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Abstract

In this diploma thesis, a non-linear Dirac operator and generalized Seiberg-Witten
equations for 4-manifolds are studied. By using its relations to hyperKéahler geometry,
a pointwise Lichnerowicz formula for the non-linear Dirac operator is derived. This is
used to obtain an a priori L*°-estimate on the spinor part of solutions of the generalized
Seiberg—Witten equations. Finally, some remarks towards compactification of moduli
spaces are made.
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1 Introduction

Seiberg—Witten theory and Seiberg—Witten invariants have proven to be powerful
instruments for the study of smooth structures of 4-manifolds. On the one hand, Seiberg—
Witten theory seems to reproduce all relevant information from Donaldson theory. On
the other hand, being an abelian gauge theory, it demands far less technical effort. So,
it is rather natural that also variants of these equations have been considered in order
to produce new invariants.

In this diploma thesis, we follow the approach by Taubes and Pidstrygach, who
considered Seiberg—Witten equations with a non-linear Dirac operator on 3-manifolds
(Taubes, see [19]) and on 4-manifolds (Pidstrygach, see [15]).

The starting point for the definition of a generalized Dirac operator is the observation
that Sping = Sp(1) = S% and Spin, = Sp(1), x Sp(1)_ hold. The spinor bundles are
fiber bundles over a base manifold X. They are associated to a Spin-structure on X
with respect to certain standard actions on the vector space H of quaternions. Taubes
observed, that for three-dimensional manifolds, one may substitute the fiber H by
arbitrary hyperKéahler manifolds (M, g, I, J, K) with a certain action of Sp(1) = Spin,,
interacting with the quaternionic structure I, J, K in a nice way. Generalized spinors
are then defined as sections in the associated bundle with typical fiber M. The interplay
between the action of Sp(1) and the quaternionic structure enables the definition of
Clifford multiplication. This can be applied to the covariant derivative of generalized
spinors in order to form a non-linear operator, the Dirac operator ®. For an additional
twisting principal G-bundle P — X, one obtains a twisted Dirac operator &4 for every
connection A on P. Over four-dimensional manifolds, things are more complicated due
to the fact that Spin, has two different irreducible representations such that two distinct
spinor bundles E*, E~ occur and that @ maps I'(E™) to I'(E~). However, defining a
generalized Dirac operator over four-dimensional manifolds is also possible and shall be
done in the upcoming chapters.

The second ingredient for the Seiberg—Witten equations is a “quadratic” map u. For
the original equations one uses G = S' and the map p: H — JmH = R* = AZRY,
h +— —%Bih is indeed quadratic. So one may couple the curvature F4 of a connection
A on P to a spinor u and form the equations by xF4 — pou = 0 on 3-manifolds and
Fi — powu =0 on 4-manifolds. Then the Seiberg-Witten equations for a pair (u, A) in

four dimensions are:
Z/AU, - Oa
Fi{—pou=0.

It turns out that y is actually a hyperKéahler momentum map for the action of S on H.
This is a quaternionic analogue to momentum maps in symplectic geometry. So in order
to define generalized Seiberg—Witten equations, one may use a principal G-bundle P, a
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hyperHamiltonian action of G on the hyperKéahler manifold M with momentum map
w: M — JmH ® g* and put the equations as above.

The equations are invariant under the action of the infinite-dimensional gauge group
&, so the space of solution 3 also carries an action of &. The quotient 9 = 3/& is called
the moduli space of Seiberg—Witten equations. In the original case G = S', M = H,
the moduli space is known to contain surprising information about the differentiable
structure of X: The Seiberg—Witten invariants, derived from the topological structure
of the moduli space, only depend on the differentiable structure of X (and the chosen
Spin/Spin®-structure), but not on the Riemannian metric or other parameters chosen.
So one may hope that the new equations might produce new invariants.

However, it is necessary to show that the moduli space 90 is compact. This is usually
done by finding an L*°-bound on the spinor part of solutions and by methods of elliptic
bootstrapping. The present paper is a first step towards compactification of the moduli
space: We single out a class of target GG-manifolds for which those L*-bounds exist.
Therefore, we develop a pointwise Lichnerowicz formula, which relates the (non-linear)
Dirac-Laplacian to the (also non-linear) covariant Laplacian in terms of G-data and
curvature. This will be our main instrument in examining L*°-bounds together with
some oddities coming from the very special structure of the target manifolds.

We give a brief overview over the present paper: In we fix some notations
and pin down several formulas in order to refer to them later. Chapter [3]is about that
special class of hyperKéhler manifolds that we are going to use as target spaces for
generalized spinors. We take a close look at “permuting” actions of the group Sp(1) and
on hyperHamiltonian actions of arbitrary compact groups and the structures induced
by them, namely hyperKahler momentum maps and hyperKahler potentials. Moreover,
we shortly review the linear situation, i.e. the case M = H". After having collected the
necessary data, we define Clifford multiplication and the generalized Dirac operator in
chapter 4] By observing that its linearization is a geometric Dirac operator, we justify
the nomenclature.

Afterwards, we can turn to the generalized Seiberg—Witten equations in
and observe their variational nature with the help of the L2-Weitzenbock formula by
Pidstrygach. We also give a proof for a rather general regularity theorem. We go on
to derive [theorem 5.4.1| which states that a priori L>-estimates exist if the structure
group is large enough. In contrast to that, taking a short glimpse at the Kahler case,
we see that solutions are rare if the structure group is too large. Finally in [chapter 6]
we discuss some questions that arose from this work.




2 Notations

2.1 General connections on fiber bundles

There are several different ways to cope with connections on fiber bundles. The first
one we are going to use is this: For an arbitrary (locally trivial) smooth fiber bundle
m: ' — B with typical fiber the manifold F', consider the map T'w: TE — T B over . Its
kernel bundle will be referred to as mppjyp: ¥ E — E. A (smooth) connection on E is a
choice #F C TE — F of a horizontal distribution such that TE = ¥ E® #°E. This is
equivalent to a choice of a projector ®: TE — TE onto ¥ E with kernel # FE and hence,
we also call ® a connection on E. The two-form Rg = [idrp —®,idrp —®] € Q*(E, V' E)
is the obstruction for J£F to be integrable (in the sense of the Frobenius theorem)
and is referred to as the curvature of ®. It is obviously horizontal, i.e. Re(X,Y) =0
whenever X or Y are vertical tangent vectors to E. For s € I'(B, E), a covariant
derivative V®s € Hom(T'B, s*¥ E) can be defined by

Vs :=doTs.

2.2 Connections on vector bundles

Additional structure is at disposal, if 7: E — B happens to be a vector bundle: One
obtains an identification of # F and E x g E through VLg, the big vertical lift given by:
Vig: ExgE—VE
(e,€) — %(e +te)|i=o
Furthermore, vlg: E — Y F, the small vertical lift of E is defined to be
VIE = VLE |((BXO) XB E)

The total space of T'E inherits two different vector bundle structures: nrg: TH — E
the structure as a tangent bundle of £ and T'n: TE — T B. A connection ®: TE — TE
is called a linear connection, if it is a linear map between vector bundles in both ways,
hence

TE—2—>TE

e \/

commute. A linear connection ® gives rise to an 1dent1ﬁcat10n HLs: T'B xp E =
m™TB = JF, the so-called horizontal lift

HL@Z EXBTBH%E
(e,v) — (id =) (?|.)’
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where 0|, € T.F denotes an arbitrary tangent vector with 79|, = v. We have the
fundamental identities

(7TTE, T’/T) 9] HLq:. = idEXBTBa HL@ O(?TTE,TW) = idTE —. (21)

The map Cy = pryo VL' o®: TE — E is called the connector of ®. If s € T'(B, E) is a
section of E, the covariant derivative of s with respect to the connection ® is defined as

V®s:=CyoTs: TM — E.

If M is another manifold and f: M — B is smooth and s: M — F fulfills ros = f, we
say s is a section of E along f. In this case, s can be seen as a section of f*F and its
covariant derivative along f with respect to ® is defined analogously as

V®s:=CyoTs: TB — E.

Because of its horizontal nature, the curvature Rg can be pushed down to B to a two
form, which we also denote by Rg € Q%(B,End(F)), given by

Ro(X,Y)|, - e := Re(HLo(e, X), HLg (e, Y))

for X, Y € T,B and e € E. This object is, what usually is called curvature of V®, since
it fulfills:
ViVys — VEVys — Vixys = Re(X,Y)s

for s e I'(B,E), X, Y € I'(B,TB). We point out the two important identities
Ro(X,Y) 5= CypoTCso (flipy —idprs) o TTs o TX oY (2.2)
for s e I'(B,E), X, Y € I'(B,TB) and
VaVes — VIVEs = Vi ys = Re(Tfo X, TfoY)-s=(f"R*)(X,Y)-s, (2.3)

if s is a section of E along f: M — F and X, Y € I'(M,TM). Here, flipy: TTN —
TTN denotes the canonical flip of any manifold N given by

flipy (& e(t, 5)amoli=0) = L de(t, 5)]i=olsmo

for any smooth map from c¢: R? — N. By the way, the Lie bracket [X, Y] of two vector
fields on N can be expressed by:

[X,Y] = pryo VL' o(TY o X —flip,; oT X o Y). (2.4)

(Note that TY o X —flip,; oT' X oY is already vertical, so that no connection is needed.)
If £ =TB, the tangent bundle of B, there is a second tensorial object of interest, the
torsion ©% € O*(B, TB) of ®. Usually, it is defined as

0%(X,Y):=VyY - VX — [X,Y].
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Note that ©¢ vanishes, if ® is the Levi-Civita connection on B. Finally, we would like
to stress two further facts about torsion: Firstly, in terms of connectors and canonical
flip, ©¢ can be expressed as

O%(X,Y) = Cyp o (flipg —idrrp) o TX oY, (2.5)
hence, ® is torsion-free if and only if Cg o flip; = Cs. Secondly, we have the identity

O¥TfoX,TfoY)=VETf-Y)-VETf X)-Tf-[X,Y]

= Cgo(flipg—idprp) o TTfoTX 0Y. (2:6)

for maps f: M — B.
A more detailed exposition on this matter and proofs can be found for example in
[10], p. 325-327.

2.3 Connections on principal bundles

A second way of understanding connections in fiber bundles is through principal bundles
and the associated fiber bundle construction. Consider a smooth principal bundle
m: P — B with structure group GG. We tend to think of principal G-bundles as certain
left G-spaces. Since G acts freely and transitively on the fibers of P, the vertical bundle
¥ P can be identified with P x g. The identification is given by the fundamental vector
fielddT]
K: Pxg— VP
(P, ) — Kelp == g exp(t&) pli=o’

Hence, one can express a GG-equivariant general connection ® on P by a G-equivariant
one form Ag € Qf(P, g) such that Ag(Kel,) = —¢ holdsP] We have:

Here, equivariance means
A(Tg-v) =Ad,-A(v) for g€ G and v € TP.

In the context of connections on principal bundles, we are going to work with equivariant
ones only. Again, P = ker A. The curvature can now be written as a basic,
G-equivariant two form:

1
Fp:=dpA+ 5[A, Al € Q%L(P, 9)pas-

For horizontal vector fields X, Y € T'(P, 5#,) we have

FA(X,Y) = dA(X,Y) = XA(Y) - YAX) — A([X,Y)]) = —A(X,Y]).  (2.7)

Due to the fact that usually principal bundles are defined to be right G-spaces, especially when
working with frame bundles of vector bundles, and that any right action R, can be turned into a
left action R,-1, the sign of K¢|, differs from the sign convention of other authors.

2Note that this sign convention implies, that this definition of a connection 1-form coincides with the
usual one. Hence, all expressions involving Ag especially curvature and covariant derivatives look
the same.
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2.4 Associated connections on associated fiber
bundles

Let mp: P — X be a principal G-bundle and A be a (G-equivariant) connection on P.
Let G act on M smoothly. The associated fiber bundle with typical fiber M associated to
P is given by the fiber bundle

WMIM:PXGMI:(PXM>/G—>X,

where the bundle projection is essentially that of P, i.e. ma([p,m]) = wp(p). The
vertical space ¥}, M at [p,m] € M is isomorphic to 7,,,M and A induces a horizontal
distribution by
HorM|jpm) = (A4 P, ®{0}m) /G-
Hence, TM = (4P x TM)/G = (pr}p 4P @ pry, TM)/G.
There is a canonical identification of I'(X, M) and the space Map (P, M) of (smooth)
G-equivariant maps from P to M:

Mapg (P, M) — T'(X, M)

, . € P, arbitrary.
ur— (2 s(x) = [pa, u(p,)]) b Y

For s € I'(X, M), the covariant derivative of s with respect to A is defined by

VAs =®,40Ts,

where ®4: TM — ¥ M is induced by the projection pr|pm): TipmM — YpmM =
T,,M. However, we find this point of view inconvenient and prefer to use equivariant
maps u and the operator

Daui=Tuopry, = (Tu+K}Y|,) € Homg(TP, TM)pas (2.8)

with the projection pr,, : TP — ¢ with kernel ' P. Here, the subscript “bas”
indicates that D u vanishes an all vertical vectors in T'P. We will also consider D 4u as
a map €, — T M. This fits into the commuting G-equivariant diagram

Tp,Dau
A, oDy p oy TM
&
PN
VAs
TP TX >V M
T X T M
P e o p XM -
/G
/G \
X 2 > M

The space Mapg (P, M) is a Fréchet manifold modeled on its tangent spaces

T, Mapg(P, M) = T'¢(P,u*TM)
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and Dy can be seen as a section of the (Fréchet) vector bundle

Dy

Homg (5, TM) > Mapg (P, M).

