on (z1,...,xz,) through the order statistic are the
functions of (xy, ..., x,) which are invariant under all permutations of (z1,...,z,). There-
fore, completeness of a family {PQO " § € O} is the same as symmetrically completeness
of order r of {P) : 6 € ©}. The principle to be followed here is stipulated in Proposition
32.

Proposition 58
1. Let Py € M(B(R)) and 1 < ¢ < oo. Then the family of probability distributions
A(Py) == {PY € M(BR)): P¥ << Py, dP¥ /dP,bounded, P* with compact support}
is g-complete and convex.

2. Let hq,...,h be B(R)™-measurable non-negative numerical functions. Then the
families of probability distributions

Ay :={PY € M(B[R)): /hi(:pl, ey Tm) ﬁPY(dxi) <oo,i=1,...,l},

As = {PY € Ay : PYcontinuous}, Ay:={PY € Ay: PY <A},
are ¢-symmetrically complete of each order n.

Proof.
See Propositions 7.79 and 7.80 in Witting [29].
U

Corollary 59 For the families of probability distributions {®I_, P} : 6 € A;}, 1 < j <4,
the order statistic O, is complete.
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Denote by M(B(R)?) the space of all probability distributions on B(R)? and let My(B(R)?) C
M(B(R)?). We define the parameter spaces we will consider in the sequel:

0y = {P* € M(B(R)?) : P"continuous} (21)
0, = {PY e My(BR)*): PY € A} (22)
0, = {PY e My(B(R)?): P¥ € Ay} (23)
O3 = {P*Y e My(B(R)?) : P¥ € A3} (24)
0, = {P* e My(BR)?») : P¥ € A} (25)
05 = {PYY e My(BR)?) : PXY < A2, PY € Ay} (26)

(B(R)%) (27)

s = {PYY e My(BR)?): P < X2 PX e Ay, PY € Ay}

Proposition 60 If P := {P(,O " . § € O} is a complete family of probability distributions
then the families P; := {PGY("”") : 0 €0}, 1 <i<rare also complete.

Proof.
Let h € (Nyeo L1(F, [ ") such that

[rwr @ =0, vee.

But this is equivalent to [ h(y) P (dys, ..., dy,) = 0, 8 € ©. Since O, is complete for
this family of probability distributions, it follows that g = 0, POTYr—a s. where g : R" — R
is defined by (y1,...,y.) — h(y;) for all (y1,...,y,) € R". This implies h = 0 PY“ 7_a

which proves the assertion. D

Remark 61 The order statistic O, is minimal sufficient for the family of probability dis-
tributions {®7_, P} : 0 € A;}, 1 < j < 4. This is a consequence of Proposition 30.
Therefore, the kernel K" defined in equation (18) is a version of the conditional probability
distribution POrY"10r(@1.zr)=y1.yr ~This follows from Proposition 26.

Proposition 62 Let {®7_,P) : 6 € O} bea symmetrically complete family of probability
distributions. Then, for all B € B(R)", B := Rx ... xRxAxR x ... xR, A € B(R),

i-1 tlmes r-i- 1 times
the following equation holds:
1 — .
Kr('a B) = ; Z 1T(¢j)R><...><R><A><R><...><R7 PQOTY —a.s., 0 € @7 (28>
j=1

where we have denoted by 74; : R” — R” the map 7, restricted to all transpositions
T=(i,7) €S, 1<i,j<r.

29



Proof.
Let B € B(R)" such that B=R x ... x Rx AxR x ... xR A€ B(R). Then by equation

TV TV
i-1 times r-i-1 times

(18) it follows that P) (A) = ®I_,P) (B) =

1 -
— //FE 1Tﬂ3(y1,...,yr)Kg(xl,...,xr,dyl,...,dyT)P(fTY (dzy,. .., dx,)
R'r T .

TES

1 -
- //FE lTﬂRX___XAXMXR(yl,...,yr)Kg(xl,...,xr,dyl,...,dyr)P(,OTY (dzy, ..., dx,)
R’V‘ ™

’ TESH

1 T
= / / ;Z]-T(ij)(RX...RXAXRX...XR)(yla--'7yr)K§(:L‘17"'7$T7dy17"'7dy7")
R’V‘ T ]:1
PO (dxy, . .., da,).
Additionally, by the fundamental equation (11) we also have that:

1 - Yi:r
PY(A) = 23R
=1

I _
- —Z/1A(x)P§”)(dx)
TR

1 a Yi:r
_ /R;ZM(M)HPG( (dx;)
"=

i=1

1 « S Y
— / ; § lfr(ij)(Rx...RxAxRx...xR)(xla ce ,ZL‘T) | | Pg e )(dxz)
Rr - .
j=1 i=1

1 .
= / - Z lT(ij)(Rx...RXAXRX...X]R)(xla oo ,fEr)P(;OTY (dzy, ..., dx,).
Rr 1

Therefore,

1 ¢ "
/ <KT<$U17 s 7']77“73) - ; Z 1T(ij)(B)<'r17 s 7'TT)> P@OTY (d.’lfl, e ,d.’lfr) - 07

j=1

for every 6 € © and B € B(R)" with the specified form. The completeness of the order
statistic implies that

T 1 - OrY"
K'(B) =~ > e PP —as,
j=1

for every # € © and B € B(R)" with the specified form. The assertion is proved.
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4.2 The Informational Order

The main purposes of this section is to prove, that the family of RSS experiments without
repetition,

(r)
G" = (R", B(R"), {®'_ 1P el B 0e0L)), 1<r<nke{56}

is not more informative, i.e. 3r € {1,...,n — 1} such that G, is not more informative
than G7', and perhaps the most relevant result, that G7! is not more informative than G7, in
other words, the original RSS experiment is not more informative than the SRS experiment.
In order to prove the non-existence of the informational order mentioned above, we restrict
first our attention to statistical experiments on (R, B(R)) generated by a single RSS random
variable. These experiments can also be viewed as experiments generated by concomitants
of order statistics. Although the non-existence of the informational order is proved for the
parameter spaces O3 and Og (here we need dominated experiments) defined in equations
(26) and (27), important results regarding the exhaustivity of RSS experiments hold for
the parameter spaces O, 1 < k < 6.

The motivation of the next theorem is the following: When observing a RSS random
variable of size r + 1, one could believe that it contains more information than a RSS
random variable of size r. This because the first is arising from the ordering of the larger
sample Y7,...,Y,.11. We prove that, contrary to the intuition, the affirmation does not

hold.

Theorem 63 Let 1 < k£ < 6. Assume that for the family of probability distributions
{PXY : 0 € ©,} there exists a version of the conditional distribution P, which is

independent of § € O, P;* — a.s.. Denote it by pXY
1 < j <r+1 the experiment

. Then for every 1 < ¢ < r and
X(_T-H)
(R, B(R),{P, 0 e 0))

is not exhaustive for the experiment
x (M
(R, B(R),{F, i 10 €Ok}

Proof.
We will prove the assertion by a contradiction argument. We assume the exhaustivity of
the experiments takes place, i.e. we assume there exists a Markov kernel L from (R, B(R))

to (R, B(R)) such that
P (A) = / Lz, A)P, " (dz), 6 € 6y, Ac B(R). (29)
R

For the right-hand side of equation (29) we have then

(r+1)
/ L(z, B,V ( / / 2, A)PXY=Y () B0 (dy)
R



_ / ) / L(z, AP =% (dz) PO (dyy, .. dyyss)
R7+1 JR
g

Op 1Y+
= / . A<y17"'7y7’+1)P9 i (dyh'"vdy?“Jrl)a
R'r

where we have denoted by g4 : R — R the measurable function

Y1y Yrsr) — /R L(z, A)PXY =Y (da). (30)

For the left-hand side of equation (29) it follows that:
(")
P (4) = / / 2)PXYV =t (dx) P, (dt)
= / / x) PXY = () PO (dty . dt,)

dPOrYT .
= [ [ i@ Gt 1) P ) TT R )

i=1

— / / 1A(x)r!1t1<...<trPX'Y=ti(dx)HPey (dt;)
T R .
r—+1

= / /1A V!, o cp, PXY = () HPG (dt;)
R+ JR

= / / /1A )il <o <, PX‘Y t<dx)
Rr+1 Rr+1

T Or r+1
K +1 y17 s Yrga, dtla .. dtr+1)P o (dy17 sy dy?"-i-l)

r4+1
B / hA(y17"'7y7"+1)POT+ . (dyla"-adyr-f—l)
Rr+1

where K"*1 is the Markov kernel defined in equation (18), and where we have denoted by
h4 : R — R the measurable function

(yla s 7yr+1) = / / 1A(l’)7"!1{t1<...<tr}P,X‘Y:ti (de‘)Kr—H(’yl, ey Yrta, dtl, e ,dtr+1)
Rr+1

for every A € B(R). Also, by equation (18) it follows that we can rewrite the function hy4
above as

1 1 P\ftzd Otz (To(dty, . .. dt,
/RTH/RTH/ alz)r! {t1<..<ty} (dx) 7“+1 Z (210 T+1}7’( 1 41)

TESr4+1

Kngl(yla s Yrtds le, R erJrl)

where the Markov kernel K7™ : R™! x B(R)"™' — [0, 1] is given by K;'(-, B) = 1o,,,p
for every B € B(R)" 1.
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Therefore, h, is equal to

+

1 Z —t
/ / / 1A(x)1{t1<"'<tT}P'X|Y_tl (d‘r)(s{zl ----- Zr-H}Tﬂ(dtla R dtTJrl)
T _'_ 1 Rr+1 Rr+1 R
TESr4+1
Kngl(yl? s Yrtds le, B 7dz7’+1)

1 -y
E / / / ]-A(x)]-{t1<...<tr}P-X|Y7tz(dx)dTn({Z1 ..... Zr41}) (dtla v adtr-l-l)
T _'_ 1 WES T Rr-{»l Rr-{»l R

K§+1(y17 s Yrtds le, B 7dz7’+1)

1 X|Y=zr()
— > /R » /R La(2) 1y <o} P (d2)Sy,. i1 Orpr(dzr, - . o d2eys)
1

WEST+

r4+1 Z /RT_H/R].A(IL')1{z7r(1)<...<z7r(T)<z7r(T+l)}P. (d;p)
1

WEST+

5{y1 ..... yr+1}0r+1<d217 e 7dzr+1) +
]‘ X‘Y:z‘rr(z)
| > /R . /R 1a(z)1p, (21, ..., 2041) P (d2)0¢y .. iy Ori1(dzr, ..o dzpiy)

TESr+1

where we have denoted by B, € B(R)"*! the set such that {z;(1) < ... < Zz(r) < Zn(rg1)} U
Br ={2:q1) < ... < zzn} and {zz(1) < ... < Zn(r) < Zr(rg1)} N By = 0, for every 7 € S, 4.
In the first term of the sum above we can proceed easily with the integration, hence
ha(yr, .. Yrs1) =

r+1

71"687‘+1

= / La(w) P70 (dr) +

1 X‘Y:zﬂ'i
— > /RmAIA(x)lgﬂ(zl,...,zr+1)P D(d2)dgys. iy Orir(dzr, - o o d2ey)
1

WEST+
1 r—+1

]_ X‘Y:z‘rr(z)
| Zl /R . /R La(x)1p, (21, ., 2041) P (d2)01ys..o Ora(dza, - d2pi).

TES 4

Summarizing, we obtain that

Or 1yr+1
/ +1(gA(yh oY1) = ha(yr, - Y1) Py (dyr, ..., dyr41) =0,
RT

for all 0 € ©; and A € B. Remark also that (g4 — ha) € [yeo, Ll(PGO*“YrH), for
every A € B(R). Moreover, the order statistic is complete for the parameter space Oy,
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1 <k <6, it follows that g4 = ha, PQO““YT+1 —as. for every fixed but arbitrary A € B(R).

Since ha(yr, .., Yr1) = 77 S 14(z) P =Y (dz) + r4, where we have denoted by

r4 the function on R™ (yy,...,9,41) —

1 XY=z
r 4+ 1 Z \/RT+1 /R ]-A(:L‘)lBW(Zla ey Zr—i—l)-P' (dx)é{y1,...,yr+1}0r+l(dzla cey er+1),

TESr+1

we remark that hs depends on y;, 1 < ¢ < r + 1. This implies that g4 depends on y;,
1 <i <r+1, fact which by the definition of the function g4, certainly leads to a contra-
diction. O

Remark 64 We can always find My(B(R)?) € M(B(R)?) such that for O, 1 < k <6 it
exists a version of the conditional distribution PGX " which is independent of 6 € ©f. The
most natural example would be the restriction to the perfect RSS experiments, i.e. we
define Mo(B(R)?) = {P*Y € M(B(R)?) : PXY=v = §,,, PY — a.s.}. We can also relax
the requirement of the existence of the conditional distribution which is independent of
0 € ©, and only assume the existence of a conditional distribution which is independent
of the family of the Y marginal distributions. For example consider the family of bivariate
distributions

1R e=w)?
Mo(B(R)?) := ( ! e 2<"2+ ~ >>>\2: o, 7> 0}.

For this family of distributions we have Y ~ N(0,0%) and the conditional distribution
PXIY=v — N(y,72) PY — a.s., therefore, independent of ¢2. For this family of distribu-
tions though, the order statistic is no longer complete, but instead of the completeness of
the order statistic, we could use the completeness property in the families of exponential
distributions and proceed with the proof in a similar way as above.

Proposition 65 Let 1 < k£ < 6. Assume that for the family of probability distributions
{PXY : 0 € ©,} there exists a version of the conditional distribution P, which is

independent of § € Oy, P;* — a.s.. Denote it by PXY Then the statistical experiment
generated by a RSS random variable

(R7B<R>7 {PG . : 9 € @k})7
1 <1 <, is not exhaustive for the statistical experiment
(R, B(R),{P;* : 0 € 6,}).

Proof.

We will prove the assertion by a contradiction argument. We assume the exhaustivity of
the experiments, i.e. we assume that there exists a Markov kernel L : R x B(R) — [0, 1]
such that

PX(A) = /R Lz, AP (d) (31)
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for every A € B(R) and 0 € ©. Then for the right-hand side of equation (31) we have

/R L, AP (d) =
| [ Lty P p )

_ / . </RL(J:,A)PX'Y:“(‘Z37)) PP (dys, - -, dy,)

= / gA<y1,...7yr)P90TYT<dy1,...7dyr)

where we have denoted for each A € B(R) by g4 : R” — R the measurable function
e = [ L )PXY (),
R

For the left hand-side of equation (31) we have P;*(A) =

_ / / La(e) P (da, di)

_ /R /R La(x) PXIY=!(dz) P} (dt)

_ / r / La(a) PXIY =4 (da) ﬁPJ (d)

_ / / T/le)zﬂ.”ti(czi;)K"(yh---,ymdtn---’deeo Ty, dyy),

where K" is the Markov kernel determined in equation (18). Now, by Proposition 62 it
follows that the integration with respect to K" reduces to

[/ /1A e dx( 5 Lot yl,...,yr>>P;wyl,...,dw
T R7 R .

TESy

_ / . G;/Ruwpx'y yf<df€>> PP (dys, - -, dyy)

Jj=

- /(gA@l,...,ymPOr (dyrs . ),

35



where we have denoted for each A € B(R) by §a : R” — R the measurable function

1 - X|Y=y;
e Yy - 1 P 7.
(yh 79)’—>sz;/]1§ A(ff)

For each A € B(R) the functions ga,ga € (Nyeo, Li(PP™Y"). Notice also that the order
statistic is for the particular choice of the parameter sets complete, therefore g4 = ga,
PO — a.s., for every A € B(R) and 6 € ©y. Since the function g, depends on y;,
1 <2 < r this implies that g4 also depends on y;, 1 <4 < r. But this leads to a contradic-
tion since by definition, the function g, is independent of y;, 1 < j #1¢ <. OJ

The next proposition is relevant for example in cases where we consider decision functions
from the full RSS experiments which are defined for every sample size, i.e. p" : R"xB(D) —
[0, 1]. One possible question in this case is: does the risk of this decision function decrease
while the sample size increases or is it possible that there are situations where a smaller
sample size is more informative? The answer to this question can be given also in terms
of the exhaustivity of statistical experiments.

Proposition 66 Let 1 < k < 6. Assume that for the family of probability distributions
{PXY : 0 € ©,} there exists a version of the conditional distribution P, which is

independent of 6 € O, P;* — a.s.. Denote it by PX™ Then the RSS experiment
1 1 1 X
Gril = (R BR)™ {@!H'P, " 1 0 e}
is exhaustive for the experiment

(n)
G = (R, B(R)", {@]_, P, " : 0 € ©4})

if and only if n = 1.

(n = 1) = Exhaustivity: Treated in Proposition 84.
Exhaustivity = (n = 1): We assume there exists a Markov kernel L : R"* x B(R)" — [0, 1]
such that the exhaustivity condition is fulfilled

n+1 (n+1)

@Jywm:/ Ly o BY[[ P (dn) (32)
Rt i=1

for every B € B(R)" and # € O,. We prove that the exhaustivity condition can take
place only when n = 1. Making use of the proposition of Fubini, the left-hand side of the
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equation (32) is then equal to

n+1 Y('L:n+1)

(T1,...,Tpy1; B PXIY=vi(dy. dy;
An+1 An+1 ! +1 )H ( ) E ( y)
n+1 | n+1 »
X|Y= y OpilY™ . .
= 21w BY [T PV ) TT PP (g dy,
/n+1)2 /Rn+1 1 +1 H )H 7] ( yl y +1)
n+1 o
B /( +1)2 g(y;, 1 <. j <n+ 1)I_IP(9on+1Y (dyi, ., dypia)
R i=1

where for each B € B(R)™ we have denoted by gz : Rt — R the measurable function

n+1 )
i 1<ij<n+1)e— [ L., 200 B) [[ P 7 ().

1
R+ i=1

On the other hand, we know from Proposition 63 that the following equation holds

i n n+1
Py (A) = /R ) B (g )

for every 1 <i < n, A € B(R), § € O, and where the function h, : R™™ — R is given by
h (y17 s ayn+1

XY=z,
" + Z / /Rn_k1 l{zﬁ(1)< <z n)}P ( )(de‘)(S{yl ..... yn+1}0n+1(d21, ceey dZn_H)

TESH+1

for every A € B(R).
Therefore for every 6 € O, B € B(R)", B= By X --- X By, B; € B(R) the left-hand side
of equation (32) is determined by

G )
s Pt () = ] / 1 ()P, (de)
=1

i On n+1
= H/ . T (1, Y ) By (s dys)
| JRn

n

] [ i ]n[ Onp1Y™ 5 g i
= / (nt1) h’Bz y17 s 7yn+1) PH i (dy17 R dyn+1)
R’VL n

=1
n n+1 1
i Opt1Y™ i 1
— / 2]‘_[h,B yl?"'7yn+1)HP9 i (dylu"'7dyn+1)
R(n+1) i=1
n+1 +1
~ i .. On+1Y™ i i
_ /R( PRZUERESNE n+ D) R (dyi, . dylyy)
n =1
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where for each B € B(R)”, B =By x---x By, B; € B(R) we have defined the measurable
function §p : R®TD* S5 R by

(i 1<ij<n+1)—]]hs(i - i)
i=1
Notice that for a fixed but arbitrary B € B(R)*, B = By x --- x B,, B, € B(R), the

functions gp, g5 € (yeo, L1(®"+1PO”“Y o ). Now, the order statistic is complete for
the chosen parametrlc famlhes therefore, by Proposition 31 it follows that gg and gp are

equal ®"+1PO"+1Y -a.s. and for every 6 € O which is possible only in case that gg is
independent of the coordinates (y 1 <i#j7<n+1). But this is again possible only in
the case n =1, i.e. when

~ ; .. XY
gy 1<4,5 <2) =hp(y1,95) Z/lB | yj(dl‘)a B € B(R).

O

Proposition 67 Let 1 < k < 6. Assume that for the family of probability distributions
O, 1 <k< 6 it exists a version of the conditional distribution PXlY which is independent

of € O, P;' — a.s.. Denote it by P. XY Then the RSS experiment without repetition of

full size o
Gn, = R"BR)" {®, F, A 1 0 €0OL})

is not exhaustive for the SRS experiment of size n
G = R, BR)", {®[_,F;: 0 € O,}).

Proof.