II=nrprorespxo

Note that
T Homeg (7%, TM) = Homg (74, TTM), ¥ Homg (54, TM) = Hom(5%y, V' M)

and that a connector ¢v: TT'M — TM on M induces a connector ¥ on II simply by

composition with 1. Hence, one may compute the linearization VY(Da) of Da: Let uy
a smooth curve in MapG(P M) with $wli—o = @ € T,Mapg (P, M). Then

VYDy-i=VoT(Dy) i =1p0LDyuls—o =100 LTuopry, |
=1o %Tuthzo o pry, = ¢ oflipy, ol (%utlt:()) O DIy,
= ¢ oflipy oTwo pry, .

If ¢ happens to be torsion-free, then v o flip,; = ¢ (see(2.5))) and V¥ D4 coincides with

the linear first-order differential operator

VAV Mapg (P, TM) — Homg(TQ, TM)as.

Vi1 0TV oPr (2.9)

2

Hence, D, is a non-linear first order operator. Now, we compute some “curvature
formulas for both D4 and its linearization V4% and we start with the latter one:

Lemma 2.4.1 (Curvature formula)
For vector fields X, Y € I'(P,TP) and v € T,Mapq(P, M), the following equation holds:

{V?{’w, Vé’ﬂ V[X vV = Ry(Dauo X,DauoY)v+1p (ICFA xv)lo )
PROOF. We only have to consider horizontal vector fields X, Y € I'(P, 7):

VYVt — VRVt — Vi
=vYoTYoTTvoTY oX —tpoThoTTvoTX oY —thpoTvo[X,Y]ho
= V§Viv— VyViv — V[XY - ¢ oTvo icﬁ([x,y])

Here, we made use of G-equivariance of T, (2.3) and ({2.7]) in the last line. O

Lemma 2.4.2 (“Curvature” formula)
For vector fields X, Y € T'(P,TP) and u € Mapg(P, M), the following equation holds:

V?{’wDA,Yu — Vé’wDA,Xu = Dajxyju=0Oy(Dauo X,DyucY)+ IC%\(X’Y) -
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PROOF. Again, we only have to consider horizontal vector fields X, Y € I'(P, 7,):

V‘;‘(’wDA’yu — Vé’wDAXu — Dy xyu
=¢YpoTTuoTY o X —¢poTTuoTX oY —Tuo [X,Y]per
=¢oTTuoTY o X —tpoTTuoTX oY —Tuo [X,Y] —Tuo K} xy)
=vYoTTuoTY oX —vpoTTuoTX oY

—tpoTTuo (TY o X — ﬂlpMoTXoY)—i—/CFAXY |u
= oTTuo (flipy, —idpry) o TX oY + ICA([X’Y])|U
=0Oy(Dguo X,DguoY)+ ’C,]X[([X,Y]ﬂu-

Here, we made use of G-equivariance of T'u and (2.4)) in the forth and (2.6)) in the last
line. ]

Note that for M = R" with the flat torsion-free connection V¥ = d and p: G —
Gl(n;R) a linear action on R", the last curvature equation coincides with the usual
curvature equation

V4Vy — VeVi — V[X y] = Tip(Fa(X,Y)).

Lemma 2.4.3 Let M be a manifold with a torsion-free connection v and let G be a
Lie group acting from the left on M and on T'M by differentials. Then

v (KM |x) = VK
holds for every X € T, M and € € g.

PROOF. Let € > 0 and 7: ] — ¢,2[ — be a curve such that v(0) = z and §(0) = X. For
g € G denote by L,: M — M the induced diffeomorphism. Then we compute

d d d
KT = ST Lo X1, Ed—exp(tf) (ORI,
d d
V%Kéw =1 &’Cé\ﬂv(S) - =9 d—&exp(tf) (s >’t:0 5=0

and observe, that ¢ o flip,, = v, if ¢ is torsion-free. 0



3 HyperKahler manifolds

A manifold M which admits three complex structures Iy, Is, I3 with I; I, = I3 and a
torsion-free connection v that fixes these complex structures, i.e. V¥I; =0for{ =1,2,3

is called hypercomplex. The complex structures induce a covariantly constant scalar
multiplication S: H® TM — T M by

S(ho + hll + th + hgk,X) - ShX = (ho —|— h1[1 + h2[2 + hg[g)X,

for X € TM, h = hg + hqi + hoj + hsk € H, hg, hq, ho, hs € R. Thus, the quaternion
scalar multiplication induces an algebra homomorphism

S: H— (M, End(TM))
(— 8¢

Equivalently, we could have defined an almost hypercomplex structure on M as an algebra
homomorphism S as above and a hypercomplex structure as an almost hypercomplex
structure S together with a torsion-free connection ¢ such that S is covariantly constant.

Define
I: sp(1) — I'(M,End(TM))
Ci—> SC

Since V¥I, = 0 and ¢ is torsion-free, the Nijenhuis tensor
N (X)Y) = —Ig[X, Y+ L[X, LY+ L[ X,Y] - [1X,1.Y]=0

vanishes. Hence, I, is an integrable almost complex structure for ¢ € sp(1) with ¢? = —1.
A Riemannian metric on M and an almost hypercomplex structure S are called
compatible if I, is skew-symmetric for every ¢ € sp(1). In such a case, we have

g X, 1Y) = —g(IEX,Y) = (" g(X,Y), for (X,Y) € TM x TM.

A manifold M with a compatible pair of Riemannian metric ¢ and hypercomplex
structure (S,1)) is called hyperKdhler, if 1 is the Levi-Civita connection of g. Define
w e sp(1)* @ Q*(M) by

w()(X,)Y) :=g(I:X,Y), for ( € ImH = sp(1).

If (M, g,S) is hyperKéahler, then V¥w({) = 0 which implies dw(¢) = 0. Hence w(¢) is a
Kahler form for I, if |¢| = 1.

On the other hand: Let (M, g) be a Riemannian manifold and let Iy, I5, I3 be almost
complex structures I, I, I3 compatible (i.e. skew-symmetric with respect to g) such
that I;1, = I3 holds. If dwy, = dg(Iy-,-) vanishes for k = 1, 2, 3, the almost complex
structures I, Iy, I3 are indeed integrable—in sharp contrast to the case, where only a
symplectic form w and a single compatible almost complex structure I is given [7].
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3.1 Permuting actions

An isometric action of Sp(1) or SO(3) on M is called permuting, if Tq[,Tq ™ = Sy L;Sy-1.
In the following sections, we are going to use hyperKéahler manifolds with permuting
action of Sp(1) in order to formulate a non-linear analogue of spinors and Dirac operators.
But first, we analyze the geometric structure induced by a permuting action. We follow
closely the exposition given in [I5] and [4]. Consider the fundamental vector fields

KM: sp(1) — T(M, TM)
(r— /Céw '

They are Sp(1)-equivariant, i.e. KY(q.() = K}y . = Tq - (KY¥) = ¢.KY(() and
1(q.¢) = Saq,¢c = TqS:Tq = q.I(¢) hold for ¢ € Sp(1). Since both mappings are linear,
we can write KM € sp(1)* @ T(M,TM), I € sp(1)* @ '(M,End(TM)) and we are going
to do so for further entities.

Define X € @%sp(1)*@T'(M,TM) by X(¢,¢') := I(¢)KM(¢) and w € sp(1)* @02 (M)
by w(¢) := g(S¢+,-). For a real vector space V and for a € ®@*sp(1)* @ V, we write
ap = —% tra for its diagonal, a; := Alt* a for its antisymmetric and oy := Sym? a
for its trace-free symmetric part with respect to ®*sp(1)*. In the future analysis, the
vector fields

Xy = —lurx € D(M, TM)
A= ([ ) o (Al ) € sp(l) @T(M,TM)
Xy = — Symg X =-% <'7 '>]HI - Sym2 X e ®25P(1)* ® F(M’ TM)
will be of particular interest. Here we used that the isomorphism [-,-]: A%sp(1) — sp(1)

induces an isomorphism
[ sp(1)" — A%sp(1)".
The vector fields above are given explicitly by

XO = _% 2?21 [ﬂCé\f
X([6,¢) = 5 (LKY — 1K)

X(C,¢) = =X (¢, ()i — 5 (IKY + 1K) .
We introduce the operators

Lop(1): ®15p(1)* @ (M) — sp(1)* © @7 sp(1)* @ W~ (M)
ar— ((— L,Céwa) ,

Lepay: @%sp(1)" @ QP(M) — sp(1)" ® @ sp(1)" @ QP (M)
o — (C — E,Céwa) ’

The Cartan formula Ls, = digp1) + tepa)d is easily verified. Then v := g(&X,-) €
®?sp(1)* ® QY(M) obviously satisfies

Y= L5p(1)w.



3.1. PERMUTING ACTIONS 17

Furthermore, we define v, := ¢(&j,-) for [ =0,1,2.
We start with the identity

(degpyw) (¢, ¢') = (Lapyw)((, ¢) = Le(w(C) = =9(Sic.en ) = —w (6D (31)

It follows that v, = —([-,-]*)~" Alt*(y) fulfills dy, = w. Since this shows that the Kéhler
forms of M are exact, it is impossible for M to be compact. Furthermore, the right
hand side of is entirely contained in A%sp(1)* ® Q*(M), hence dyy = 0 and dye = 0.
We are going to show that vy and v, are exact. Therefore, define

Po = %tr(bsp(1)7l)7 P2 = Symg(bspu)%)-

Define W: sp(1)* @ sp(1)* — sp(1)* as ¥ = ([-,-]*)~" o Alt?, hence

(Alt* @)(¢, ¢') = P(a)([C, ¢'D.

We apologize for the following lengthy but necessary computation:

(1B 1) (Lo ) (6, ¢, ¢") = =(1B], 1) (Lapa) ¥ tapry @) (€, €', ¢)
= L, (\1; Lp(1) )([C ") = —EICC<A1t2 Lsp(1) w)(C ,¢")

= =3 (Lr, iy w(C") = L g ()

= —3(txy Lic, (") + i ey (€)=t L w(S) = v e w(C))
= 2 ([ ) + i o @(C") =t w([S,CTT) = iy 0(C))

= — ALt (sgp)w) (¢, [¢",¢]) = AL (sgpy) (¢", (¢, )

= (W tap(y @) ([¢, [¢5 ¢"N) = AL (tapyw) (€, [ C)

= (1@, 1) (A1 (tapy) ) (¢, ¢, ¢

The careful reader will have observed that we used the Jacobi identity in the penultimate
line. Hence we obtain

E Alt (Lsp(l )
and may compute
desp1)11 = Lep)11 — Lap)dyt = Lap)11 — Lep(yw = Alt? (Lap(1yW) — Lap(1)W- (3.2)
Thus,
dpo = d(% tr(eﬁp(l)’yl)) = — 2 tr(Lepyw) = Y0,
dps = d( Symﬁ(tsp(lm)) = - Symg(bsp(l)w) =72

so Xy, Xy are the gradients of pg, po respectively.
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3.2 Potentials

Now fix ¢ € sp(1) with ¢* = —1 and consider S*(¢) := exp(R¢) C Sp(1). Since
E,ngg = 0 holds, S*(¢) acts holomorphically on M with respect to .. Define

K(C) = —Licg/f’h(o-

Lemma 3.2.1 (Hitchin, Karlhede, Lindstréom, Rocek, [8])
Let M be a hyperKdhler manifold with permuting Sp(1)-action. Then for every ¢ € sp(1)
with (* = —1, (C) is a Kihler momentum map for the I--holomorphic action of S*(C).

PRrROOF. From ({3.2) we deduce

dr(¢) = =d(tep(1y11)(6: ) = (tapyw = ALt (tapyw)) (¢ €) = ticarw(€)- O

Lemma 3.2.2 (Hitchin, Karlhede, Lindstrom, Rocek, [8])
Let M be a hyperKdhler manifold with permuting Sp(1)-action. Let ¢, (" with square —1
and perpendicular. Then —r((") is a Kahler potential for w(() E]

PROOF. Let ¢, ¢’ be perpendicular and of square —1, hence [(’, [(, (']] = 4¢. This leads
to

(—3d1ed) (—s(¢) = 3dIzg(IoKY ) = Sdg(Io K 1) = —3dg(I T KL )

= —diy((C,CD) =~ Leyw([C 1) = 3¢ [6.¢T) = Q)0

For example, let ((1,¢2,(3) = (i,]), k). We see that x(¢;) is a Kéhler potential for wy
and ws simultaneously and so are k((z) for ws, wy and k((3) for wy, wy respectively. Note

that pg = —%(K(Q) + K(C2) + K(G3)).

Lemma 3.2.3 Let M be a hyperKdhler manifold with permuting Sp(1)-action and
suppose X5(C,C) =0 for all ¢ € sp(1). Then pg is a hyperKdihler potential and there are
the identities:

1
]Céw = ]CX()) Xl(C) = 5’(:?47 XZ = 07 P2 = Oa Q(XO, XO) = 2p0
PROOF. Let (2 = —1. We have

1
0=%(C0)=-4 3 (LK + 1K),

'We call a function f a Kdihler potential for the Kihler form w, if —%d[*df = i0;0; f = w. This may
differ from definitions of other authors by some constant factor, but fits best in our terminology.
Our convention w = g(I-,-) for Kéhler forms is such that on the simplest K&hler manifold, namely
C, the Kahler form c01nc1des with the volume form dz A dy = 1 5dz A dz. Furthermore, we decided
that 1 (22 + y?) = 32 should be a Kéhler potential on C.
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which implies I X, = ICé” . If ¢ and (' are perpendicular, we obtain

1
X (¢, ) = 5 (el Xy + 11 X)) = 0.

Hence X5 = 0, which implies dps = 75 = 0. Being constant on M and because of its
equivariance, ps has to vanish. Furthermore, k(1) = k((2) = k((3) = —po. Thus py is
a hyperKdhler potential, i.e. a Kahler potential for every I, ¢ € sp(1) with ¢(? = —1
simultaneously. After observing

1
(6. = 5 (1KY — Ik

verification of X7(() = %ICéW is an easy task. Finally, we have

9(Xo, Xo) = g(— 1Ko, —1K¢) = g(Ke, Ko) = 29(X1(C), Ke) = 2(eapy71)(C, )

for ¢ € sp(1) with ¢? = —1 and taking one third of the trace yields g(Xy, Xy) = 2po. O

Lemma 3.2.4 (Swann, [18]) Let (M, g,S) be a hyperKihler manifold. For any func-
tion p: M — R holds: p is a hyperKdihler potential if and only if Vdp = g.

The following is a striking observation, which enables us to derive a priori bounds for
solutions of the generalized Seiberg-Witten equations later in [theorem 5.4.1]

Lemma 3.2.5 Let M be a hyperKdahler manifold with hyperKdhler potential p. Then

where gy (X,Y) = (dp,Y') for vector fields on M.

PROOF. Let Y, Z be vector fields on M. On the one hand, we have

Vy(dp, Z) = Vy(gu(X, 2)) = gu(Vy X, Z)+9u (X, Vy Z)
= gM(VyX,Z)—i—(dp, VyZ>,

on the other
Vy (dp, Z) = V(dp)(Y, Z) + (dp, Vv Z) = gu (Y, Z) + (dp, V¥ Z) ,

since Vdp = gy, as p is the hyperKahler potential of g5;. Hence, Vy X =Y. O

Remark 3.2.6 Of course, there is some freedom of choice for a hyperKahler potential.
However, there is always a unique potential po that fulfills |grad po| = 2po, and we fix
this choice in the following. This allows us to speak of the hyperKéahler potential.
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3.3 HyperKihler momentum maps

An action of a Lie group G on a hyperKéahler manifold M is called hyperHamiltonian, if
G preserves both the metric and the scalar multiplication S with quaternions and if there
is a hyperKdahler momentum map, i.e. a G-equivariant map p € Map, (M, g*®@sp(1)*) C
g* ®sp(1)* ® C*°(M) fulfilling

dp = g,

or more explicit:
dpu(€ ® ¢) = g(SKE' )
for ¢ € sp(1) and £ € g. Additionally, we define Y € g* ® sp(1)* @ I'(M, T M) by
V(E®C) =LK =S

In the case of an isometric action of G' x Sp(1) on M such that Sp(1) acts permuting
and GG acts hyperHamiltonian on M, more can be said: Since LgICéW =0 for £ € g,
¢ € sp(1), we obtain Ly, = 0. Because of

—digy1 = —Lg71 + tgdy = tgw,

the map
W= —ig1, wl®§) = —g(Xl(C)JC?)

is a momentum map for the hyperHamiltonian action of G.

Corollary 3.3.1 In the case Xy =0, yields the very simple formula

1
wE®() = —§g(lCé‘4,ICé”).

3.4 HyperHamiltonian actions on quaternionic
vector spaces

If not otherwise stated, ® denotes the real tensor product in the following.

Let M be the quaternionic vector space H" and (attention!) let the quaternionic
structure be given by

S, X =X-h forzeH", X € T,H", h € H.

Denote by Mat(H, n x m) the vector space of quaternionic n x m matrices. We may
identify H" with Mat(H, n x 1) (so elements of H" are columns of quaternionic numbers).
Having defined the quaternionic structure as above, the R-bilinear map

Mat(H,n x m) ® H™ — H"
Lo X—L-X

delivers a identification of Mat(H, n x m) and Homg(H™, H"), the space of quaternionic
linear maps from H™ to H", i.e. R-linear maps L: H™ — H" such that L S(h) = S(h) L
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for all h € H. For L € Mat(H,n x m) we define L' to be the transpose of L. Then {
fulfills the rule (L, L)t = LiLI.
We define a quaternion hermitian product on T'M by

(-, )y : TH" @ TH" — Endg(H)
(X,Y)— XY

and the Riemannian metric g(-,-) := Re((-, -)y). A hyperKéhler 2-form is then given by
W(Q)(X,Y) = g(I(O)X,Y) = Re((X()'Y) = Re(¢ - XTY)

for X, Y € T,H", ( € ImH = sp(1).

Now, the Lie group G = Sp(n) C Endg(H") acting on M = H" by (L,x) — L -z
consists exactly of those R-linear transformations of H", that preserve the metric g and
the quaternionic multiplication S:

Sp(n) = Isom(H", g) N Endg(H").

Equivalently, an R-linear map L: H" — H" is an element of Sp(n) if and only if it
preserves the quaternion inner product (-, ). Hence,

Sp(n) = {L € Endg(H") | ATA = idgn} = {L € Autg(H") | LT = L7},

sp(n) = {¢ € Endg(H") | ¢" = —¢}.

The fundamental vector fields of this action are given by ICHgIn . = (x,& z) e H" x H" =
TH", £ € sp(n).
The Lie group SU(2) = Sp(1) = 5% C H acts permuting on H" by

53 x H* — H"
(g2)—z-¢ =27

The fundamental vector fields of this action are given by K¢ |, = (z, —z-¢) € H" x H" =
TH", ¢ € JmH = 7153 = Lie(S?). Note that we have

Xole = (m, — 5 (@il + xjj + xER)) = (z,x).
From the considerations above, it follows that the Sp(n)-action is hyperHamiltonian:

Lemma 3.4.1 The hyperKdihler momentum map p € sp(1)” ® sp(n)* @ C°(H",R) of
the Sp(n)-action on H" is given by

W(E® Q) = —;sm(g der),  zeH £ cep(n), ¢ € ImHL

PrOOF. We use [corollary 3.3.1f and obtain:

H(E® Q) = ~g(Ke, KE") = —2 Re(Caée).



22 CHAPTER 3. HYPERKAHLER MANIFOLDS

However, it would be nice to have an alternative proof. Let L be in Sp(n), then

HE® Qe = — Re(C ol (HEL)T) = (Adi 1) (€ © O
On the one hand, we have:
(Au(E © Q) X) = —3 Re (Cda'r, X) — - e (Cated, X)
= —; Re(CXTéx + CaleX).
On the other hand, we obtain

(tapty, X) = w(O)(KE" |, X) = g(I(QKE"],, X)
— Re((€20)' X) = Re(CatelX) = —Me(CateX).

The identity dy = tgpnyw follows now from:

g(I(OK o) X) = —g(K" |2, 1(Q)X) = — Re((€2)TX()
= —Re (2167 X(C) = — Re(¢XTéx). O

With the help of the Killing metric (-, )
pf € sp(1)” @ sp(n) ® C°(H,R) such that

M(f ® C) = </’Lﬂ<<->7 é)sp(n)'

ap(m) O1 5P(n), p can be transformed into

Lemma 3.4.2

1
(O = ga¢a’ and  |ul =3p.

PROOF. We have (n, &) = — Retrg(nf) for n, £ € sp(n). Using some orthonormal basis

e1,..., e, of H" over H with respect to (-, )y, we may compute
1 1 1 _ 1. & _
§<xgﬂ,§> = 5%9’5TH(($C$T)T§) = if)‘ietrH(xCazTﬁ) = 5%9; (ex, (zCxTE)er)y
= 5 2 ellen ) ') = 5 3 SeCrleer - (o)) = =5 PelGrl o)
= pu(§ ® Q)x
Finally,

=1

e = 3 - © €. #E(Q) = — et aat)

1 3
= LT e = 3p(e)” =
=1
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Corollary 3.4.3 Forn =1 and G = S C Sp(1) we have |1/5'| = p.

Lemma 3.4.4 For every n > 0 there is a constant ¢(n) > 0 such that for any subgroup
G, T" C G C Sp(n) we have

(WCl > 1| > e(n)p.

Proor. For h = (hy,...,h,) € H", we have
_ln EhQ_ h > h () h 22h
= 5 2 il = 5 Z|Z_ Ihlly > 1h[l; = ¢(n)*p*(h)
=1

with some c¢(n) > 0 by the equivalence of norms on the real vector space R = H". [J

3.5 Swann bundles over Wolf spaces

In this section, we summarize some facts from [I§] and [4] about hyperKéahler manifolds
with permuting action of Sp(1) and Xy = 0. It will become clearer why we focus on this
certain class of target manifolds for the non-linear sigma-models, we will discuss in the
upcoming chapters.

Let us first sketch the definition of quaternionic Kéhler manifolds. For n > 1, a 4n-
dimensional Riemannian manifold (N, gn) is called quaternionic Kdhler if its holonomy
group is contained in Sp(n)Sp(1l) = (Sp(n) x Sp(1))/Z,. One can show that this
condition implies the scalar curvature sy of N being constant. If the scalar curvature
vanishes and N is simply connected, N is actually hyperKéahler (hence, the holonomy
actually reduces to Sp(n)). Note that many authors additionally demand quaternionic
manifolds to have sy # 0 in order to separate hyperKéahler and quaternionic Kéhler
manifolds P

Compared to this, the definition of four-dimensional quaternionic Kéhler manifolds
is rather subtle. If one only demands holonomy to be contained in Sp(n)Sp(1), then
every oriented Riemannian 4-manifolds would be quaternionic Kahler for SO(4) equals
Sp(1)Sp(1). However, arbitrary oriented Riemannian 4-manifolds fail to fulfill some
of the major properties of higher-dimensional quaternionic Kahler manifolds. This
can be repaired by demanding a four-dimensional quaternionic Kéhler manifold to be
additionally Einstein and self-dual.

For a 4n-dimensional quaternionic Kahler manifold N, we denote by F' C Psoan)
the Sp(n)Sp(1)-reduction of the SO(4n) frame bundle Pso(yy. Then .#(N) := F/Sp(n)
is a principal SO(3)-bundle. It is the oriented orthonormal frame bundle of a three-
dimensional subdistribution ¢ in the vector bundle of skew-symmetric endomorphisms
of TN. Indeed, for every point y € N there is a basis Iy, Iy, I3 of ¢|, such that
I2 = —idpy for m = 1,2,3 and I;], = I3 hold, so T,N is actually a quaternionic

2Since the quaternionic Kéhler manifolds that occur in this work are of positive scalar curvature, this
difference does not matter to us.
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vector space and gy|, is a compatible scalar productﬁ Observe that Sp(1) acts on H by
left-multiplication. This action descends to an isometric action of SO(3) = Sp(1)/{£1}
on H*/Zy = (H\ {0})/{£1}. For sy > 0 define the Swann bundle over N by

U (N) =7 (N) xsos) (H*/Zs).

It is a principal (H*/Zs)-bundle over N. The total space of % (N) obtains a Riemannian
metric by

9w (N) = gux/z, + g,

where r denotes the radial coordinate of H*/Z, and gy /2, denotes the quotient metric
obtained from its double cover H*.

If the second Stiefel-Whitney class wy(#(N) — N) vanishes, .(N) can be lifted to
a principal Sp(1)-bundle .#(N) over N and we may associate H to it. So one obtains
indeed a vector bundle % (N) — N which is a double cover of % (N) away from the
zero section. Its total space can be given a metric 97 () in a similar way.

Theorem 3.5.1 (Swann, [18])
i) Let (M, qg,S) be a hyperKdihler manifold with a permuting action of Sp(1) with
Xy = 0. Then py*(c)/Sp(1) is a quaternionic Kdhler manifold with positive scalar
curvature for ¢ € R.

it) Let N be a quaternionic Kahler manifold with positive scalar curvature. Then
(% (N), g (ny)s (?//V(N),g@;(m) are hyperKdhler manifolds with a free permuting
action of SO(3), Sp(1) respectively, and Xy = 0 holds. Its hyperKdhler potential
is given by py = %7’2. If the Lie group G acts isometrically on N leaving ¢
invariant, then the action can be lifted to a hyperHamiltonian action on % (N),

U (N) respectively.

The SO(3) action on % (N) can be understood quite easily: Sp(1) acts on H also by
(q,h) = hq, h € H, ¢ € Sp(1). This action descends to another SO(3) action on H*/Z
which commutes with the first one. The induced SO(3)-action on the fibers of % (V) is

actually permuting. The action of Sp(1) on % (N) is defined analogously. For a proof
see [18].

Remark 3.5.2 Note that the total space of a Swann bundle can alternatively be written
as

U (N) :=10,00 x #(N) and % (N):=]0,00] x . (N)

and its metric as
g (N) = dr? +r*(gn + gres) and 970Ny = dr? +r%(gn + gg3)

with the quotient metric ggps on the fibers SO(3) = ggps obtained from its double
cover S% since H*/Z, is a metric cone over RP?. So, % (N) is also a metric cone over

3Tt is for this reason why these manifolds are called quaternionic Kéhler. Note however that it is not
possible to find a local frame of ¢ which is covariantly constant and defines pointwise quaternionic
structures, if sy # 0.
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< (N) with the metric go(n) = gn + grps. This shows that (V) is actually a 3-Sasaki
manifold, the shortest definition of 3-Sasaki manifold being: A Riemannian manifold
(S,gs) is a 3-Sasaki manifold if its metric cone is hyperKéahler. For a more intrinsic
definition of 3-Sasaki manifolds and for further content towards this point of view on
Swann bundles, we refer to [3] and [4]. What we have to keep in mind is that for
3-Sasaki manifolds, there is also a notion of momentum maps: If G acts isometrically on
(S, gs) such that the G-action lifts canonically to the hyperKéhler cone M, die 3-Sasaki
momentum map v: S — sp(1)" ® g* is given by the restriction of the hyperKahler
momentum map p: M — sp(1)" ® g* to S =py'(3) = {r* =1} C M.