Let 1 < k < 6. We prove the assertion of the proposition by a contradiction argument. We
assume there exists a Markov kernel L : R™ x B(R)" — [0, 1] such that the exhaustivity
condition is fulfilled:

n

&, PX(B) = / L(zy,..., 20, B)[[ P ¥ (day) (33)
R™

J=1

for every B € B(R)" and 6 € ©,. By using the proposition of Fubini, the right-hand side
of equation (33) is equal to

//L(a:l,...,xn, HPX|Y Y (da;) Py O™ (dy;)

7=1

//L(xl,...,xn,B)HP.X'Yyj(d:cj)HP 5 ()
n n =1 =1
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_ / (/ L(xl,...,xn,B)lijXlY:y;(dxj)> f[f[P@Y“’"’(d

i=1 j=1

The last implication follows after the multiplication of the equation by [, Pemm)(dy;), for
1 <i#j<n, 1e by multiplication with the identity. For each B € B(R)"™ we have
denoted by gp : R™ — R the measurable function

4 o  X|y=y
(yi: 1<id,j <n)w L(xl,...,xn,B)HP. | y](dxj). (34)
Rn .
x (™)

By Proposition 84, the statistical experiment (R™, B(R)", {®", P, g € Or}) is
exhaustive for the experiment (R", B(R)", {®@"_,P;* : 6 € O;}), and the following equation

holds I
S\ P (B // (o o, HH

for every B € B(R)", B= By X--- X By, B; € B(R) and 0 € @k. Here K" : R" x B(R) —
[0, 1] is the Markov kernel

(n)

1 n
Kn<$'17 c. ,.’En,A> - E Z 17—(11-)(A><R><...><]R)('r17 s 73:11)7 Ae B<R)

Let B € B(R)" such that B = By x --- x By, B; € B(R). Then the left-hand side of the

equation (33), after the analogous multiplication by 1, is equal to
n o n o n X\Y=y§ i n n Vi i
- (LT 0 T ) T
" " i=1 i=1 j=1

i=1 j=1
~ i .. Yiin i
- /QgB(yj: 1<i,j Sn)HHPe“ (dy;)

i=1 j=1

where we have denoted by gp : R™ — R the measurable function gB(y§ 1<i,5<n)=

n

:/ HK"ml,..., x,,B ﬁHPXY yj

=1 j=1

:H K"ai,... o B ﬁPX

i=1 Y R" j=1
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= 1 o X[Y=yi
S0 | /D SEERERSCARES) | L)
Rn

j=1 j=1

/ H PX\Y:y} (da;’;)
1 /705 (BixRx..xR) j_;

(o)

3

[ 1PGY(]':"))"). There-

fore, by Lemma 31 it follows that gp = gp ( ?ZIPGY“ "ras., V0 € O, and for every
B € B(R)" such that B = By x --- x B,,, B; € B(R). This implies that the function gg
depends as g, on all y;'», 1 <4,7 < n which by the definition of gp in equation (34) leads

to a contradiction. O

For every B € B(R)" the functions gp and gp belong to (\yee, L1((®].

Proposition 68 Let 1 < k£ < 6. Assume that for the family of probability distributions
O, 1 < k <6 it exists a version of the conditional distribution PGX Y which is independent

of 0 € O, PGX — a.s.. Denote it by PXY Then there exists 1 < r <n —1 such that the
RSS experiment without repetition

D)

Gl = (R, BR)" AR, P, " @, PX: 0€0y))

is not exhaustive for the RSS experiment

x (M
Gr = (R, BR)" {&]_,F) " @, P : 0 €6,}).

Proof.

We prove the assertion by a contradiction argument. Assume that ¥V r € {1,...,n — 1} the
experiment G, is exhaustive for G, i.e. there exist Markov kernels L" : R" x B(R) —
[0,1], 1 <r <n —1, such that

x () (r+1)

X
®z IP [Z] ®z r+1 P«9X<B> - / Lr('rl? <oy Ty B) ®:i11 PG . (dxl) ®z =r+2 P@X(d‘rl)

for every B € B(R)" and 6 € ©y. Define L : R" x B(R)" — [0, 1] by

L(-,B) ::/R(Q) LYz, ... 2}, HL’ (2t .. 2t dat™ o de YD dae TR L dat ).
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Obviously, L is a Markov kernel and it therefore has to satisfy

n (n)

/ L(zy,...,2,,B H (dz;)

=1

n—2
_ 1.1 1 i i i1 i—1
= / 1L(:pl,...,xn,B)HL(xl,...,xn,dxl yeeydx )
Re(n=1) =2

n (n)
0 day ™ da ) [P (da)

i=1

n—2
_ 1/,1 1 i i g1 i—1
- /( 2)L(:pl,...,xn,B)HL(xl,... xy,dry . dxy )
R (n ,
1=2

(n 1)
HPX da?2) X (da"?)

2 2 n

(2)
_ /Ll@},...,x;,B)HPfﬁ] (da}) T P5¥ (dh)

i=1 =3

which, by the assumptions made, is equal to ®,P;X(B). This would imply that the
Markov kernel serves for the exhaustivity relation

n

®;;1P;<(B):/ Ly, ..z B[] By (da:)

" i=1

for every B € B(R)" and # € O, which leads to a contradiction, since we have proved
in Proposition 67 that the statistical experiment G7' is not exhaustive for the statistical
experiment G7.

O

By applying Definition 15 and Theorem 16 in the Prerequisites chapter, we show that
the order relation between the RSS experiments does not hold: G C G7', i.e. the common
RSS experiment is not more informative than the SRS experiment of size n. The men-

tioned theorem can be applied only in the case of dominated experiments, i.e. it has to
x{m
exist a o-finite measure v such that @, P, ! < v for every § € ©y. Therefore, for this

to happen, we restrict to the parameter spaces ©5 and Og respectively.

Theorem 69 Assume that for the family of probability distributions {P;Y : 6 € ©4},

k € {5,6} there exists a version of the conditional distribution PGX Y which is independent
of € Oy, P;* —a.s.. Then for the RSS experiments without repetition

(7")
G:} = (Rn ( ) {®z 1P [Z] ®z =r+1 9 € @k}> 1 S r S n7k € {576}7

it holds:
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1. G7 is not more informative than G7 (the common RSS experiment is not more
informative than the SRS experiment of size n).

2. The family of statistical experiments G}, 1 < r < n is not informative.

Proof.
1. By Proposition 67 we have that the RSS experiment G is not exhaustive for the SRS
experiment of size n, therefore the assertion follows by applying Theorem 16.
2. By Proposition 68 it follows that 3 r € {1,...,n — 1} such that the experiment G, is
not more informative than the experiment G7'. Therefore, the assertion follows analogously
by applying Theorem 16.

O

Corollary 70 For the parameter spaces ©5 and O, there exists (D, W) decision problem
(D,W)

with T a continuous loss function such that Gf ¢ G=. If D is a locally compact metric

space then for this decision problem it follows that 3 p; € R(GY, D) such that for every

pn € R(Gy, D)

W€p1(®?=1<P9X)) < Wepn<®?=1pe . ), 0 € 065,065

Proof. The assertion follows by the definition of the informational order 12 and by The-
orem 69.
O

4.3 Examples

Assume in a fixed statistical experiment & = (E,B,{F : 6 € ©}) with a decision problem
(D, W) and a functional f (), the problem is to find an estimator k& which minimizes the risk
[ Woy(k(x))Pp(dzx) simultaneously for all § € ©. Formulated in this way, the problem is from
an applied point of view not meaningful, it might happen that an estimator minimizes the
risk at one # € © but we obtain different minimizing estimators for the rest of the family.
The situation is different if we restrict for examples to mean unbiased estimators. The
definition of more informative statistical experiments has also this impediment. Although
one can construct experiments which are more informative via the randomization criterion
(for example via sufficient statistics), for a large class of experiments, including therefore
our family of RSS experiments, the informational order does not take place. Even though,
this is the first step to be done when comparing statistical experiments. An important
break in this direction occurred when LeCam[19] stated instead of the question when a
statistical experiment is more informative than other, another question, how much do we
loose respectively win if we use the one experiment instead of another. The answer to this
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question can be given by using the definition of A-deficiency.® which can be applied for
every comparison of statistical experiments. The calculus of the A-deficiency between the
RSS experiment without repetition and the SRS starts by considering for example first

5(RSS, SRS) = 6(G™,G™)

(n)

= inf sup || L ®; P — QP
LeK(GR.BE)) peb ! e

f< JA(L @y Py — @ PyY)

x(m)
//f y,dl’ ®z 1P [Z] dy /f ®z 1P9 (d.T)

where we have denoted by K(GJ., B(R)™) the set of all Markov kernels from G} to (R", B(R)"),
(n)
L®r, P(;X ' is then a probability measure on (R", B(R)") defined by

= inf sSup sup
LeR(GH.BR)™) 9O |f(x)|<1

= lnf sup sup
LeK(GE,BR)™) 9ed | f(2)|<1

x (™ (n)
Ler, P (B) = / L(z,B)®L, P, (B)(dx), B e BR)"

and the norm is treated as the total variation in L., (R", B(R)")) (see JACODI18], section
V.4a). Tt follows directly from the definition of the deficiency that §(RSS,SRS) =0 <
the RSS experiment G} is more informative than the SRS experiment G7, which by The-
orem 69 is not the case. This considerations for the deficiency between the two relevant
experiments are topic for further research.

Let us restrict now, as in the case of a fixed experiment, only to the case of mean un-
biased estimators for regular functionals and try to see how the relationship between RSS
and SRS looks like for this particular class of decisions.

Definition 71 A decision problem (©, D, W) is called an estimation problem if there is a
function f : © — D such that Wy depends on 6 only through f,0 € ©.

Definition 72 A function f : © — R admits an mean unbiased estimator k for the
statistical experiment & = (E,B,{Py : 0 € ©}) if k satisfies [kPy = f(0), § € ©. The
set of all mean unbiased estimates of f for the statistical experiment mentioned is denoted
with H(E, f).

Remark 73 Let £ = (E,B,{F, : 0 € O}) be a statistical experiment and (60, D, W) an
estimation problem. If k is an estimator then it exists a randomized decision function given

6Let £ and F be two statistical experiments. Then the experiment &£ is e-deficient with respect to the
experiment F if for every decision problem (©, D, W) with a bounded continuous loss function and for
every (B € B(F, D) there is 51 € B(E, D) such that 1 (Wy, Py) < B2(Wy, Qo) + € ||Wy]|, 0 € ©. We denote
F C &. Define §(E,F) = inf{e > 0: F C £}. Then A(E, F) := max{d(E,F),8(F, E)} is called the
deficiency between £ and F.
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by p(-, B) = 1g o k and the risk function for this decision function reduces to WypPy =
| Woy(k(x))Pp(dz), 6 € 0.