We are going to consider Swann bundles over Wolf spaces. These are the compact
homogeneous spaces

HP" — Sp(n + 1) n_ SUMn+2) yn— SO(n + 4)
Sp(n) x Sp(1)’ S(U(n) x U(2))’ S(SO(n) x SO(4))
for n > 1 and
G2 F4 E6 E? E8

SO(4)" Sp(3)Sp(1)" SU(6)Sp(1)"  Spin(1)Sp(1)"  E7Sp(1)

Note that HP' = V! = §* and X' = CP? hold. Among these examples, the quaternionic
projective spaces N = HP™ are the only ones which have wq(#(N)) = 0 (see [17]), and
% (HP(n)) = H"*! holds. According to [I8], Wolf spaces are the only homogeneous
quaternionic Kéahler manifolds of positive scalar curvature due to the classification by

Wolf [21] and Alekseevskii [1], [2].

3.6 Orbits

Let G be a compact, simply connected, simple Lie group, g its Lie algebra and G,
g® their corresponding complexifications. Denote with o: g¢ — g© the induced real
structure, i.e. an anti-linear map o with o2 = 1 such that g is the eigenvector space to
the eigenvalue 1. Let h C g© be a Cartan subalgebra and denote by A the set of roots
and choose a system A of positive roots. We can find (Hg, Ej, Fj, 5 € A,) such that

[Hpg, Eg] = 2Ej, [Hpg, Fg] = —2Fp, [Es, Fg| = Hpg

o(Hp) = —Hp and o(Es) = —F} hold. Hence, every ( induces a Lie algebra embedding
A5 :sl(2,C) — g© given by

\5(H) = Hg, N5(E) = Ep, A5(F) = Fp,

(50 = (00). e(29).

where
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The real structure on su(2) ® C is given by o(¢) = —(* and we have 0 o \§ = )\g oo.
So we obtain also a su(2)-triple in the real form g of g© by setting

Xy =iHs,  Ys=E;—Fs  Zs=i(Es+ Fj).
These fulfill
[Xp, Yp] =225, [Yp,Zs] =2X5,  [Z3, Xp] = 2V5,
hence every /3 induces an embedding Az: sp(1) = su(2) < g of real Lie algebras by
Ao(X) = Xg,  M(Y)=Ys  Ms(Z) =Zp

() () -0

Indeed, if we consider Ag € sp(1)"®g, then A5 € sl(2,C) @c g“ = (sp(1)" ®@g)© is simply
the image of A under the inclusion sp(1)" ® g — (sp(1)" @ g)°.

Now fix a highest root a. Since Kronheimer obtained it as a moduli space of Nahm
equations [I1], the orbit M, := G©.F, of F, under the adjoint action of G® is a
hyperKéhler manifold with hyperKéahler action of G, permuting action of SO(3) and
G-invariant hyperKéhler potential. Hence, it is a Swann bundle % (N) over some
quaternionic Kahler manifold N which has to be a homogeneous G-space, thus a Wolf
space.

Furthermore, this hyperKahler structure is compatible with the complex symplectic
Kirillov-Kostant-Souriau form w. given by

wC<IC§|I7IC77’I) = <£If, [5? 77]>

for z € M, C g%, &, n € g© and where (-,-) denotes the negative Cartan-Killing form
on g¢. Compatibility of (M,,w,S) with (M,,w.,i) means, that I, is indeed given by
multiplication with i on the tangent bundle of the complex submanifold M, C g°
and that w. = w(Y) + iw(Z). Hence, since the complex symplectic momentum map
pt: M, — g is simply given by the embedding M, — g®, we obtain immediately an
explicit description for the two components p*(Y) and p*(Z):

with

gty =110z =1 (3.3)
Therefore we have:
pY © E)lr, = 3 (Yo ) = 5 Qal)).8).
1 1
WZ OO, =~ (Zu &) = 5 Dal2).6),

for £ € g. The hyperKéhler structure of M,, i.e. metric, complex structures and Kahler
forms have been explicitly described in [9] by Kobak and Swann.ﬁ The hyperKéahler
potential on M, is

po(x) = \[(Fay 0 Fa) -/ (x, 0)

4Note that they examined the orbit of E,. However, —o: G®.E, — GCF, induces an antiholomorphic
diffeomorphism.
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and the hyperKéhler metric on M, is given at z = Ad, F,, g € G® by

(F,,0Fy)

1 | (F,,0F,) 1
’ = 2 — _— 1) — — —_— /
gM&(]Cg,’Cf)‘m Re (2 <5L”O'x <IC§,O',C§> 1 v ox 3 <IC§,O'Z'> <$,O'IC§ >)

o (B

for £, ¢ e g©.
Kobak and Swann also observed that G.F, is of codimension 1. The gradient Xp|, =
2z, of the hyperKahler potential is orthogonal to the G-orbits, thus the level set

1

—G.F,
2(Fa,aFa)G ¢

Se=pg'(3) =

is a 3-Sasaki manifold and M, = % (N) is the metric cone over S, = .Z(N).
Lemma 3.6.1 The hyperKdihler momentum map p*: M, — sp(1)" ® g is given by

l—0
x, /Lﬁ(Z)]x: 51 x.

i(F,,oF,)
2po(z)

_1+J

e 02), V)] = —

P =~

and it is an embedding. For g € G, we have ji*|y g, = —3(9.\a), hence

1 —1
- GF, =2
2(F,,0F,) AF,,oF,)

I¢

Se Glo Csp(1)*®g

holds.
ProOF. We already know from (3.3)) that z#|, g, (V) = 2(1+0)(F,) = —Ya = =X (Y)

and (g5, (Z) = (14 0)(F,) = —Zo = —Aa(Z) hold. In order to compute the first
component of the momentum map, we make use of

1
/L(C ® §)|x = _§Q(ICC|JJ7 ’C€|x)

and compute the value of u(X ® §) at z = F,. With K<’Fa = _’C/\Q(C)‘Fa’ Cesp(l) =

su(2) and [—X,, F,| = [-iH,, F,| = 2iF,, we may compute:
WX ® 8|k, = —;%e <<21Fa,a[£,Fa]> - ;Qi <Fma<];la> gﬂi;Fa]’FJ)
= =3 e (i (Fuy o, Fal)) = 5 9m (Fasol6, Fu)
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Thus for ¢ € g, we have

1
M(X ®€)|Fa - _5 <X047§> )
and )
WX, = —2Aa(X) = 2 X = —2[Fu, 0P,
¢ 2 2 2 ’

For y € py'(3) = S, and z, 2’ € M, on the ray from 0 € g© through y, we have

e = 200(@)0(y) and  pul = 2p0(a ) (y).

where v denotes the 3-Sasaki momentum map of S,. Hence pl|, =

7' = F,, we obtain F,, = V\</I?°‘—UF;>:E and

£008) 1], holds. For

i po(r) (Fa,0Fy)

B i(F,,oF,)
2p0(F,) (z,0x)

2po(z)

[z, 0x].

P =

[z, 00] = —

Since the orbits of G have codimension 1 in M,, for every ¢’ € G€ there is some ¢ > 0
and some g € G such that ¢'.F, = tg.F, holds. Since u is G-equivariant, it is uniquely
defined by its values on the ray from 0 € g* through F,. The map p is an embedding,
since . is already an embedding. 0

Corollary 3.6.2 Let N be a Wolf space for the compact simple Lie group G and
M = 7/ (N) its Swann bundle. Then there is a constant C' > 0 such that |u| > Cpy
holds.

PROOF. Since p is an embedding of M, into sp(1)" ® g* \ {0} (lemma 3.6.1)), it follows

that the 3-Sasaki momentum map v of S, vanishes nowhere. Hence, S, being compact,
|v| > C holds for some C' > 0. But for x = (r,y) € ]0,00[ x S, = M,, the hyperKéahler
momentum map g is given by ul, = 2po(z) - v(y). O

Remark 3.6.3 Of course, |corollary 3.6.2| follows immediately (without computing the
momentum map explicitly) from the fact that G acts transitively on S,: v(y) = 0 implies
v=0,u=0,0=du = tgw which must not be for a non-trivial hyperKéahler action
of G on M. However, [corollary 3.6.2 is of considerable interest, since the condition
|| > C'po implies an a priori estimate (see for solutions of the generalized
Seiberg—Witten equations. For every subgroup G’ C G, the 3-Sasaki momentum map
(V) S, Csp(1)*®g — sp(1)* @ g’ with respect to the G’-action on S, = g.), is given
by the orthogonal projection idg,;y ® pry: sp(1)" ® g — sp(1)” ® g’. Hence 1| > Cpqo
is fulfilled, if and only if for every g € G, the elements ¢.X,, g.Y,, 9.Z, € g are not
simultaneously orthogonal to g'.

Example 3.6.4 For the original Seiberg-—Witten equations, one uses % (N) with N =
HP°, hence G = Sp(1) and G’ = S' C Sp(1) = G the maximal torus contained in
CnNSp(l) C H.
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Example 3.6.5 For non-abelian Seiberg-Witten equations, one may use % (N) = H"
with N = HP"!, hence G = Sp(n) and for example T" C G’ = U(n) C Sp(n), n > 1,
where T” denotes the subgroup of S'-valued diagonal matrices. We have already shown
this in[lemma 3.4.4 Even G’ = T" may be used. Note however, that this delivers a rather
unspectacular gauge theory, since H" = Hx - - - x H is a product of S'-representations and
the Seiberg-Witten equations completely decouple into n seperate S'-Seiberg-Witten
equations.



4 (eneralized Dirac operator

4.1 Spinor representations

We denote the Clifford algebras of Euclidean spaces R, R* by (f3, Cl4 respectively.
It is well-known from the theory of Clifford algebras, that (/3 has a unique complex
representation S and S is of complex dimension two. Furthermore, (/5 = (/3" holds and

Cly R, S = ST @ S~ decomposes into the two different irreducible representations St,
S~ of (¢4 such that

Cgiv = End(c(SJr) D End@(S’)
5% =~ Home (ST, S7) @ Home(S™, ST)

holds.

The group Spin,, C (/,, is generated by elements v; - - - vgi, Where v; are vectors of
unit length in R™. It acts on R™ C (&, by Ad,(z) = qzq~! for z € R™ and ¢ € Spin,,.
In fact, Ad maps Spin,, to SO(n) and Ad: Spin, — SO(n) is a double covering. Hence
spin, = so(n). On the other hand spin, = C/5" = C/5', ® &7 = ATR' @ A2R* as
Spin,-representations. It turns out, that

Spin, 2 SU(2), x SU(2)_ = Sp(1). x Sp(1)_

holds, where Sp(n) denotes SO(4n) N Gl,,(H). Especially, Sp(1) consists of quaternionic
1 x 1 matrices whose single entry has unit length, hence Sp(1) = S3. We denote by
Sp(1)4 that part of Spin, which has A2R* = sp(1) = JmH as its Lie algebra. We may
identify R* with H by eq + 1, €; — —i, e5 = —j and e3 — —k. This enables a more
explicit way to write down Ad namely

Ad: Sp(1); x Sp(1)- — SO(4)
(¢+:q-) — (= qzqy)
The inclusion Spin, C (/4 induces complex representations pi: Spin, — Sp(1)+ =
SU(2). We are going to use ST as an abbreviation for the representations (C2, p*).

Similarly, there is the group Spinj C C/, generated by elements vy - - - g, ® A\, where
v; are again vectors of unit length in R* and A € S* € C. It can be written as

Spin§ = (Spin, x ') /(£1, 1) = (Sp(1); x Sp(1)- x S') /(&1,+1, £1)
and again, we have a Spin§-representation on R* = H

Ad: Sping — SO(4)
44,0, N — (z = q-2qy)
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and Sping-representations

pS: Sping — U(2)
4, A — (w = Apx(g)w)’

We use W* as an abbreviation for the representations (C?, pS.) and carefully distinguish
between ST and W*.

Remark 4.1.1 The group Sp(1) contains the unit quaternions i, j, k. Thus, the action
of Sp(1) = SU(2) turns C? into an quaternionic vector space of dimension one. For
example we can take H with the three complex structures R, R, Ry, where R denotes
multiplication from the right. Considering H as a one-dimensional quaternionic vector
space, scalar multiplication S, with h € H is Rj;. Quaternionic matrices, representing
quaternionic linear maps, are then multiplied from the left as usual. There is a fourth
important complex structure Ic = L; on H, which commutes with R;, R;, Ry and
corresponds to the original complex structure on C2. In this picture we have

p=(qr, g )w = Spw= wg, forweS*,
P53 (g4, ¢— N)w = LS. w = Awgy, for w € W=.

4.2 Spin“-structures

Let G be a compact Lie group and € a central element of order two. The Lie group
Spin,, C (4, has also a central element —1 of order two. Put G = G/{1,¢}. Fore =1
we define the augmented Spin group Spin (g) simply by

Spin%(e) := Spin,, x G

and for € # 1 by
Spin% () := (Spin,, x G)/{(1,1),(—1,¢)}.

In both cases, we have an exact sequence

1 — Z/27 — Spin%(e) — SO(4) x G — 1.

There are some prominent examples. First of all, Spin;, = Spin;j1 (—1). Another one is
Spin, = Spingp(l)(—l). For convenience, we suppress the dependence on € and simply
write Spin®. Finally, we mention that Spin acts on G and (G) by [q+,¢—, g].h = ghg™",
heq.

Let X be an oriented Riemannian manifold with SO(n) frame bundle Pso. Let
P — X be a principal G-bundle. A Spinf(a)—structure on X over P is a principal
Spinf (e)-bundle Q — X which is an equivariant double cover of Pso X x P with respect
to the double cover Spin& () — SO(n) x G. So we may form associated bundles for every
Spin,, X G-action, which descends to Spinf. The most important examples for us are
the standard representation R*, the adjoint action on G and permuting actions of SpingG
on hyperKéahler manifolds M. We are going to focus on Swann bundles M = % (N)
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over Wolf spaces N. So the only case, where we actually need a Spinf structure is when
M =H"\ 0 over N = HP(n), G C Sp(n). In all other cases, the Spin§-action descends
to a SO(3) x G-action and hence these section is obsolete for them.

Let U; be a convenient cover of X, say U; geodesically convex and let g € H L(X; G’)
be a cocycle for P and g;;: U;; — G a representative. Now choose lifts ¢;;: U;; — G of
Gij. Consider §(g), i.e. 6(9)ijk = Gijgjrgri- Since {1,e} C G is central, any other lift of
gi; differs from g;; by vi;: U;; — {1,¢}. Now we have

5(97)z‘jk = 0ij%ij 95kVik JkiVki
= 95595k ki Vij Vik Vi = 0(9) ik (07)ijks

where 67 now denotes the Cech codifferential. Hence §(g) defines a Cech cohomology
class wg(g) € H?(X;7Z/27), which does not depend on the particular lift g chosen.
Furthermore, wg(g) does only depend on the cohomology class of g, thus we obtain
we: HY(X;G) — H?(X;Z/2Z). If (and only if) we(P) vanishes, there is a lift g of g,
which fulfills the cocycle condition, so wg is the obstruction for P to have a lift to a
principal G-bundle. Of course, w¢ is well-known to be the second Stiefel-Whitney class
ws for G = Spin,, (and G = SO(n)).

So, a Spin-structure over P exists if and only if WepinG (Pso xx P) = 0. Due to the
naturalness of the constructions used to define w, one can show that

Wepine (Pso X x P) = w2(Pso) + we(P)

holds. We refer to [20] and [23] for details.

4.3 Spinor actions

Let (M, I, I, I3) be a hypercomplex manifold, that is a manifold M with three integrable
complex structures behaving like imaginary quaternions. It can be shown that there is
a unique torsion-free connection 1 on M such that V¥I; = 0, for [ = 1,2,3 [I4]. This
connection is called Obata connection of (M, Iy, I, I3). For a hypercomplex manifold,
there is a whole sphere S? of covariantly constant (and hence integrable) complex
structures, since al; + bls + cl3 is a covariantly constant complex structure for every
(a,b,c) € R with a® +b*+ ¢* = 1. Denote the rotation group which acts on the 2-sphere
of complex structures on M by SO(3). We call the action of Spin? on M permuting, if
there is an exact sequence

1 — G — Spin§ — SO(3) — 1.
This means that the action of G C Spin§ on M is hypercomplex and that Sp(1) C Spin§
interacts with the quaternionic scalar multiplication Sy := hgidra +hil7 + holy + hsls

on T'M by

Tq Sh Tq = thq = SqSth for h = h() + hll + hQJ + hgk S H, q e Sp(l) (41)
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Denote by p$ : Spin$ — Spin§’ the homomorphisms given by p$ ([¢+, q—, g]) = ¢+, 9],
and consider M as Spinf—space induced by pﬁ. We consider the Spinf space ET to be
the manifold 7'M with action induced by p$ and by canonical action through differentials.
Hence, we have

(g1q-,glvy = Tq,Tgv,  for v, € B,
Another left Spinf—space E~ is defined to be T'M as a manifold, equipped with the
action:
4+,9-,9lv- =8, Sg. Tqy Tgv-
forv_. € E~, [qy,q-,9] € Spinf. Indeed, this is a left action, since:

(a9 ds a9 v = (S, S5, Tay Tg) (Sy Sy, Td. Tg' ) v
=8 (8. Tq:) (Sy Sg,) T, (Tg Tyg') v-

a+

=8, (Sy Sg,) (83, Tq+) Tdy (TgTq') v
=Sty Sz Tlardy) T(gg') v-
= lg+d},q-4", 990

holds. We used that the Sp(1);-action is permuting and that the action of G commutes
with that of Sp(1),; as well as with quaternionic scalar multiplication. In particular, we
made use of

Si (S, Tar) = (Ss. Tqr) Su, for h € H, g, € Sp(1).,

which follows directly from (4.1)).

Let 7y : E* — M be the projection maps induced by my: TM — M. Then 7 are
Spinf—equivariant and hence 71 : E* — M are Spinf—equivariant vector bundles. These
bundles replace the Clifford modules W and W~ for the non-linear Dirac operator.

Note that all of these action descend to SO(4) x G-actions, if ¢ = 1 and the action
of Spin§ (1) = Sp(1) x G descends to a SO(3) x G-action. This is important when
considering Swann bundles M = % (N) different from H" \ 0 and implies that we do
not need any Spinf—structure.

4.4 Clifford Multiplication

Consider the Spinf—space H =~ R* with action
9+,q-,9].h :==q-hg,  for h € H.

We use the complex structures Rj, R;, Ry, such that an oriented basis of H is given by

(1, —i, —j, —k). By the way, we observe that Sp(1), acts permuting on H, while Sp(1)_

acts hypercomplex. Furthermore, we identify R* with H by sending the oriented standard

basis (e, e1, €2, e3) to (1, —i, —j, —k). Then we have a homomorphism Spin® — SO(4).
We are now in the position to define a “Clifford multiplication”, i.e. a mapping

c:Cly — End(ET @ E7).
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It is uniquely defined, when given on H = R* C C/, by:
c: Ry— End(ET ® E7)

0 =S§;
h+— <8h 0 ) .
It is well-defined since
2
2 _ O_Sﬁ _ _Sﬁh 0 - _ .
C(h) - <Sh 0 - 0 _Shfz - gR4(h, h) 1dE+€BE*

holds. Furthermore, we define the “bilinear” mapping

m: R @r (EY®E") — EtQE~
gR4<hv ) ® (U-HU—) — C(h)(l)_,_, U—)'

We check, that m (and thus ¢) is Spin§-equivariant:

m([gr,q-, g]-(h®@vy)) =m(q-hqy @ Tqy Tgvy) =8, Sn (Sg, Tqy Tg) vy
=8¢ (S, Tqr Tg) (Swvs) = lar,q-, gl m(h @ vy),
m(lq+,q-, g.(h®@v_)) = m(q-hgy ® Sy Sz, Tq+ Tg v_)
= — qu_ (Sq+Tq+ Tg) v_
= —8,,8:857. 84 (55.Tq+ Tg) v— = =8, 5;(S5,. Tq+ Tg) v
= 84, (83, Tqy Tg) (=Spv-) = Tqy Tg (=Spv-)
= lgs,q-,qfmh@v_).

More explicitly and free of ambiguities caused by choices of complex structures on the
quaternions we can say: We consider (R*,(-,-), Jy, Jo, Jo) as a hyperKéhler manifold
with an action of Spin(4) = Sp(1)+ x Sp(1)- such that Sp(1)_ acts hyperHamiltonian
and Sp(1), acts permuting. The hypercomlex structure is chosen such that Jieg = ¢
for [ = 1,2,3 for the standard basis (eg, €1, €2, €3) of R*. Then we can express Clifford
multiplication in terms of this basis as

c(eg) = (? _01> ) cle) = (_O[l —OIl> , forl=1,2,3,

where (I3, I5, I3) is a fixed hypercomplex structure on M. So the volume element epe;eses
acts as —1 on E:

c(eperegez)vy = (=1)(—=L)(=L)(—)vy = —vy, forv, € ET.

Example 4.4.1 An oriented orthonormal basis for ATR* is given by (%171, %772, %773)
with

M =€y /Nep+ e Nes,

N2 = e Ney —erAes,

7]3260/\63+€1/\62.
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For v, € E* we compute:

( )’U+ + C( j)C(—k)U+ = —818_1U+ - Sij_kU+

cleg Nep +ex Nez)vy = c(1)c
].)( ]1)U+ — ]2( ]3)U+ = 2]1U+,

= (=

(— ) —c(—i)e(=k)vy = =S1S_ju4 + S5S vy

cleg Ney —ep Neg)vy = c(1)e
1)( )’U+ —|— [1( [3)’04, - 2[2U+7

- (-

cleg Nes+ex Nex)vy = c(1)c(=k)vy + c(—i)e(—j)vy = =S1S_xvy — S5S_04
= (-1)(—L)vy — Li(—1)vy = 2304,

It is now easy to compute c(n)v_ = 0 for v_ € E~, [ = 1,2,3. Hence, we have
c(m) = 2I;: EY — E*, for | = 1,2,3. Note that A2R* acts essentially like JmH on
the fibers of E* and trivially on those of E~—analogously to the classical Clifford
multiplication on S*, S~.

Remark 4.4.2 With the help of the standard metric on R*, one can identify A?R* with
s0(4) by mapping

A*R* — s0(4)

V1 ANV =V @ U — V2 @V — Vg (7)27 '>R4 ) <U1, '>R4

Under this identification, 1y, 172, 73 map to

01 0 0 0 0 1 0 0 0 0 1

-1 0 0 0 0 0 0-1 0 0 1 0

A = 0 0 0 1 Ay = -1 0 0 0 Ay = 0-1 0 0
0 0-1 0 0 1 0 0 -1 0 0 0

respectively. These matrices fulfill [A;, As] = 2A3, [Ag, A3] = 244, [A3, A1] = 2A,, hence
they span a Lie subalgebra so0(3); C s0(4) and the mapping A, — (, =1, 2,3 is a
isomorphism of Lie algebras. Therefore, we fix once and for all an isomorphism of SO(3)
and Sp(1)-representations

AZR* —s sp(1)
771'—>Cl l:17273

Note that this is not an isometry when considering the metric (n, ') a2 = x(n A\ xn') =
«(n A ') for n, ¥ € A2R* and the negative Cartan-Killing form (-, ->5p(1) on sp(1) as
Sp(1)-invariant metrics: |771|A2 = 2 where ]Q|5p(1 =38,1=1,2, 3. However, we will use

throughout on sp(1) sp(1)”, A 2 (R*)* and A%ZR* the metric induced by (-, -) Az

4.5 Generalized spinors, generalized Dirac operator

Let X be a compact, oriented Riemannian 4-manifold, G be a compact Lie group with
central element ¢ of order 2 and m: P — X be a principal G/{1,e}-bundle. Suppose
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Spin{ (¢) acts permuting on the hyperKéhler manifold (M, gy, I1, I, Is). If this action of
Spin{ (e) descends to a SO(4) x G-action, set Q = Psox P and G = SO(4)x G. Otherwise
let wgpinG () () = 0 and Q be a Spin§ (¢)-structure over P and put G = Spin{ (¢).

We define the set of (generalized) spinors to be & := Mapg(Q, M). These spinors can
be interpreted as sections in the locally trivial fiber bundle M := Q) x5 M which deals
as substitute for the spinor bundle W* = @ Xgpime W7 in the case M = W+, G = S'.

Using the Levi—Civita connection on Psg, any connection a on P gives rise to a unique
connection on @, denoted by A. The derivative of a spinor u € Mapg(Q, M) with
respect to A is

Dyu=Tu+K}|,=Tuopr,, € T5TQ,u"TM)ps =T5Q,R'@u*E").
Then, applying Clifford multiplication m yields the generalized Dirac operator
Bau:=moDueTzQ,u" E").

We denote by 2 the space of (smooth) connections on P and simultaneously the space

of lifts to G-connections on (), which projects to the Levi-Civita connection on Pso. We
define the configuration space € := Mapg(Q, M) x . This is a left & := Mapz(Q, G)
space with action

9-(u, A) = (p = g(p).u(p),Adg A+ (g7)'n),  g€®, (uA) e

Here, n denotes the Maurer—Cartan form on G. The group & is a normal subgroup of
6(Q) = Mapz(Q, Sping'), the full gauge group of Q.

The definition of & may be slightly confusing, since Mapz(Q, G) is in general not
isomorphic the gauge group of P. But firstly, the canonical map G — G induces a
homomorphism of Lie groups

Maps(Q, G) — Mapg(Q, G) — Mapg(P, G)

with kernel Map(Q, {1,¢}), which acts trivially on 2 (but not necessarily on spinors)
and secondly, we are mostly interested in the case G = SO(4) x G, where this difference
does not occur.

Denote by IIT: ¢* — ¢ the G-equivariant vector bundles with fiber €i|(u7 A) =
La(Q, u*E*). Then the Dirac operator defines a $-equivariant section

2
e e, BuA) =D
4.6 Linearization of the generalized Dirac operator

One might be confused about the so-called Dirac operator &4 being non-linear. We are
going to justify this naming by computing its linearization

VYD ylu: T, — €|,
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But first observe that v*E™, u*E~ are é—equivariant vector bundles over () and their
direct sum allows for a G-equivariant Clifford multiplication:

my: (Q x (RY) @ wWET@u'E") = (uWET®@u'E").

with m,, the restriction of Clifford multiplication m of ET & E~ to v*E+t @ u*E"~.
Moreover, since E+ @ E~ as manifold is diffeomorphic to TM @ T M, the Riemannian
metric gp; induces a @—equivariant positive definite metric on v*E* @ u*E~ and Clifford
multiplication is skew-symmetric according to this metric. Denote by v : TTM —
TM the Levi-Civita connector of (M, gy). Then ¢ and A define a G-equivariant
covariant derivative VA on v*ET ® v*E~. Simultaneously, 1 induces a connector
U:TTG — TG on II: TG — & in the following way: We have TG = Maps(Q, T M),
TTG = Mapg(Q, TTM). For v € TG, the vertical space ¥, 76 at v is:

Y, TS = ker T,I1 = Mapg(Q,v* V' TM).
Hence for w € Mapg(Q, TTM), ¥(w) = ¢ o w defines a connector.ﬂ
Consider the first order linear operator
DY, =muo VA (€ @ €T)], = (€7 @ €7)l..