(T)
For the purposes of this section, elements of Ly(G}) := (Vg L2(®]_ 1P n o ByY) are
called estimates for the experiment G for every 1 < r < n and for particular choices of ©.

Estimating Regular Statistical Functionals of Degree 1

Definition 74 Let {Py: 6 € O} a family of probability distributions on (R, B(R)). Then
the functional f : ® — R is called a regular statistical functional if it exists a measurable
function i : R™ — R such that f(0) = [, h(z1, ..., @) [[[2 Py (dx;) for all € ©. The
function h is called the kernel of the functional and the smallest m such that the equality
above holds, is called the degree of the kernel h, respectively the degree of the functional

f.

Despite the fact that most of the following considerations hold for arbitrary parameter
spaces O C O, k € N, where O is defined in equation (21), the relevant assertions
will hold only for parameter space for which in the SRS experiment we can construct
minimum variance unbiased estimators, for example parameter spaces for which the order
statistic is sufficient and complete. This is possible for example for the parameter space
defined in equation (27) O := {PXY € MB(R)?: PXY < N2, PY € Ay, P* € Ay} and
Ay ={P e MBRR)): [hi(z1,...,2n) [~ P(dx) < oc,i=1,...,1}).

Proposition 75 Let the SRS experiment be G = (R, B(R)" : {®@"_P;* : § € O} and
let h: R™ — R be a symmetric kernel of degree m. The the U-statistic U, (z1,...,x,) =
E[h(Xy,.... Xn) | Oy (56’1, s T)] = ﬁ 21§i1<---<im§n h(xi,...,x;,), n > m, is an un-

m

biased estimator for f(0) = [, (@1, ..., xn) [[[2 P (dx;), 6 € O, ie. U, € H(GY, f).

Moreover, it minimizes the convex risk among all mean unbiased estimators for f(0).

Proof.
See for example Theorem 3.2.7. in Pfanzagl [21].
U

The question is how the estimator U, behaves if chosen as an estimator for all the other
RSS experiments without repetition. Since we have proved that the RSS experiment is not
more informative than the SRS experiment, there exists no Markov kernel to consistently
construct from SRS estimators better RSS estimators, which is possible in the case of the
existence of sufficient statistics, for example. The choice of the same U,, as an estimator in
the RSS experiment is based on considerations for the unbiasedness in the RSS experiment
for the chosen functional. The next proposition, typical for the RSS problematic, is used
in many papers dealing with RSS.

Proposition 76 If m = 1 then U,, € H (G, f) for every f regular statistical functional of
degree 1 for the SRS experiment, f(0) = [ h(z)P;*(dx), 0 € O, O € O, k € N.

44



Proof.
By direct use of the fundamental equation (11):

EGQ[Un(xl,...,xn)]:/ (x1,...,x HP dxl H P;* (dx;)

i=r+1
= / thZHP d:cl HPG (dx;)

i=r+1

_ —Z/ P [(5) (dz) + n;r/h(a:)PGX(d:c)
_ / Z P . / W) P (de)

r

_ T / h(x) P (de) +

n

n—r

/ ) P (dx) = 1(6)

for every 0 € Oy.
O

We show that for a particular choice of the parameter space, the converse of the previous
result is also true.

Proposition 77 Assume we are in the case of perfect RSS experiment, i.e.

Xim)

Gh = (R", BR)" AR, F; " : 0 € O4})

(:)k E O, k € N. Let f a regular statistical functional of degree m for the SRS experiment,
= [ h(z)P;*(dz), 6 € ©. Then m =1 < U, € H(G,, f).

Proof.
(Un € H(Gy, f)) = (m = 1):
Let 6 € ©. By direct use of the fundamental equation (11) it follows that:

f(e):/ (1, ) | [ B (day)
R =1

[ b ﬁ(gpw)

=1

X
h ) P (J1: n) P X (jmin) d
IRCESr ) ()

.....

1 ¢ . -
= — Z / h(xy,... ,xm)PGX(“‘")(dxl) . .PGX(“"'")(d:L’m)

jl ~~~~~ ]m
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where we have denoted by V,, the V-statistic V,, (:1:1, e Ty) = D (g )
Suppose further that U, € H(GL, f)), i.e. f(0 fRn (11, ..., 2,) HZ ) PX(Z " (dw;) for
every 0 € ©. Therefore we have that Jon Un (@1, - xn) =Vl @) [T, PX(Z " (dx;) =

0 for every 6 € O. By Lemma 31 and Proposition 60 it follows that U,, =V, ®i:1P(;X“ R
a.s which is possible only in the case m = 1.

(m=1)=U,€ HG., f)):

Particular case of the Proposition 76. U
Let us now consider arbitrary convex loss functions for evaluating estimators. A loss func-
tion is convex if ¢ — Wjy(t) is convex. A natural convex loss function is Wy(t) :=| t — f(0) |,

a mathematically more convenient one is the quadratic loss function Wy(t) := (t — £(0))>.
More generally, Wy(t) := C(t — f(#)) is a convex loss function if C is a function attaining
1ts minimum at 0.

Proposition 78 For any convex loss function which depends only of a regular statistical
functional f of degree 1, the relation holds:

Wo(Up(ay, ..., x HP da:ZHPdeZ /Wg NPX (dx),

Rn i=r+1
where U, is the U-Statistic of degree 1 and 0 € O, O, C O, k € N.

Proof.

By the convexity of the loss function and making use of the fundamental equation (11) it
follows:

Wo(Un(z1,....2) [T 2 () ] P (da) =

R i=1 i=r+1
BN Xg)
= /n W EZh(:pz) P, " (dx;) H P;* (dx;)
i=r+1
< /R" " ZWG x;) P, dx, H P;* (dx;)

i=r+1

= [ Wb py ) +
— [ Walno) P (@
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for every 0 € Oy. O

Therefore for a decision problem (R, W) where we only know that WV is a convex loss func-
tion we can only derive an order relation between the experiment (R, B,{FP;* : 6 € ©})
and G, the second one being more informative then the first one. This comparison shows
that the U-Statistic for a regular statistical functional of degree 1, based on a sample of
RSS random variables will have always a smaller risk given any convex loss function, then
the U-Statistic based on a single observation from the target unknown distribution, P;~.
Further, we consider the more specific quadratic loss function and recall in our framework,
the perhaps most relevant result for the applications dealing with RSS.

Proposition 79 Consider the common quadratic loss function Wy = (t — f(6))?, 0 € O
where f(6) is a regular statistical functional of degree 1, f(#) = P;*(dx). Then the following
inequality holds:

var () [Un(@1, ... 20)] < vargn px[k(zi1,..., 2,)] (35)
CEUAL -

for every 6 € ©g, k € H(GY, f) and U,, the U-statistic of degree 1.

Proof. o
Let 0 € ©p. Let k € H(GL, f) and denote by P, Zi = P, 0 for all 1 < i < r and

PGZ[i] = P;* for all r + 1 < i < n. Then by the theorem of Lehmann-Scheffe and by the

fundamental equation (11) it follows that [, (k(z1,...,2,) — f(0))*T]\, P* (d;) >

> [ Wit — £OP T] 2 )

. / (h(x) — f(6))* P} (dx)

- Z/ ()~ f(0)°

_ % > ( /R (h(z) — f(0))2 P (dx) + /]R h(x)P, M(dx)) -
- - (n Z/ Z[z} )2
_ % ;/}R(h@) B f(@))QPme(d@ + % Z:l (/R(h(x) — f(e))szhJ(dx))z
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i=r+1

_ %i/ (h(z:) — HP % () H PX(d;) +
i=1 Y R"

n il 1 (/R(h(x) _f(e))J.D@Z“](dx))2

n? <
= Wo(Up(ay, ..., x HP da:z H PX(dx;) +
R™ i=r+1
RN X i
o ([ - renr™ )
s \UR
Since the second term is positive the assertion follows immediately. O

Since we have restricted to the class of unbiased estimators, the last proposition can-

(D,W)
not imply the assertion G C  G", 2 <r <n for the decision problem (R, (t — f(0)?)
where f(0) = [ h(z)P;*(dz) is a regular statistical functional of degree 1. Therefore, the

decision problem (R (t —f (9)2) cannot serve as an example to lead to the result "the SRS
experiment is not more informative that the RSS experiment” that would imply the non-
comparability of the RSS experiments with the SRS by the informational order definition.
Even though, we affirm that the result is strong enough to use it from an applied point of
view, analogously to a result like an estimator is the minimum variance unbiased estimator
in the class of all unbiased estimators in a fixed statistical experiment.

The next proposition serves for a motivation of the treatment of the comparison of the
RSS experiment with the SRS experiment via Markov kernels. We show that there exists
no sufficient statistic that could induce the RSS experiment such that the sufficient statistic
would lead to the sample mean as estimator of the expectation. Therefore the next natural
step is to search not for a sufficient statistic but for a Markov kernel which does not has to
exist necessary only through the existence of a sufficient or exhaustive statistic. Since we

need the existence of the second moments with respect to X, we restrict to the parameter
X0
space Og. Denote by O, C Oy, the subset O, := {0€0,: ie{l,...r} P #+ Py}

Theorem 80 For every k : R" — R, @, P;X-unbiased estimator of f(#), regular statisti-
cal functional of degree 1 it holds

Un(xla e '7"L‘n) # E®?:1P9X[k | S = ("L‘la' e 7xn)]7®?:1P0XS_1 -

Vo € @6, where U, is the U-statistic of degree 1 and S : R* — R" is assumed to be a

sufficient statistic for the SRS experiment G} = (R", B(R)", {®@"_, P;* : 0 € Og}) such that
nPYoSTt =gl P @, P for every 0 € O.

Proof.
For the parameter space Og, the order statistic O,, is a minimal sufficient statistic for the
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SRS experiment, (R" B(R)" {®@, P : 6 € ©g}). Let h be the kernel of the functional to
be estimated, i.e. f(6 fh PX dx Then h(x) is an unbiased estimator of f(#). By
the minimal sufﬁmency of the order statlstic, the conditional expectation of h given O,,
denote it by go(@1,...,2n) = Egn_px[h| Op = (z1,...,2,)], is independent of § € ©g. By
the Lehmann-Scheffe theorem it follows that the estimator go o O, = U, is the minimum
variance unbiased estimator in the SRS experiment, i.e.

vargn px[go(On(z1, ..., 2,)] < vargn px[k(zi,...,2,)], 0 € O

for any k, ®!_; P;*-unbiased estimator of f(6). Consider now the sufficient statistic S. Since
()

n L PfoO £ ®§:1P9X[i] Z w11 P for every § € ©g we notice that S # O,, @I, P;*-a.s.
Let k be an arbitrary @7, Py unblased estimator of f(#). Also by sufficiency of S for the
SRS experiment, it follows that the conditional expectation of k given S, gs(z1,...,7,) =
Egn pxlk | S = (21,...,2,)] is independent of § € ©g. By the Rao-Blackwell theorem,
the measurable function gg o S is an unbiased estimator of f(6), therefore, since gop o O, is
minimum variance unbiased estimator we obtain

vargn px[9o(On(1,. .., 2n)] < Vargn pxlgs(S(@i1, ..., 2n)]

& vargn px[90(On(@1, ..., 2n)] < vargn pxg-1[gs(z1,. .., Tn)]

for every 0 € Og. Let 0 € ©g C Og. Therefore Ji € {1,...,r} such that P ;é P;*.
Moreover, we know from Proposition 79 that

T

x () 2
vty s Unlaon ol + 5 3 ([ o) - s6)7 (0 <
< vargn px[Un(1,. .., @)

When restricting to the parameter space O the stipulated inequality is strict and it follows
that
vargn pxg-1[Un(21,...,2n)] < vargs px[go(On(@1,..., 25)]
= vargn pxg-1[Un(21,. .., 2n)] <Vargn pxg-ilgs(z1,...,zn)).

Therefore, U, # gg, @, PXS -as. V0 € Oy,
0

Takahasi [27] proved in the case of perfect RSS, i.e. when X =Y P-a.s., that the vari-
ance of the RSS estimator, var X |2 20, @] decreases as n increases. Consider O
Qn_ Py N 1=

as given by equation (27). We é:eneralize Takahasi’s proof by showing that the assertion
holds uniformly in the family of RSS experiments

(T)
Gr = (R". BR)" AR}, F, " ®1,,\ P 0 € 6g})

for the estimation of a regular statistical functional of degree 1.
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Proposition 81 Consider the quadratic loss function Wy = (t — f())?, € ©g where
f(0) is a regular statistical functional of degree 1. Then the following inequality holds:

var (1) [Un(21, ..., 2,)] < var () Un(z1, ..., 2,)]

+1 [z] X [1] X
®: 1 P@ ®ZL:T+2P0 ®Z:1P0 ®?:r+1P0

for every 1 < r < n, 6 € Og and U,, the U-statistic of degree 1.

Proof.
The inequality above is equivalent to:

var [% (ih X[(Z? + ih(XQ)] — var [— (ih X[(Z H)) + i h(Xi)>

i=r+2

r—+1
(7") 1 (r+1)y , var[h(X)]
n2 Z Var X[z] ) Zvarh(Xm ) + 2 >0

i=1
Denote by f(;.r)() the density function of the i-th order statistic in a sample of size r and
by fx|v(z) the conditional density function of X given Y. Then the following recurrence
relation holds: 1 ,
r —1 1
i () = ﬁf(iwl)(fc) + T
for every r € N, 1 < i < r and x € R. According to this recurrence relation, we can
express the k-th moments of the RSS random variables recurrently:

f(z‘+1:r+1)(l’)

BIRCK N = [ h e ()

N // )" fxpy =y (@) flar) (y) dady

1 )
= // fX\Y =y )(%f@:rﬂ)(?/)+ﬁf(i+1:r+1)(?/))d$dy

r+1—1 (r+1)\1k v (r+1)
ﬁE[h(X[i] )] +mE[h(X[z+l] )*

Therefore

Eh(X? — [BR(X))?

var[h(X )] il il

(2]

Var[h(X[(Zfﬁ))]) +

2
E[h(an) ;
r+1—1 . 1 .
(—wa[&ﬁ”)}? ; E[h<x[§:ﬁ’>12) .

Using the recurrence relation we obtain:
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r+1 r+1

() o (r—l—l (r+1)
SolhX) = e+ S Bl

- ﬁ Z ((r +1 -8 B[h(X{ )] + z’E[h(X[(ii?)])Q .

Additionally, remark that given euquation (11) the following equation holds

r+1 r+1
1
(7"+1) (r+1) 2
var[h(X _r 1 g var[h(Xp; +T | ZEl(E[h(XM )] — Elh(X)])". (36)

Summarizing, we obtain for the left hand side of equation (36) multiplied by n*:

r+1

Zvarh(X[(i?) — Zvarh(X[(i?H)) + varh(X) =

r+1 r+1

= Zvarh Zvarh X[ (r-1)y +— Zvar X[g )+

+ Til i(E[h(X[g“))] E[h(X)))?

= - i ; :iE[h(X[Zj“))]Z G +1 7 Z; (6 + 1= DB + zE[h(X[(Tﬁ))])Q +
+ Til i(E[h(X[gq“))] E[h(X)))?

= +1 0y (W +1) Z BlR(X{ )] Z ((r+ 1= ) BR(X)+

+ zE[h(X[gTj))]) ) + - i - i(E[h(X[(Z’]’“))] — E[h(X)])?

- g L (- B )+

+ - i - §<E[h<x[§§“’n — E[A(X)])* 2 0

OJ
In order to prove that a possible information order for estimation problems in the family
of RSS experiments is possible when restricting to unbiased estimators, we need to prove
first that the sample mean is the minimum variance unbiased estimator in every fixed RSS
experiment in the family.
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Proposition 82 For every 1 < r < n fixed but arbitrary, the sample mean is the minimum
variance unbiased estimator in the perfect RSS experiment

Gn,perfect (Rn (R)n’ {®;’:1P6X(i:r) ®Z’L:r+1 PGX c 0 e @6})

Proof.
Define the measurable function S : (R"B(R)") — (R"B(R)"),

(:L‘la s 7xn) = (IL‘l, s axraOn—r(xr-‘rla s 7xn))

where O,,_, is the ordinary order statistic function. The function S is then a sufficient and
complete statistic for the experiment G™P¢/¢t. To prove the sufficiency let B € B(R)"
such that B = By X --- X B,,, B; right open interval in R, 1 <7 < n and 6 € ©g. Then
the conditional expectation with respect to the probability distribution in GrPer/ect of 15
given S is

Eollp | (z1,. .., Zr, Oner(Tps1, - - - Tn))]
Ee[lle---XBr]-th><~~~><Bn | (l‘l, ey Ly On—r(xr—i—la ce ,ZL‘n))]
= FEp[lp xxB, \ (21, ..., 2) ] Eg[1B 1 xeoxBn | O(@ri1, .., 20)]
r Xi:r n
- 1le“'XBT Z Lo BryioxBa)y @i Py 7 @,y By — aus.
7T€Sn r

Denote by I'" the system of all finite unions of figures in R™. Then the function
H:R"xI"™—|[0,1]

H(',B) — 1Bl><"'><Br Z ]-Tﬂ- BT+1>< ><Bn)

’ 7'('6871, T

can be extended V(ry,...,7,) € R" to a probability measure on B(R)", say H such

that H is a version of the conditional distribution given S and independent of 6 € O,
;’ZlPX“ D@, P — a.s., therefore, S is a sufficient statistic.

For the completeness, let h € (o, L1(G)) such that

/h(xl, ey Ty O(Tpg1y ooy Ty)) @1y P(;X(”) ", 1 B (dxy, ..., dx,) =0 0 € O.

By the transformation formula it follows that,
/ T1y.e..,T HPX(ZT) On X (d[L‘r+1,...,d$‘n):0, 96@6.

Since the order statistic is complete, by the Proposition 60 and the Proposition 31 it follows
that o =0, ®g=1P;((izr)P90”_TXn "-a.s., which implies that S is a complete statistic for the
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RSS experiment Gmrerfect. et }LZZ L h(x;) + == h(z,41) be an unbiased estimator of
f(0). Let 91, yn) = By 201 M) + 22 h(@rg) | S(an, . 20) = (Y1, ),

7{:1P @@ 1 P —a.s. Therefore, by the theorem of Lehmann-Scheffe, the estimator
go S is an unbiased estimator and has the smallest variance among all unbiased estimators
with respect to the G}’ experiment, i.e.

V&I‘g[g(S(;L’b S 7xn>] < Var@[k(l’l, R 7.1’,1]

for any k unbiased estimator of f(#) and for each 6 € ©g. The uniformly minimum variance
estimator for the functional f(6) is then:

g(S(x1,...,x,)) = Eg(% Z h(z;) + Th(a:,url) | S(z1,...,2,))

1 T
= Bl > h(w) | (21,2, Oy (Tgrs - ) +

n—r

+ E«9<xr+1 | («rh .. Ly, On r(«rrJrla 73711))
. n—r 1 _
- -S"n
=1 i=r+1
1 n
i=1
= Un(.'lfl, 7xn)
[
Corollary 83 Let f(0) = [ h(z)P;*(dx), 6 € O a functional to be estimated. Then the

following inequality holds in the famlly of perfect RSS experiments:

var [Un(x1,. .. 25)] < VAL p (i) [k(x1,...,2,)], 0€ O

+1 X (i +1)
®T P ®n 1=r+2

X X
1= 'r+2P P

for every 1 < r < n—1. Here U, is the U-statistic for estimating f(6) and k is any unbiased
estimator in the G™P/* experiment.

Proof.
Let 1 <r <n—1and # € Og. By the Proposition 81 it follows that

Val“®r+1P GriDgn [Un(21, ... 2,)] < Var®: P X(i. Den L pX [Un(z1, . 20)] <
< VAL oy p Xt g (k(z1, ... 2,)]
1=T

where the last inequality follows from the minimum variance property of the U-Statistic in
the experiment Gr-rerfect, O
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5 RSS Experiment with Repetition and SRS of Smaller
Dimension

5.1 The Informational Order

In the last section we have treated comparisons of RSS experiments without repetition
on probability spaces of the same dimension. We concluded that the family of RSS ex-
periments without repetition is not more informative, i.e. there exists no Markov kernels
which should recursively generate the randomization of the experiments. In this section
we are interested in the comparison of RSS experiments with repetition with the SRS ex-
periment of a smaller dimension. We conclude that in this case the RSS with repetition is
more informative than the SRS experiment. The results are particular relevant for further
comparison of the RSS experiments. At the end of the chapter we present an example to
motivate the results also from an applied point of view.