Its symbol is given by o(DY,)(€) = ¢(§) for £ € T*X and therefore D', is elliptic.
Furthermore, ’Dhn is self-adjoint and we put as usual

in,*
@lln — 0 Au
in 0 :
Au

Note that ,@ﬁn is a linear vector bundle homomorphism

in

¢t e —>€+®€_

The only reason, why @hn fails to be a geometric Dirac operator, is that u*E* @G u*E~
is not a Hermitian vector bundle. This can be altered by complexifying everything.
(However, this is not necessary if the structure group of M can be reduced from Sp(n) to
U(n). Then T'M has an additional covariantly constant complex structure. For example,
this is the case for M = H" and the complex structure is I = Lj;.)

Lemma 4.6.1 The linearization V‘I’,@/Alu of the generalized Dirac operator F 4 atu € &
coincides with ,’Z)/’;‘nu

Tt might be interesting to observe that actually W is a Levi-Civita connection with respect to the
L2-Riemannian metric induced by g on T'S.
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ProoF. For u € G, we would like to compute

(VYD 1)|u: Tu® = € |gr, -

This is done for v € T,6 = T'5(Q,u*E™) = € by

(VYD )|u-v=UTy(moDy) - v="UTp,moT,Dy-v
=1 Tm VL (7rar, ) TuDa - v+ Tm HLY (mpar, Trag) TuDoa - v
= (¢ Tm VL) (Dau, V*v) + (¢ Tm HLY) (Dau, v)
= mo VY0 4 (Vym) o Dau = m o VA,
Here we used that m is a linear bundle map, hence (v Tm VL)(Du, VA4¥v) is the
vertical differential of m in direction V4¥v and is identical with M| p4u © VAYy. Of

course V,m = 0, since m is defined in terms of covariantly constant data on M (namely
of §). Because of T,,6 = €*|, (as manifolds and as G-spaces), we see that

(VYD )|y =mo VA¥: &), = & |,

lin

is one half of the self-adjoint operator D", O

Our concentration on Swann bundles M = % (N) is due to the following rather odd
corollary. Note, that the hyperKéhler potential py and its gradient Xy € I'(M,T M)
induce a vector field on &, also denoted by X given by Xy|, = Xpou, u € S.

Corollary 4.6.2 Let M be a hyperKdhler manifold with hyperKdhler potential py and
permuting Sp(1)-action. Then there are the following identities:

Dau = VA (Xyou) and  Fau = Z)Ajlrju()(o ou).

PROOF. By definition, Dau is the projection T'u o pr,, of Tu to Homg(T'Q,T M )pas
and
VA%Xly = 0 TXy o Tuo Pry, = (VYAp) o (Du) = Du

holds due to the fact that V¥ X, = idzy holds (lemma 3.2.5). Now VA¥ (X, o u) is an
element of I'5(Q, R*® ET), hence

:}u()c'oou) =mo VA (Xyou) =mo Du =2 u. u

Corollary 4.6.3 Let M be a hyperKdhler manifold with hyperKdhler potential py and
permuting Sp(1)-action. Then for u € & holds: & au = 0 if and only sz)/’;‘nu*Z)/Au = 0.

PROOF. For a spinor u we put v = X o u and obtain & 4u :,®/E‘Ijuv. It E{L*QfAu =0

holds, it follows . | | |
( ,Qljuv,,?fljfu@y = <U>9AX,1;*7¥7]2“U>L2 — 0.

The other direction is trivial. O
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4.7 Weitzenbock formulas

Let f: X — M be a smooth map between smooth manifolds. Then T'f € T'(X, T*X ®
f¥T'M). Define the second fundamental form B(f) € (X, T*X @ T*M @ f*T'M) of f
by

B(f)(X,Y) = (VE'TH)(Y) = VR(Tf-Y)=Tf-(VRY), XY el(X,TX),
where ¢, 1 are linear connections on T'X — X, T'M — M respectively. We have

B(f)(X,Y) = B(f)(Y,X)=VY(Tf-Y)= V(T X)=Tf - (VEY)+Tf - (VEX)
= (f"OY)(X,Y) - Tf ©%(X.,Y).

Thus, B(f) is actually symmetric if ¢ and ¢ are torsion-free, especially if they are
Levi-Civita connections. Note, that B(f) can be seen as the Hessian of f. The tension

7(f) e T(X, f*T'M) of f is defined as
7(f) = tr B(f) = =V#¥*TFf.

Maps with vanishing second fundamental form B(f) are called totally geodesic for they
map geodesics in X into geodesics in M (where |(f ov)'| = ¢ is a constant ¢ > 0). If
the tension 7(f) vanishes, f is called harmonic, for the covariant Laplacian V#¥*T f
vanishes. (For an overview on the theory of harmonic maps see for example [22].)

If 7: P — X is a principal G-bundle with connection A, and G acts for example
isometrically on M, there are G-equivariant versions of second fundamental form and
tension, namely

Ba(w)(X,Y) = (V¥ Dau)(Y) = V¥*Y(D, - Y) — Dau - (V5Y)
= (V*YDsu)por(X,Y)
and
Ta(u) := tr By(u) = =V Du
for u € Mapg (P, M) and horizontal vector fields X,Y € I'¢(P, TP). However, note that
Ba(u) is no longer symmetric. Moreover, a comparison to lemma 2.4.2| shows that
Ba(u)(X,Y) = Ba(u)(Y, X) = K, (xy)lu

holds, if ¢ and 9 both are torsion-free. If the equivariant Laplacian V%% * D 4u vanishes,
one might call u a G-equivariant harmonic map.

In the context described above in [section 4.5, namely M is a hyperKéhler manifold,
mo: (@ — X is a principal G-bundle covering Pso X P, A is the lift of some connection
a on P and Spin®(3) acts permuting on M, there is also the Dirac—Laplacian

in,*

auDa: Mapg(Q, M) = IT'a(Q, TM).
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For u € Mapg(Q, M) we have @AXL*Q/AU € I'5(Q,u*TM). Here again, A is the lift
of some G-connection a on /Spin(4) and ¢ on Pso). In this case, the equivariant
covariant Laplacian is a mapping

VA Dy To(Q, M) = T'5(Q, TM),

where VA¥*Dyu € T3(Q,w*TM) holds for every u € I'g(Q,u*TM). The principal

symbols of linearizations of ,@Afu*,@/ 4 and VA¥* D4 coincide and hence one could get the
idea that these operators differ by some lower order perturbation. This is true indeed
and shall be shown in the next lemma:

Theorem 4.7.1 (Lichnerowicz formula)
Let M be a hyperKdhler manifold with permuting action of Sp(1), then

m*gAu—VAw*D w4l T Xo|u+Xz(R}B)|u+y(F+)’

holds for A € A and u € &, where sx denotes the scalar curvature of X, R%t denotes the
self-dual s0(3), -part of the Riemannian curvature of X and R}jg denotes the trace-free
part of RLT.

PROOF. For g € @) choose a local orthonormal frame of vector fields Xg, X1, X5, X3
around z := 7mg(q) such that Vx, Xy, = 0 and X;|, = p(e;) for I = 0,1,2,3, where
p: R* = T, X is the image of ¢ under Q — Pso. Denote with Y; their horizontal lifts
with respect to A. Equivalently, we consider Y; as element of Map (@, R*). We calculate

X,lz’L*Z)/Au’q
) 3
=D (Z cm)DA,nu) I

=0

I
NE

3
Ol (Lt Daa) |
=0
3 3
+ 303 elen)e(Vil) (V3 Dayyu )]q

k=0 1=0

iy
o

c(er)c(DayYilq) (Dayu

‘ q

iy
o

||
MOJ
= M=

c(ek)c(el)VééwDAylu
0

I
[M]

i
o
T

C(GZ)QV%MDAYZ

I
[M] e

+ Z ek (Vyk Dy ylu|q V%’w DA’ka

k<l
U(q))

In the last line, we made use of the curvature formula of lemma 2.4.2 m (Note that
[Yk, Y]hor = HLA[Xk, Xl] = 0 since [Xk,Xl] VXle VXle = 0 Hence DA,[yk,yl]’U, =
0.) The Levi-Civita connection 1) on M is torsion-free. We interpret F4 as an equivatiant

)

11

\%

’w’*DAu]q + Z cleg)c(er) (@w(DA,ekU, Dy u) + ’C%(ekyel)
k<l
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map Fu: Q — A2(RY)* @ (sp(1) ® g) = (A’RY)* @ (sp(1) @ g). A direct computation
shows:

c(eo)c(el)lCFA (coer) T C(€2)C(€3>ICJ}\,{‘(62 es) = 11/C<F+ cone1teanes)?

C( )c(€2)K:FA (eo,e2) + C(61>C(63)K1}‘7{‘(61 e3) IQIC F+ ,eoNea—eiAes)’
0(60)0(63)’CFA(60,63) + 0(61)0(62)/C%4(e1,62) 13/C<F+ conesternes)”

We know that F), is the (A*R*)* ® g-component of F4 and the (A*R*)* ® sp(1)-component
corresponds to the s0(3)-component of Riemannian curvature Rx. We denote by Ry
the self-dual s0(3),-component of Rx (and also its lift to Q) Thus, we obtain:

3
XIL*@/AULI = VA’w’*DAUh + Z IllC?éy ’ + Z IZK: (FF m)
=1

u(q)’

We have to investigate the last two terms further. Think of the Riemannian curvature
as amap Ry: Q — S*(A2R* @ A2R*) and of F asamap F,': Q - AIR*®g. In
matrix form, Ry can be written as

- RIT R (-5 0 R}}Jr—l—’“1 RX_
RX_(R;(+ Ry )\ o —s=x) T\ "Rt R+ X

12
and the very right matrix is trace-free because of sy = —2tr Rx. Since we identify

sp(1) = A2R?* by ¢ — n; (see remark 4.4.2)), we may put RY" = Rf" - ¢, ® ¢ with

R{" = R}t and obtain
D au = VA D gy X(RE) ]+ V(FS)a
= VA Dyu+ X (= Thot G G) L+ X (RET +55) L+ V(ED.
— VAV D+ wau + X (R )+ V(EF )

Here, we used tr Ry = tr Ry~ = —X (Bianchi identity) in the last line. O

Theorem 4.7.2 (Linear Lichnerowicz formula)
Let M be a hyperKdihler manifold with permuting action of Sp(1), then
R 0 = ARy Ay 2X L0+ (VER)(REE) +(VEV)(E +Zfl ' Ry Jhors 1)
=1

holds for A € A and v € T5(Q,uw*TM).

ProOF. For q € () choose Y, ..., Y3 as in the preceding proof and mimic the upper
computations:
z:,l’l,,t* A,uU’q
in,* 3 A 3 3 A A
=2 (e ) | = 33 clenele) (VI V) \q
1=0 k=0 1=0
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Of course, we used here instead of [lemma 2.4.2, From [lemma 2.4.3 we
know that w<IC5TM |v) = VYK, holds for ¢ € g, we write

> clen)ele)t (Kiblywle) = VEX(RE) | + VEV(E )

k<l

= =50+ (VIR BED)u+ (VIV)(ED

Finally, we have only to note that

> cleg)c(er) Ry(Dauey, Dawey)v
k<l

holds with the basis 7, 12, 3 of A2R* chosen as in jexample 4.4.1] O

Example 4.7.3 Consider a Sping-structure @ on the 4-manifold X, M = H, G = S'.
Then &5 = 0 and R, = 0 hold. For every “generalized” spinor

u € 1\/IapSpinf1 (Qa H) = 1v[apSpinf1 (Q’ WJr)

U Rw horanl> v

HMw

we obtain a “classical” spinor
v=4Apou¢€ FSpinZ(Qa U*TM> = Ma’pSpinZ (Q7 W+)7

since M = H is contractible and flat. Furthermore, Y(F.")|, = ¢(F; )u holds as well as
(VYY)(F;) = c¢(F)v. Therefore, we reobtain the classical Lichnerowicz formula from
both [theorem 4.7.1] and [theorem 4.7.2 (compare for example to [12], p. 160).

These new pointwise Lichnerowicz formulas complement an L?-Weitzenbéck formula
found by Pidstrygach (see [15] for details):

Theorem 4.7.4
Let M be a hyperKdhler manifold with permuting action of Sp(1), then

1D aull?> = || Daullrs + 3 (sx, po o u) 2 + (RED, p2ou) , +2(pou, FF)
holds.

At least for the hyperKéahler potential case (p2 = 0), we can give a new proof: Because
of [corollary 4.6.2| and gas (X0, Xo) = 2po, we have

<2/Au7/®/AU>L2
= < X’IU(XO e} u),,®/Au> <.)C'0 ou 2/’111 *,’EfAu>

= <X0 ou, VA,¢,*DAU>L2 + 2 /X sx g (Xo o u, Xoou) + ga(Xoou, V(EH)|) voly

= (Da(Xoou), Dau) o + %<3Xap0 o U)o +/X9M(XO Ou»y(F;_”u) voly .



4.7. WEITZENBOCK FORMULAS 43

Now observe that X = —[llCé‘f holds for [ = 1,2, 3. Thus, we obtain

3 3
93 (ol VIEN) = D2 gar (=LK s T 3 |u) = = D2 g (G s Ker oy o)
=1 =1
3
=2 (G (Frm)|e =2{uou, F)

=1

by the formula for the hyperKahler momentum p from |corollary 3.3.1|




5 Generalized Seiberg—Witten
equations

5.1 The equations

After having established the generalized Dirac operator &4 and the momentum map f,
the generalized Seiberg—Witten equations can be stated baldly:

Let (X, gx) be a compact, oriented Riemannian 4-manifold and for the compact
connected Lie group G let Spin3G act permuting on the hyperKéhler manifold (M, g, S)
with momentum map p: M — sp(1)" ® g. Furthermore, let Q be a principal G-bundle
as described in . For a spinor u € & = Map(Q, M), the map powu is actually
an element of Mapg(Q,sp(1)” ® g*).