Recall the RSS experiments with repetition for the parameter spaces ©, C 0, k € N:
n n X(tl) X(tp)
Gl @ @G = R==4 BR)Z=5 {@L PV @@, P 1 0 e 6)),

j=1

t; € N, 1 <i <n. The parameter space Oy is defined in equation (21).

Proposition 84 Let ©, C Oy, k£ € N an arbitrary parameter space. The experiment
(R™, BR)", {@r_, P, " : § € 6,}) is exhaustive for the experiment (R, B(R),{P;X : 0 €
@k}), n € N.

Proof.

Let A € B(R) and 6 € O. Then, by the fundamental equation (11) it follows that

PrA) = =) P (4)

Therefore, the Markov kernel denoted by K" : R” x B(R) — [0, 1],

n

K"(-, A) = = Z L xR x... xRy A€EBR) (37)

Jj=1

n—1
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fulfills the exhaustivity equation.
OJ

Remark 85 Let 0y € O, k € N such that P)" = P; Py, ie. X and Y are independent.
(n)
Then P Pe)o( for every 1 < ¢ < n. Therefore, for such a distribution the Markov

kernel deﬁned in (37) serves for the exhaustivity equation P;l(A4) = £ 3" PX(A), for
every 6 which stands for independence and for every A € B(R). In the case of dominated
experiments, this implies that a SRS experiment of size n is always more informative than
a SRS experiment of size 1. In other words, this serves for a proof that every decision
made with more than one observation in an experiment with i.i.d. observations, is better
than a decision made upon one observation.

Proposition 86 Assume that for the family of probability distributions O, 1 < k < 6
it exists a version of the conditional distribution PHX Y \Which is independent of 6 € O,

P;* —a.s.. Denote it by PXY' Then the kernel K™ defined in equation (37) is unique in the
following sense: for every other kernel L : R" x B ( ) — [0, 1] which fulfills the exhaustivity

equation P (A) = [o. L(21, ..., 20, A) ], P (d;z:z) for every A € B(R) and 6 € Oy it

holds: . )
/ L(:Ul,...,xn,A)HPXIYzyi :/ Kn<l’1,...,l’n)HP.X‘Y:yi
" i=1 Rn i=1

;‘ZngY(i:") — a.s. and for every A € B(R).

Proof.
Assume there exists a Markov kernel L : R" x B(R) — [0, 1] such that

n

n)
PGX(A):/ L(zy,...,xy, A I_IPGXz (dz;)

i=1
for every A € B(R) and 6 € O. Therefore

n x (™)

/ (L(xl,...,xn,A)—K"(xl,...,xn,A))HP 9 (dxy) =0
R™ i=1

o /n/n(L(xl,...,xn,A)—K"(azl,...,xn,A))HP_XY:y(dxi)HP ) (dy) = 0

=1 i=1

Since for the families © the order statistic is complete, the assertion follows then by
Lemma 31 and Proposition 60. U

55



Lemma 87 There exists a unique Markov kernel Q%2 : RXi=1t x B(R)2 — [0, 1] such

that
2

Q" (z: 1<i<21<j<t;B)=][K"(a},....2};B) (38)
i=1
VB = By x By B; € B(R),1 <i < 2. For each B € B(R)? it holds Q""(z} : 1 < i <

/KtQ(x%,...,fo;BZI)K“(:E%,...,xil;dzl) :/Ktl(l%,...,xtll;Bz2)Kt2($%,...,l‘?2;d22)

where B,, := {23 : (21,22) € B} (respectively B,, := {z1 : (z1,22) € B}).

Proof.

That Q"% defined by

Qa1 <1 <21 <5 <t;B)= [K®a3,... 27,;B,)K"(x},...,5{;dz) is a
probability measure on B(R)? is obvious. Analogously, @"** defined by Q"*(z} : 1 <
i <2,1<j<t;B)= [K"at,...,21;B.,)K"?(z1,...,x};dz) is a probability mea-
sure on B(R)?. The uniqueness follows by arguments similar like for the uniqueness of
the product measure, see for example Bauer [3], section 21. Let us check the prop-
erty (38). Denote for each x € R”2 and B € B(R)? by sg(z,-) the B(R) measurable
function z; — K*(z,B.,) on R. Therefore, Q"*(z} : 1 < i < 2,1 < j < t;B) =
[sp(ai,....a}, 1) K" (2f,...,2{;dz). Let B € B(R)? such that B = By xB,, B; € B(R),
1<i<2and (z7,...,27) € R Then

SBl><32<x%7 e ,.’,U?w Zl) = Kt2<.’1§'%, e ,.’,13‘32, (Bl X B2>21)
1 &
-4 Lo ((BixBa)y xBeoxBY (T15 - - -5 Tty)
=1

and therefore
Qtl’”(:c; :1<i<2,1<j<t;B) = /K”(w%,...,fo,Bg)lBl(zl)K“(:c%,...,:c%l;dzl)
= KtQ(:E%,...,x?Q;BQ)K“(x},...,:Etll;Bl)

for every B € B(R)? such that B = By x Bs.
U

Lemma 88 There exists a unique Markov kernel Q%+t : REi=1t x B(R)" — [0, 1] for
n > 2 such that that
Qo t"(:p; 1<i<n1<j<t;B)= HKt"(:E’i, o ,xii;Bi) (39)

i=1

VB=B; x---xB, B;€ BR),1<i<n.

56



Proof.

If n = 2 than the existence and uniqueness are proved by the previous lemma. Assume now
n—1

that such a Markov kernel exists for n — 1, i.e. it exists Q-f-1 : Ri=i t x B(R)""! —

[0, 1] such that that

QUurtni(zh: 1<i<n—11<j<t;B)= HKt (2},...,2}; B)) (40)

VB = By x---xB,_1 B; € B(R),1 <i <n—1. We define Qtt» : R-i=1% x B(R)" — [0, 1]
by Q! t"(xé»: 1<i<n1<j<t;B):=

/Q“ ..... b 1( 1 1<i<n—-1,1<j<t;B, )K"(zl",... 2" dz,)

for every B € B(R)" and where B,, := {(#1,...,2n-1) : (21,...,2,) € B}. Then, analo-
gously as in the previous lemma, the Markov kernel satisfies equation (39). The uniqueness
follows by the same arguments as in Bauer [3], Proposition 22.3.

O

Theorem 89 Let O, C O, k£ > 0 be an arbitrary parameter space. Let n € N be fixed
but arbitrary. The RSS experiment with repetition

(tl) x (tn)
Gl ® @G = (RE=1h BR)Z =1l {1 P, ®...0", b, YU e o),

t; € N*, 1 <i <n, is exhaustive for the SRS experiment

G = (R", B(R)", {®@",P;* : . € 6,}).

Let @t : REimt x B(R)" — [0, 1] be the Markov kernel such that
Qrtn(at s 1<i<n1<j<t;B)=][][K"@l ... 2 B) (41)

VB =DB; x:--x B, B; € B(R),1<i<n. Then we affirm that
(t)
®§‘1P9X(B):/Q“ ----- "(} 1<z<n1<j<tz,BHHP (da")

=1 j5=1

for all B € B(R)™ and § € ©,. We prove the assertion by making use of the previous lemma
and several use of the proposition of Fubini. Additionally, recall the Markov kernel K
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defined in equation (37) and serving for the exhaustivity in Proposition 84. Let B € B(R)"
and 6 € ©,. Then

(t)

/Qtl ----- ( :1<i<n,1<j5<t;B) HHP da:)

i=1 j=1

_ /Qtl ..... tnl 1<'L<7’L—11<]<t27B)
no i x ()

Ktn(xtln’___’gji 7dZn HHP (7] dl’

i=1 j=1

_ /Qtl ,,,,, tnl( ]_<'L<7’L—1].<]<tsz)

nol G )
P;X(dzy) HHP 9l dx
=1 j=1
- /Qtl ..... e 2< 1<Z<n_2]‘<]<tl7anzn—l)
n—2 t;
K= (2, . 2l dzn1) Py (dzy) HHP
i=1 j=1
- /Qtl ..... e 2( 1<Z<n_2]‘<]<tl7anzn—l)
n—2 t;
P (dz,_1) Py (dz) HHP
=1 j=1
Here we define for an iterative use the sets B,, .. € B(R)*"1

an ..... Zp T {(21,...,Zk_1): (Zl""’zk) GBZ" """ Zk}’ ZSkgn

. i X ‘
JQut(a 1 <i<n 1< <t BT T By <dl°3‘) -
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Theorem 90 Assume O, C Og, k > 0 are dominated families of probability distributions.
Then for the RSS experiment with repetition

n n x ()
Gl @ @G = (Rx=" BR)==" {g, L P," :0€06,}), t,eN1<i<n

and the SRS experiment
1= R"BR)" {@ P : 0 € Or})

the informational order holds

GrCGl®--- G

Proof.
By the last proposition it follows that the experiment Gii R ® Giz is exhaustive for the

experiment GG,,. Therefore, the assertion follows by the Definition 15 and the Theorem 16.
O

Corollary 91 For every decision problem (0, D, W) with a continuous loss function and
x ()

V ;1 € R(GY, D), 3 po € R( ;‘ZIGZ,D) such that Wypy @, ®§i:1P9 U< Wepr @1,

P, feo.

Proof.
By the definition of the informational order.

O

From an applied point of view, this result is of relative importance. In the case of es-

timation, the last corollary implies the comparison of an est(in)lator based on X1,...,X,,
t
i.i.d P;f observations with an estimator based on X[(;]i) ~ PGX“] ,1<i<n,1<j<t and
all independent. Thus and estimator based on n observations is compared to an estimator
based on Y !, ¢; observations. In the common estimation problems, the precision of an
estimator in terms of variance increases with the sample size, i.e. the variance of an esti-
mator decreases as the sample size increases. Despite this, there are a few examples where
within the SRS experiment this assertion does not hold, i.e. where an estimator with less
observations will be more precise. When comparing the SRS experiment, G} with the RSS
experiment ®?:1G§j, this impediment will not happen. Let us give some examples, the first

being the analogous example from the end of the chapter 4.

5.2 Examples

Example 1.
Consider the balanced RSS experiment with repetition, i.e. t; = ... =%, =p, p € N for
the parameter space O, C ©g, k € N

QI,GP = (R™, B(R)™, {@i-y @_, Py : 0 € O4})
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and the SRS of size n
G = (R", B(R)", {®?:1P(;X : 0 € O}).

Let the decision problem be an estimation problem. Assume we want to estimate f(0) =
f h(z)P;*(dx), 0 € Oy, where h is the integrable kernel of the regular functional of degree

The loss functlon is the common quadratic loss. The informational order between
the RSS experiments with repetition and the SRS of smaller dimension implies that for
every estimator we choose in the SRS experiment, there is a better estimator in the RSS
experiment. We know, for certain parameter spaces, the U-statistic of degree 1 is the
minimum variance unbiased estimator within the SRS experiment, therefore, we choose U-
statistic U, =n~'>"" | h(z;) to estimate the functional above. We define a new estimator
k:R™ — R by making use of the Markov kernel defined in equation (41), k(z} : 1 < j <
p, 1 <i<n):=

/ Un(yla'-'ayn)Qp, 7p( 1<j<p71<2<ndy17adyn)

Proposition 92

Proof.

/ U(yla'-'ayn)Qp7 7p( 1<Z<n1<j<pady177dyn)
- / Zh (y:) HKP (21, ..., 25, dy;)
= EZ/ h(yl)Kp(xyiaa padyl)
i=1 Y R"
= li h(y:) Zlm (dy; <o) (T, - -5 )
n —1 /R

I G,
- ZZ/ (Y)0tprym; (3. é)}(dyi) = n—pZZh(xj)
i=1 j=1 i=1 j=1
O
Therefore, it follows that
A ‘ 1 &
var L (=" " h(ah)] < varg, px[= Y @), 0 €6

L 1®J 1P ol p =1 j=1 =1



Remark also that by integrating with respect to the Markov kernel QPP we obtain the
U-statistic as estimator in the RSS experiment. In the case of the common quadratic loss
function, the variance of the U-statistic decreases as the sample size increases, so the ob-
tained estimator is here from an applied point of view of relative importance.

Example 2.

To present the second example we need to introduce some more definitions and a proposi-
tion relevant to the assertions which we are going to make. For more details on the example
within a fixed experiment, see Pfanzagl [21], example 2.7.6.

Definition 93 (Concentration of Estimators) A probability measure ¢; on B(R) is
more concentrated about 0 than another probability measure )y on B(R) if

Ql(_t/,t”) Z QQ(—t,’t”), t/,t” Z 0

Consider we have two real estimators k; and ky defined with respect to an arbitrary sta-
tistical experiment whith the family of probability distributions {P : 8 € ©}. A criteria
to compare two estimators is their concentration around the parameter to be estimated,
say f(#). Comparing the concentration of k; and ky about the parameter f(f) can be
reformulated as the problem of comparing the concentration of the probability measures
Pyo (ki — f(0)) about 0. Consider now o more natural class of loss functions, the class of
all subconvex functions.

Definition 94 (Subconvex Loss Functions) A familiy of loss functions (Wp)sco, Wp :
R™ — Ry is called subconvex if {t € R" : Wy(t) < u} is convex for u > 0 and 0 € ©.

Any convex loss functions is subconvex. If n = 1, the condition of subconvexity is reduces to
the requirement that ¢ — Wj(¢) is increasing as t moves away from f(6), in each direction.
An example of a subconvex loss function which is not convex is for instance, Wy = 1—1¢ -
where C/g) is a measurable convex set containing f(6). If two estimators are comparable,
simultaneously for all (symmetric) subconvex loss functions, they are comparable with
respect to their concentration on all convex sets containing f(f) (symmetric about f(#)).
This is the content of the following proposition.

Proposition 95 The following assertions are equivalent.

1. Py(ky € C) > Py(ky € C) for every convex set C' containing f(#) (symmetric about

1(9)).

2. For every subconvex (and symmetric) loss function (Wy)geo, the risk of k; is smaller
than the risk of ks.

Proof. See Proposition 2.5.3. in Pfanzagl [21]. O

61



If an estimator, say k™ : R® — R is defined for every sample size n, one normally expects
that the variance of k" is smaller than the variance of k™ or that k"' is more concentrated
around the parameter to be estimated than k™. We want to show to which extent this is
true. Consider the family of bivariate normal probability distributions:

C'_')N = {N(,uz”uy,o?c,gg,p) : (:u:l:a :uy7 0-337 O';),,ux,,uy € Ra Ug > 07 0-; > 07 p € (07 1)}
Consider the SRS experiment of dimension n
1 =A{R"BR)" {®_,F; : 0 €On})

and the RSS experiment with repetition

n n x ()
®?:1GZ = (R=5=1%, B(R)>=1", {®i, ®?:1 Py 0 ey}

The problem is to estimate the variance with respect to P;¥, i.e. o2. Let us first treat
the problem only within the SRS experiment. Within the SRS experiment, the estimator
$2(x1, ..., my) = (n—1)"' 3" (z; — Z)® minimizes the convex risk among all mean un-
biased estimators (by the theorem of Lehmann and Sheffe). Moreover, the risk of s2_; is
smaller than the risk of s7 for every convex function. We put the question if s2_, is more
concentrated than s2. Since NZ;;% (shp1 < 03) # N 2(sh < 02), sy cannot be more
concentrated than s2 on all intervals containing o2. Therefore, by Proposition 95 it exists
at least a subconvex loss function, denote it by Ly, such that the risk with respect to Ly
of s2 is smaller than the risk with respect to Ly of s2_ ;. This impediment will not happen
if we proceed with the estimation of ¢ within a RSS experiment with repetition where
we fix t;, 1 < i < n such that 377 ¢; = n + 1. By Theorem 90, the RSS experiment,

?ZlGZ is more informative than the SRS for every decision problem. Therefore, also for
(R, (Lg)geco, ). By using the kernel defined in equation (41) we construct a new estimator,

denote it by 57,1 peg, sny1pes(@h 1 <i<n, 1< 5 <t;) =

/si(yl, oY) @ (a1 < <n, 1< <tgidyy, ... dyy)

Therefore, by Corollary 91 it follows that:

' : : Xyl i
/ Lo(aypss(at 1 <i <1 <<t [T () <

n

< /Lg(Si(«Tb--wxn))HPGX(dxi)

i=1

< / Lo(s2 4120, -, min)) [ P ()

i=1

which gives another motivation of the treatment of the comparison between RSS without
repetition and the SRS of a smaller dimension.
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6 RSS Experiments with Repetition and SRS of the
Same Dimension

In this chapter, we investigate the relationship between the RSS experiment with repetition
and the SRS of the same dimension. Since the general case has an analog proof, we treat
only the balanced case of RSS with repetition, i.e. we consider t; = ... =1¢, =p, p € N.
Recall the RSS experiment with repetition for the parameter spaces O, 1 < k < 6 defined
in equations (22)-(27).
®L,Gp = (R, BR)" A, @ Py 7+ 0 € O4})
and the SRS experiment of size np:
G’ = (R, BR)"™ {®2,F; : 0 € O}).

Analogously as in chapter 4, we will prove that under certain considerations, the RSS
experiment ®;_; G} is not more informative than a SRS experiment of size np.

Proposition 96 Let 1 < k& < 6 be fixed. Assume that for the family of probability
distributions { ;XY : 6 € O} it exists a version of the conditional distribution PGX " which

is independent of 6 € Oy, P;X — a.s.. Denote it by P*™ Then the RSS experiment with
repetition, the balanced case

®i1 Gy = (R, BR)™ {®L, ®_, P, " : 0 € O})

is not exhaustive for the the SRS experiment of size np:
GTP = (R, B(R)"™, {®,P;* : 0 € O4}).

Proof.

We will prove the proposition by a contradiction argument. Assume that there exists a
Markov kernel L : R x B(R)" — [0,1] such that the required exhaustivity condition is
fulfilled, i.e. for every B € B(R)" and 6 € Oy,

n i i . X(,. i
@I? P (B) = /Rn L(xy, ... 7,1 <i<n;B) HHP(, VI (da). (42)
P i=1 j=1

Making use of the proposition of Fubini, the right-hand side of equation (42) is then equal
to

=1 j=1 =1 j5=1
n n . n p p
leiyl" 7 Y n
_ / / Lot <i<m B TP ™" @e) [TTITT 20 (dviy)
RnP i=1 j=1 =1 =1 k=1
PP
= / QhB(y;k 1<i<n,1<k,j gp)HHHPB(J”)(d ki)
Rnp i=1 j=1 k=1



where we have denoted for each B € B(R)™ by hp the measurable function

) p?
RnP i=1 j=1

n P
(y;ij: 1<i<n, 1<k, j<p) L(zt,...,20,1<i<mn; B)anxlyzyﬂ(dﬂ)'

Let B € B(R)"™ such that B = By x ... x By, By € B(R)", 1 < k < p. We know from
Theorem 89 that the experiment ®;_;GY is exhaustive for the experiment G and that the
Markov kernel defined in equation (41) satisfies

p x®

(P )"(Be) = | Q" P(2h, - Thyy 1 < 0 <03 By) HHP U (dx};)

RnP i=1 j=1

for every 1 <k < pand 0 € ©.
By mdependence it follows that @7, P;X(B) = [[4_,(P)™(By) =

R™P% =1
o XY=yt o Y,
H H P. kj<d ;CJ)H H PG (]p)<dylzw)
i=1 j,k=1 i=1 j,k=1
n P v
= / gshy s 1<i<n1<kj<p [ I 7" (dyi;)
RmP i=1 j k=1
where we have denoted by gg the measurable function
p
(ylicj: 1 S’LSTL,l S k?,] Sp) = Qp ..... p(lev'“ax;mal SZSTL,Bk)
R? 3]
L P X[y
[T 1T P (daiy)
=1 j k=1
for each B € B(R)™ such that B = By X ... X By, By € B(R)", 1 < k < p. For each B €

np
B(R)"?, therefore also for our particular choice, the functions hg, g5 € (\yee, L1 (@P PY(J p))

np
are by proposition (60) and (31) equal <®§.’:1P€Y<J~p)> — a.s.. By arguments similar as in

in Proposition 67 it follows that the equality of the functions leads to a contradiction ar-
gument. 0
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Theorem 97 Assume that for the family of probability distributions {P;Y : 6 € ©4},
k € {5,6} it exists a version of the conditional distribution PGX ¥ which is independent of

0 € O, P —a.s.. Denote it by PXY Then the RSS experiment with repetition, the

balanced case "
p

X
@1, GE = (R, B(R)™, &), &%, P, " : € O,))

is not more informative than the SRS experiment of size np
GYP = (R™,B(R)"™, {®!7,P;* : 0 € O4}).