Remember that we denoted by A € A C Qé(@,so(él) @ g) the space of connections
on @), which project to the Levi-Civita connection ¢ of X under () — Pso. For A € A,
we denote the g-component of A by a € Qla(Q, g)ﬁ Hence, for A € 2, F is an element
of Mapz(Q, MR ® g).

Define the map ®: A% (R*Y)*®@ g — sp(1)" ® g* by ®(o)(§ ®€) == <(0z,771>A2+ ,§> for

g
some chosen Ad-invariant inner product. So, ®(FJ), pou are elements of the vector

space Maps(Q,sp(1)" ® g*). However, we will suppress this isomorphism. Then for
(u, A) € & x A, the generalized Seiberg—Witten equations are the following:

D au =0, Ff—pou=0. (5.1)

Let 3* C g* be the fixed point set of the coadjoint action of G on g* and let n* €
Maps(Q,sp(1)" ® 3*) = Q3(X,3*) be a closed self-dual 2-form. We will refer to the
following equations as the generalized Seiberg—Witten equations perturbed by n™:

D au =0, Ff+n"—pou=0. (5.2)

The set of solutions coincides with the zero locus 3(gx,n") = SW™'(0) of the &-
equivariant map

SWy+: 6 x A — Mapz(Q, E~) x Mapg(@Q,sp(1) ® g)
(u, A) — (Dau, F, — pou—1n") '

!Note that there is an underlying principal G/{1,e}-bundle P, such that @ covers Pso xx P. Then a
defines a connection on P and A can be considered as the unique lift of ¢ X x a to a connection on
Q.

20f course, for semi-simple groups G, one may take the negative of the Cartan-Killing form. How-
ever, since we sometimes consider abelian groups, it makes more sense to use a faithful unitary
representation of G < U(n) and the pullback of the metric (£, 1)y, = — tr({n), & n € u(n) on g.
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Hence, 3(gx,n™") is a B-space and we define the moduli space of equation to be
M(gx,n") == 3(9x,n")/G. We will mostly suppress the dependence on the Riemannian
metric gx and perturbation ™ and simply write 3, 9% respectively. Actually, we have
already suppressed the dependence on the choice of ). As further abbreviations, define
the configuration space € := G x 2 and the trivial vector bundle ) — € with fiber
Mapg(Q,sp(1) ® g). Remember that II¥: €& — & are infinite-dimensional vector
bundles with fibers €*|, = Mapg(Q, u*E*) and that the Levi-Civita connection ¢ on
M induces connectors denoted by W: T¢* — &+ in both cases. As a slight abuse of
notation, we also denote the pull-back of &* onto € along the projection € = G xA — &
with &%, Actually, I[I*: ¢* ¢ Q) — € is a G-equivariant vector bundle and SW can be
interpreted as a section:

SW, 4
_ T
(GaNED))| = S ¢

Like the original equations, the Seiberg-Witten equations have a variational meaning.
Consider the energy functional

2
E(u, A) = |Faull 2 + 511FS + 0" — powullp..

We have to admit, it is not that surprising, that the solutions of (5.2)) are absolute
minimizers of £. However, with the help of the L2-Weitzenbéck formula of ftheorem 4.7.4]

we may show:
Lemma 5.1.1
E(u, A) = | Daulys + o w—nt|7 + HFa+ 2077
+ 5 (sx,poou) o + (REp, paou),,
—2n*llza =4 [ trFan Fy.
PROOF. Inserting the L2:-Weitzenbock formula into the defining expression for £ yields:
E(u, A) = |[Baullpz + | FF + 0t = poul,
= [|Daull72 + 2(sx, po o u) 2 + (RED, pa o),
+2pou, FF) + | F +n" = poullz.
Then one uses
|Fallfe = = [ te(FansFa) = = [ 6(EF neFD)+ [ 6(F7 neEy) = 1B = 1F7 s
and obtains:
2pou, F) + |+t — poullz
= 2pou, Ff) + [\ + 17z + [l o ull?s
—2pou, Ff) o —2(uou,n™) e+ 2(F n™) 2
= SN Fullle +2(F0n™) o+ HIFS 152 = S1EL 172 + lwow—n't]
= F 2t =2 e =3 [ o EanF) + lwou—yt e O
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Remark 5.1.2 The number 3 [y tr(F4 A Fy) is a multiple of the second Chern number
of the underlying bundle P and hence constant. So, one can define a more convenient
functional

2 2
E'(u, A) = | Daulle + [l o w =57l + 51 Fa + 207 ||z

+3 (sx,p0 0 w) o + (R G, p2 o)
for which Seiberg—Witten solutions are still absolute minimizers and which fulfills
£'(u, A) > 2|t + %/XtrFA A Fy
Lemma 5.1.3 The FEuler-Lagrange equations for £ and £ are:

VA" D g+ 5 Xyl + Xo (R + V()] = 0
diFa+du(i)f I Dau = 0

PRroOOF. Let t — wu; be a smooth curve in & with vy = v and %utltzo =veT,S for
example u; = exp, (tv) and o € Q'(X, Ad g) be a tangent vector at A € 2. Then

d
T / 9x @ gu(Daug, D guy) volx ‘ = 2/ 9x ® gar(Dau, V4v) voly
tJx =0 e

— 2/ gM(VA’¢’*DAu, v) voly,
X

d
&/X(uout,uouQVOlXLZO:2/X<Mou,d,uov>volx
3
= Q/szl </Lﬁ(Ck) o u,w(Ck)(lC_M|u,v)>v01X = Q/XQM(y(MWu,U) voly .

For every x € M we have K™|x: g — T,M. The adjoint (KM|x): T,M — g with
respect to gy and (-, ), is given by dp(¢)* I, for every ¢ € sp(1) with ¢? = —1:
=du(¢ ® &) - LY = (€, du(C)*LeY),,

thus

d/g (D attatty, Dayiqu) vol ‘ :2/g ® gar(Dau, KX, vol

dt Jx M +tat, +ta X =0 X X M sy v X

= 2/X<(IC ) DAu,a>T*X®g volyx = 2/X<(du(1) IDAu,a>T*X®g voly .

The rest follows from the fact that X, X, are the gradients of pg, po respectively and

from the well-known Euler-Lagrange equation d’ F)4 = 0 of the Yang—Mills functional
A [y |Fal? volx. O
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5.2 Sobolev completions

The infinite-dimensional manifolds &, %A, &, etc. considered so far are Fréchet manifolds.
This has been expressed implicitly when we stated that 7,6 = Mapg(Q,u*T'M). Note
that Mapg(Q,u*TM) = T'(X, w*TM/Q) is a Fréchet space with the family of norms

k
[ollon o = DNV ]l

=0

for a connection A € 2 and where the supremum norm is defined in terms of the
Riemannian metric on u*T'M. Here we assumed of course that the base space X of @ is
compact.

Every Riemannian manifold can locally be modelled on its tangent space in terms of
its exponential map: For given x € M there is € > 0 such that for every X € T, M with
| X| < € there is a unique geodesic yx: [0, |X|] — M with v(0) = x and 4(0) - | X| = X.
This induces a smooth map

exp,: { X eT,M||X|<e}—M
X — x(|X])’

the exponential map. Its derivative at 0 € T, M fulfills Ty exp -X = X and hence, for
small enough, exp, is a diffeomorphism onto an open ball of radius € around z. We call the
supremum over these € the injectivity radius r(x) of M at x. Denote by 7y : TM — M
tangent bundle of M and choose a smooth bounded function r: M — |0, co[ which is
pointwise bounded by the injectivity radius of (M, gps). Let

BM:={XeTM||X|<r(ry(X))}
be a fiber bundle 7: B, M — M whose fibers are balls of varying radius. Then

exp: B.M — M
X — eXpﬂ_(X) X

is smooth.
Observe that exp defines a covering family of charts. We are going to define a smooth
atlas of & in quite a similar way: Define the “vector bundle’f]

IT: Mapz(Q,TM) — &
V—>TOov

with fibers II"'(u) = Mapg(Q,u*TM). For u € & = Mapz(Q, M) set R(u) =
mingeq r(u(q)) and define

BrG :={veT6 | |v|, < R(Il(v)) }.

3Note that we have not yet defined any topology on &, Mapa(Q, TM).
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Then exp induces Exp: Br& — & by Exp(v)(q) = exp,,(v(g)) for v € Br&|,. We
denote the restriction of Exp to Bg&S|, by Exp,. We now define both the topology and
the smooth structure on & by demanding Exp,, to be diffeomorphismsﬁ

We have to find “suitable completions” for the infinite-dimensional manifolds, in order
to do the handcraft. For a smooth pair (u, A) € & x A and k € N, 1 < p < 0o define
the Sobolev space

WEP(Q  w E*) 2 WFP(X  (u"E¥)/G)

to be the completion of I5(Q,u"E*) = I'(X, (u*E*)/G) with respect to the Sobolev
norm defined by

[N]4S]

VOlX .

[0l 1= 3 [ ({6 ® 00 (74, (92)'0))

Here, g, denotes the Riemannian metric on u*T'M induced by gys and gl is the induced
metric on @' T*X. Since we still demand X to be compact, the W¥*P-norms for
two different connections are equivalent, hence the completion Wg’p (Q + u*E*)—as
topological vector space—does not depend on the particular choice of connection.

In order to “complete” & , i.e. embedd & smoothly into a Banach manifold G*»
modelled on Sobolev spaces, let kK > 1, p > 1 and k — % > 0 such that the Morrey

embedding W*? — C is continuous, hence [|-||co,, = |||/ ., is & continuous norm on
WEP(Q = w*TM). Thus,

BRGk’p

wi= {0 e WEQ « wTM) | |[v]l o, < R(u) }

is an open set and we define &% to be the set of all maps 7 € C%(Q, M) such that there
is a smooth u € & and v € Br&*?|, such that a(q) = Exp,(v)(¢) := exp,,(v(g)) holds
for all ¢ € Q. The maps Exp,: BRG*? — C%(Q, M) are injections and we topologize
&*? by demanding them to be homeomorphisms onto open sets. Using the Sobolev
composition rules and that we chose 7 to be bounded which implies B, M to be compact,
it is rather straight-forward?| to show, that { Exp, | u € & } defines a smooth atlas of
L

“Note that Mapa(Q, uiTM) = Mapa(Q, usTM) can only be guaranteed, if u1, us are contained in
the same homotopy class (the same connected component of &) or the same gauge class; the first
assertion follows from the homotopy theorem for vector bundles, the second from the fact, that a
gauge transformation g itself induces a vector bundle isomorphism v*TM — (g.u)*TM. So one
must not demand, that a manifold by definition is modelled on a single isomorphism class of Fréchet
spaces.

°One has to estimate “difference” between the Riemannian metrics g,, and g,, and the derivatives
of exp, ! oexp,,, when exp, (Br&*?|,) and exp,, (Br&"?|,) intersect. This can be done since
sup,eq A (u1(q), u2(q)) < C(ur, uz) < co due to the boundedness of 7.
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For u € GF» = g’p(Q, M) set R(u) := mingeqr(u(q)) < oo and define

Br&*? = {v e T&" | ||v]|,, < R(II(v)) } .

Then exp induces the smooth map Exp: BRG — &.

5.3 Regularity

The generalized Seiberg—Witten equations are a coupled version of anti self-duality
equations and hence, some of the theory of ASD-connection can be used.

Suppose k > 2, p > 2 and k — % > 0 such that W*? — W22 N C° For a pair of
connections A, B € 2A*? we say, A is in Coulomb gauge relative to B, if di(A — B) = 0.

Consider the functional
far &P R

g 1g.B — A3

with derivative
(dfa)li-€=2(K¢s, B—A),, = —2(dp&, B— A);» = =2(£,d5(B — A)) 1

for £ € Lie ®*+1p = Wgﬂ’p(Q, g). Hence, A is in Columb gauge relative to B to another,
if and only if 1 € & is a critical point for f. Since

fa(g) =g.B = Al}2 = |B— g All}> = falg™)

holds, 1 is a critical point for fp, if it is for f4. Thus, being in Coulomb gauge is a
symmetric condition. So we call A, B a Coulomb pair, if A, B are in Coulomb gauge
relative to another. From the discussion above it follows directly, that ¢g.A, ¢.B is a
Coulomb pair for every g € &*+4P if A, B is a Coulomb pair.

The following is a standard gauge theoretic lemma, so we state it without proof (see
also [9]):

Lemma 5.3.1 (Existence of relative Coulomb gauge)

For every A € A* P there is a constant e(A) > 0, such that for every B € 2 with
|B — Allyy22 < €(A), there is a gauge transformation g € &**1P such that A and g.B
s a Coulomb pair.

For X € T, M define
hOlX: Texp(X)M — TIM

by means of parallel transport along the curve t — exp(tX), t € [0,1]. This induces a
vector bundle isomorphism

exp* T'M hol > T M

o~ A

B, M
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and hol induces
Hol

Exp* Gk BIACLEEE

T

Bng’p

which is also an isomorphism of vector bundles.

Theorem 5.3.2 (Regularity)
Let (u, A) be a W*P-solution of (5.4) for nt € W™P(Q,A2(R*)* ® g*). Then there
& 1

exists a gauge transformation g € P such that (g.u,g.A) is in WmLe,

PROOF. First, choose a smooth connection Ag such that ||A — Agl[}y22 < e(A). Accord-
ing to let g € &"P such that g~'. A, Ay is a Coulomb pair. Without loss of
generality, assume that (u, A) is a W*P-solution and that A is in Coulomb gauge relative
to a smooth connection Ag. Put o« = A — Ay € Wg’p(Q — T Q @ g)pas = WEP(X
T*X ® Adg). Since Dyyu = Tu+ KN |, = Tu + KN |, + K|, holds (see (2.8)), we
have @ u = & u + m(KM|,) and

1 1
Fa=dA+ - [A Al =dAg+da+ = [AO,AO] [Ao,a]+§[a,a]:dAoa+FAO+—

5 [, .