Proof.
By the previous proposition we have that the RSS experiment with repetition is not more
informative than the SRS experiment of the same size. The proof of the theorem follows
therefore by Definition 15 and Theorem 16.

OJ

Corollary 98 For the parameter space O3 or Og it exists (D, W) decision problem with
(D;W)

W a continuous loss function such that G* ¢ @i G It D is a locally compact metric

space then for this decision problem it follows that 3 p; € R(G}*, D) such that for every

Pn € R( ?:1G£7D>

Wopt (@121 (F;*)) < Wopn(®=y @y Py '), 0 € 65(6).

Proof. By the definition of the informational order. O
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7 Appendix
The Ranked Set Sampling and Stratifications

In this chapter we will treat the RSS experiment with repetition, the balanced and perfect
case, from another point of view, by regarding the RSS fundamental equation (11) as a
particular mixture distribution, or in a statistical terminology, as a particular stratification
of the population. The results can be generalized to arbitrary RSS experiments.

Consider the parametrization © = {PX € M(B(R)) : P* <« A} and the corresponding
perfect RSS experiment with repetition and balanced

QI GrrerTet = (R™, B(R)™, {@0, &F_, B, "+ 0 € O}), (43)
p € N*, 1 <1 <n. Recall also the SRS of size np for the parameter space O:
GTP = (R™ B(R)"" {7, P;X : € O}).

Let 6 € ©. It is shown in Isii [17] and Taga [26] that the stratification of a set of random
variables with distribution P;* into p strata may be represented by a decomposition of
P;* into functions Qé : R — [0,00), 1 < j < p which, similar to distribution functions,
are right-continuous and non-decreasing such that P;%(dr) = 1 Q}(z) holds for all
z € R. Let a; := lim, .« Qé(x), for 1 < j < p and define Qé = ozj_lé?é. Then Qé is the
distribution function of the j-th stratum. For a fixed p € N nd § € © we define the set of
vector functions

Q= {(Qp, - (Qp) : ZQ@(@“) =P (z),z €R} (44)

which will be called the set of all stratifications with p strata for P;*. Analogously, if we
first fix the weights o 1= lim, . Q5(x), 1 < j < p then the set

Qv = (@b O+ 3 Qhe) = P (@) € Ry = limm Q)a)}
j=1

will be called the set of all stratifications with p strata and fived weighting vector for P;~.

Definition 99 (The Stratified Experiment with Fixed Weights) Consider the pa-
rameter space © = {P*¥ € M(B(R)) : PX¥ < A}. The stratified experiment with
p strata and fixed weights is a statistical experiment (E,B,P) where E := REj=174
B = BR)Xi=1" P .= (@ @2, Q)+ Q) = a;'Q), (Qf,...,Q)) € Qa0 € O}
where (ny,...,n,) is called the sample allocation vector and (o, ...,a,) the weighting
vector.
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The measures Qé are absolutely continuous with respect to P ie. Qé << Pf 1<j<np.
Therefore, there exists the measurable functions ¢ : R — [0,1] which are the Radon-
Nykodim? derivatives of Q) with respect to P;X, ¢)(x) = %(x), P;* — a.s., for which
the relation holds > °%_, ¢h(x) = 1, PX — a.s., for every 0 € ©. Let two such functions be
identified if they are equal except on sets of P;*-measure zero. For each § € © we define
the set of vector functions

Oy = {(¢h, - dh) : ¢ R— (0,1, ¢h(z) =1, B* —a.s} (45)
j=1

One can easily see that for each 8 € © there is a one-to-one correspondence between the
sets Qp and Py defined in (44) and (45).

Therefore, a stratification for P;* can be identified with a function vector ¢y € ®y.
Analogously, there is a ono-to-one correspondence between the sets Qp , and the set

p
Dpo = (B D) & R—[0,1,S ¢h(x) =1, P — a.s.,/gbg(x)P;f(dx) — o).
j=1
Therefore, an alternative expression for a stratified experiment with fixed weights is
(R-i=1% | B(R)>:=1" P) where
P={®"_, 0, Q): Q)= 0a;'Q),dQ}) = ¢)dF;*, ¢ € Py,0 € O},

Remark 100 Let 6 € ©, p,n € N be fixed and arbitrary. Consider the weight vector
a=(pt...,p7!) to be fixed.

1. We define ¢sps € Py by ¢srs = (p~',...,p~ ") then this stratification vector
together with the allocation vector (n,...,n) generates the SRS experiment of size
np, i.e. the statistical experiment G7*.

2. We define the stratification vector ¢g rss € Py by

¢9,Rss($) = (P_lﬁ(lzp)(PeX(x))a e ,p‘lﬁ(p:p)(PGX(:p))), reR

where the function f;,) is defined in equation (6). By Proposition 35, we have

) X(j:p)
P(;X(”) < P;* with dlzl@T(x) = Bup (P (x)), P; — a.s.. Therefore the stratifi-
0
cation vector ¢rgs together with the allocation vector (n,...,n) generates the RSS

experiment with repetition, the perfect and balanced case, i.e. ®§‘:1Gg’pe7’f et defined
in equation (43).

"Let P and @ be two measures on a o-field B in a space E. If P is o-finite, then @ has a density
with respect to P if and only if @) is absolutely continuous with respect to P. The density is called the
Radon-Nykodim density of @ with respect to P.
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Next, we recall two theorems from Taga [26], relevant for the perspective on the Ranked Set
Sampling as a particular stratification of the original probability distribution. We restrict
to balanced stratified experiments.

Uniformly Minimum Variance Estimators in Stratified Experiments

Consider f(0) = [om M(21,...,2m) [[I", B (dz;), 0 € O, a regular statistical functional of
degree m with a symmetric kernel h € Ly(®@7, P;*). In the balanced stratified case, Taga
[26] defines the estimator

m! 1
Ustrat := — —U, 46
frat anrl!...rp! (46)

where

-1
n n 1 1

Ur — |:<T ) e (7« ):| E h('rq—(ll)" .. 7377—(17’1)7- . .,.Tﬁ(pl),. .. 7x§(prp)).
1 p T

Here the first summation should be taken over all combinations (ry,...,r,) of non-negative
integers such that Z§=1 r; = m and the second summation over all combinations 7 =
(7(11),...,7(prp)) of positive integers corresponding to each (ry,...,r,) s.t. 1 < 7(j1) <
< T1(jry) <nfor1 <j<np.

Theorem 101 (Uniformly Minimum Variance Estimator in Stratified Experiment)
Consider the parameter space © = {P* € M(B(R)) : PX < A} and let @y, be the set

of all stratifications with p strata for P;X, § € ©, corresponding to any fixed weighting
vector. Then the estimator Ug,.q¢ is a uniformly minimum variance unbiased estimator for
the functional f(0) in the stratified balanced experiment:

(R™, B(R)"™, P := {®"_, @, Q) : Q) = a;'Q},dQ) = ¢;dP;*, ¢ € D o,0 € O}).

Proof.
See Theorem 3.1 in Taga [26]. Basically, the proof relies on the sufficiency and completeness
of the generalized order statistic, Ogppqr : R™ — R™,

Ostrat({z1, -y an s {ad, o 2} = (On(zy, ., mt) o, Op(ah, .o 2P)),

where O,, is the usual order statistic of size n.
O

Corollary 102 Fix ¢ € ®yp,, ¢ := ¢prss. Then the estimator Ugyq is a uniformly
minimum variance unbiased estimator for the functional f(6) in the Ranked Set Sampling
experiment with repetition, the perfect and balanced case in equation (43).

Proof.
Obvious.
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Optimum Stratification

Suppose now the number of the strata, p, the balanced allocation (n,...,n) are fixed and
consider the set of stratifications ®y for a 6§ € ©. The variance, respective asymptotic
variance of the estimator Ug,o; with respect to 8 € © and under a stratification ¢ € ®y
is a continuous function of ¢ on the set ®y which is convex and compact with respect
to the weak topology (for a proof see Taga [26]). Therefore, there exists an optimum
stratification in ®y which attains the minimum of the variance of Ug,.q for all 8 € © such
that the support of P, contains at least p points. For further details, see Isii [17]. Let us
denote by

¢y = arg min lim varg g, [Ustrat]
peEdy n—oo

the stratification vector which attains the minimum of the asymptotic variance.

Theorem 103 Let § € © such that the support of P;¥ has at least p points. Then
asymptotically optimum stratifications ¢§ exists in ®y. Moreover, in the case f(0) =
[ xP;*(dx), ¢§ coincides with the indicator function vector (14,)1<;<p of an interval division
of the real line, A; = [z;_1,7;), —00 = 29 < 71 < ... < x, = 0co. Every end point z;
in A; can be taken at a continuity point of P;*(z) such that the condition is satisfied
simultaneously z; = %, 1 <j <p, where p; = ozj_l fAJ_ rP;X (dx).

Proof.
See Taga [26].

OJ
Remark 104 In the case of the estimation of f(0) = [ xP;*(dx), the asymptotic optimal

stratisfication coincides with with the optimal stratlﬁcatlon ie.

arg min lim varg 4, |U. — are min vars « [Udp].
g¢€¢g N0 9¢6|: St?"at] g¢6q>9 67¢9[ strat]

Theorem 105 The stratification determined by the RSS experiments, ¢y, RS g does not co-
incide with the optimal stratification of P;¥, § € © for the estimation of f(0) = [ xP;*(dx).

Proof.
Since for a 1 < j < p it exists y € R such that p~ 8, (P;* (y)) € (0,1), there exists no
partition —oo = 29 < 1 < ... < o, = oo of the real line such that

D B(J P)(PX( )) = 1[9Uj—1,xj)

simultaneously for all 1 < 7 < p. Therefore, the assertion follows by Theorem 103. U

Corollary 106 The following inequality holds:

Vare,qbg [Ustrat] S Var@,qbg’ng [Ustrat] S Var@,(ég’SRS [Ustrat]7 H € 0.
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Although the Ranked Set Sampling stratification is therefore not the optimal stratification,
in terms of the minimization of the variance, it is an compromise one can do in practice, to
avoid computationally problems regarding the numerical calculus of the optimal stratifica-
tion points. Another future research consists in simulations for the calculus of the distance
between the optimal stratification ¢ and ¢y rsg, for diverse, fixed 6 € ©.
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