Hence, (u, «) fulfill

Ag D agt = — XQZ (K2u)
df o = —F}f —ila,o]t —pou+nt
dj,a =0

Let ug: Q@ — M be a smooth spinor, such that dys(u, ug) < R(u) holds pointwise. Then
u = expv with some v € BrG&*P C Wg’p (Q < uiTM). The Lichnerowicz formula
allows us to put:

:(1),’* AOU_VA01/J*D u—'— Xo‘u‘i_y( )’

Ag,,x
=V~ ¥ DAO EXP(U) + ZXO‘Exp(v) + y(F(;;)‘Exp(v)
= hol, ! VAV vAoy 415 (v),
where 1%'(v) indicates an expression composed by v, VA*¥y and smooth maps. Inserting

this into the first of the three equations above and abbreviating AIXQ by = VAV AY
for the covariant Laplacian on I'5(Q, ugT'M) yields:

lin 1n,* s
AAO P, uo h01 QAAO Exp( v)m i\y/I’EXp(”U)) + 1 t(v)7
hence (v, ) is a solution of the equations

AB{; qu = (v, @)
dfj,a = —Fj —
dj a =0

0

+

o, ]t — o Exp(v) + 1
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The left hand side consists of the linear elliptic operators

AR e DX ugTM)G) — D(X,ugTM/G)
df, +di,: Q'(X, Adg) — Q% (X, Adg) & Q°(X, Ad g)

on smooth vector bundles. Observing that since v is continuous, v(()) is compact
and hence the composition law for Sobolev spaces may be applied to deduce, that
—F} — ila,a]t — po Exp(v) +nt € W, if (v,a) € W', | < m. Then actually
elliptic regularity for dXO +d7, implies o € WP By the same argument, 1% (v, a) is
of regularity W!='? hence, v has regularity W'*1* and so on. So elliptic bootstrapping
allows to deduce that (v, a) has regularity of n* plus one further derivative, hence

(v, ) € WP Finally (u, A) = (exp(v), Ag + ) € W™ Hhp, ]

Corollary 5.3.3 Let (u, A) be a W"P-solution of fornT € C’%"(Q,Ai(R‘L)* ® g").
Then (u, A) is gauge equivalent to a smooth solution.

5.4 A priori estimate

In this section, we restrict to hyperKahler manifolds M with permuting action of G and
with py = 0, hence M has a G-invariant hyperKéahler potential py. If we demand the
flow of A} to exist for all times, then from it follows, that M = % (N) is
a Swann bundle over a quaternionic Kéhler manifold N of positive scalar curvature with
quaternionic Kéahler action of G. Equivalently (see , M can be seen as
metric cone over the total space .#(N) (or its double-cover, if a principal Sp(1)-bundle
if possible), the SO(3)-frame bundle of complex structures in End(7'N). Hence, the
hyperKéhler momentum map p: M — sp(1)” ® g* is given by

p=2p0-v ie: pley =1rvly = 2p0(r,y) - vy,

where v: ./ (N) — sp(1)" ® g* denotes the 3-Sasaki momentum map of .#(N) and
(r,y) € M =1]0,00[ x #(N).

Theorem 5.4.1 Let M = % (N) be a Swann bundle with quaternionic Kihler manifold
N of positive scalar curvature and quaternionic Kdahler action by G. Let the 3-Sasaki
momentum map v € (N) — sp(1)" ® g* fulfill inf e oy |v(y)| > C with C > 0.
Then the following estimate holds for every closed 2-form nt € CHX + AAT*X ®3%)
and every C?-solution (u, A) of the perturbed generalized Seiberg—Witten equations:

minsX(a:)} .

0ol < masx {0, 51" |
o m — -
P00 tloo = AT 50 1M Tloo ™ 7602 2ex

PROOF. Let (u, A) be a C?%-solution to the perturbed generalized Seiberg—Witten equa-
tions . The map ppou: Q — R is G-invariant and hence decends to a function f on
X. We are going to compute Ay f,. For x € X choose ¢ € Q|, and a local orthonormal
frame of vector fields X, X1, Xo, X3 around z such that Vx, Xi|, = 0 and X;|, = p(e;)
for | = 0,1,2,3, where p: R* — T, X is the image of ¢ under Q — Pso. Denote with Y,
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their horizontal lifts with respect to A. As in the proofs of the Lichnerowicz formulas,
we consider ¥; as element of Mapg(@Q, R*). Now we compute

(VXZVXL ; ( Po © u)) ‘q

le (dpo, Day,u ‘q ZVYL gm (Xolu, Day,u) ‘
=0

Ax f(x) =

()(0|u, Vél”/’DA,ylu) ‘q — Z M (Vf}l’lp%!u, DA,YZU) ‘q
=0

Mo EMw EMw o

3
gu (X0|u, VélzlﬁDA’mu) ‘q — lz: g (Dayiu, Dayu) ‘q
=0

~

< 9gm (X0|m VA’w’*DAU)

/N O

Xolus VA,w,*DAu) ’q — gx @ gu (Dau, D gu) ‘q

)
q

where |corollary 4.6.2] was used in the penultimate step. Now, application of the
Weitzenbdck formula from [theorem 4.7.1] yields Ff = uf o u — n* and

Ax f<gu(Xpo U7QAA?L*2/AU) - SZX “ g0 (Xolu, Xolu) — gm (Xo\wy(,ujj ou)— y(ﬁ+)|u)-

Observe that 2 u = 0, gur(Xo, Xo) = 2p0,

w

3
gM(Xo!u, (1 ou \u) > gum (Xolu,fz “uoum\u) ZQM (IZ‘XO‘U7 Urtoumy )

=1

3
= _ZgM (’CQ"W (utou,n;) ) ZZM Cl ,U/ Ou7771>)

=1

~
w

=2|poul :8(poou)2\you\
and
gur (Aol Y )u) = 20 0 u,m*) = 4(pg 0 w) - (vF o u, mt)
hold. Inserting this into the estimate above yields
A < 0= (o ou) = 8(p o) o ul’ +4(py 0 u) - (1 o).

At a point xy € X, where f attains its maximum, we have Ax f(zo) > 0 (negative of
trace Laplacian!) and thus

0 < (8(v* ou,nt) —sx — 16(pg o ) [v o ul*) - L(po o w).

So either po(u(q)) =0 or

po(u(q)) <

8(vfou,nt >—3X‘ lvoul|nt|

Sx ‘
16 v o u’

= 2voul ‘q_ 16 | o ul*la
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If |v| is bounded from below, say |v| > C' > 0, then we finally obtain :

1 1
F() < flaw) < max {0, 50t — 1o minsx (@)} .
This estimate implies, that the set {u € &7 | 3A € AP s.t. SW,+(u, A) = 0} is
“bounded” in L™ is some way. Note that {z € M | po(z) < C'} is homeomorphic to
10,v2C[ x .#(N) and hence it is not compact. However, if .#(N) is compact, the set
{x € M | po(z) < C} is compact in the completion M of M, the metric cone over .7 (N)
united with its apex.

5.5 Kahler base manifolds

If the target hyperKéahler manifold M is a Swann bundle over a Wolf space, the
characterization of M as an adjoint orbit of a complex group G¢ in its Lie algebra g©
shows, that there is a holomorphic embedding (M, I;) < (g¢,i). Furthermore, Haydys
[6] observed, that as the linear Spin‘°-Dirac operator, the generalized Dirac operator is
closely related to the Cauchy-Riemann operator over Kahler surfaces:

The Kahler structure of a Kéhler 4-manifold X yields a U(2)-reduction of its SO(4)-
frame bundle to a U(2)-bundle Py (5. Explicitly, we have U(2) = (S1 xSp(1)-)/{-1, -1},
where S% C Sp(1) is the stabilizer of the complex structure Ry in the Sp(1); x Sp(1)_-
representation R* = H. Let M a hyperKahler target space with a hyperHamiltonian
action of the compact group GG. Once again, we exclude the case M = H" in order to
have a straight exposition. For a principal G-bundle P — X we put @) := Py(2) and
G = U(2) x G and we call an action of G on M permuting, if the St -action on M is
I1-holomorphic and rotates I, I3. We simply indentify Si C Sp(1); NC C H. For a
connection A = ¢ x a on @ and a spinor u: () — M we define the Cauchy—Riemann
operator D4 = 5A,IX,—I1 by

5Au = DA’U, — [1DAuo [~X

where Iy denotes the lifting of Iy to /4 C TQ.

Theorem 5.5.1 (Haydys, [6])
Let (X, gx,Ix,wx) be a Kahler 4-manifold, (M, I, I, I3, gy, w) a Swann bundle with
permuting action of G. Then every solution (u, A) = (u,p x a) of the generalized
Seiberg—Witten equations fulfills

5Au:0
Fo2 =

(s Fo) = (G1) o u = 0 (53)
peou =0

For M C g%, a Swann bundle over the Wolf space of G, we can put this in other
words: The connection A together with Iy, —I; induces an integrable complex structure
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Iy on both Q x5 ¢S and Q xg p;1(0) (F® = RO + F2 = 0). Note that the
latter becomes a complex subvariety of the former. Hence an I4-holomorphic section
of Q x5 p;'(0) is also an I,-holomorphic section of @ x5 g5 and vice versa: an I4-
holomorphic section of @ x5 g5 whose image is contained in Q x5 p;'(0) is actually
an I4-holomorphic section of @ x5 ;' (0). Thus, we may work with Seiberg-Witten
equations with values in these spaces as with linear sigma-models where the values of
u are fiberwise restricted to some complex subvariety. Furthermore, (u, A) fulfills a

vortex-type equation (wx, Fy) — 14((1) ow = 0. Note that the proof of theorem 5.5.1| by

Haydys for G = S' can be immediately generalized to arbitrary structure groups.

Remark 5.5.2 One can easily read off the need to shrink the structure group G of our
gauge problem: If M is the Swann bundle over the Wolf space of the compact simple
group G, and if G = G, the condition u. o u = 0 and the description of the momentum
map pu%: M — sp(1)" ® g* as an embedding (see implies u = 0, such
that there are no solutions in the strict sense. If one allows “ideal” solutions, i.e. maps
u: Q — M, then the only solutions would be (u, A) with v = 0 and an anti-self-dual
(s-connection A.



6 Open problems

Usually, having defined a moduli space, the first thing to investigate is if it is compact or
at least has a geometrically nice compactification. For the original S!-Seiberg-Witten
equations, the program is as follows:

One finds an L*™-estimate for the norm of the spinor part of solutions. After having
established a metric topology on the moduli space 9 (usually in terms of Sobolev
distances of gauge orbits), one shows that every sequence (of gauge classes) of solutions
has a convergent subsequence. This is done by using Hodge theory to find a Coulomb
gauge which automatically gives a WP-bound on connections. Then one uses the
elliptic estimates for &4 and d* +d* to establish uniform W*?-bounds on solutions. For
suitable k and p, Morrey’s theorem and the theorem of Arzela—Ascoli imply the existence
of a C'"-convergent subsequence for m < k — ﬁ, which shows that 9 is compact. For

details see for example [13].

Non-abelian variants of Seiberg—Witten equations and the compactification of their
moduli spaces have been considered for example in [20], [23]. Again, an L*°-bound on the
spinor part of solutions can be derived. But since the structure group is non-abelian, a
global Coulomb gauge with respect to a fixed connection for all solutions simultaneously
is not possible in general. Furthermore, one loses control of the anti-self-dual part of
curvature, so bubbling occurs. However, it is still possible to construct an Uhlenbeck-type
compactification of the moduli space.

For the generalized Seiberg—Witten equations, we have been able to derive at least
some sufficient conditions for the existence of an L*°-estimate on the spinor part. But this
alone seems to be far away from being sufficient for an Uhlenbeck-type compactification.
There are several problems:

i) If the target hyperKéhler manifold is different from H", it cannot be complete. For
M =% (N), N a Wolf space, one has at least a space, which is easy to complete:
Mcglisa con and its completion (with respect to the global metric induced
by gar) is M = {0} U M C g%. Unless one can bound pg o u from below uniformly
for all solutions (u, A), the compactification of Mt should include “ideal spinors”,
i.e. equivariant maps u: Q — M.

ii) The generalized Dirac operator is non-linear. Hence elliptic regularity cannot be
applied directly. Of course one can estimate for smooth spinors u: () — M and a
fixed connection Ag

(VA Dagull 1y = (VA (X 0 u)] 1
< Cu, Ap) (11X © ullwn gy + 1Z o0 (X0 © Wl iy o)

INote however that the metric gy; on M differs from the metric induced by (-, o) on g&.
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iii)

since @’x)u ['(X,u*Et/G) = I(X,u*E~/G) is a linear elliptic differential opera-
tor of first order. But C(u, Ag) depends at least on the Lipschitz “norm” ||u|| 0.1,
which is a priori not under control. If one could find a uniform bound on || Dau/| ;.
for all solutions (u, A) or at least on ||Daul|,,, p > 4, one may use compactness
of WP — (9 to deduce that every sequence of solutions has a convergent sub-
sequence (un, A,) (convergent in C’%(Q,M} though). Then (at least on the set
{¢ € Q|liminf, . (po o u,) > ¢}, ¢ > 0), one can find a smooth pair (ug, Ap)
and v, € T,,6 such that u, = exp,, v, holds and then similar techniques as in
might be used to derive uniform bounds on |[v, ||k,

In our opinion, such bounds on ||D4ul|;,, p > 4 can only be found in the geometric
data. But apart from the linear case M = H", we have not yet been successful.
A removable singularity theorem for solutions of the generalized Seiberg—Witten
equations is needed. However, if X is Kahler, (local) solutions to the generalized
Seiberg—Witten equations can be interpreted as holomorphic sections in some
holomorphic vector bundle. Hence the removable singularity theorem of complex
geometry can be used.

Another question that arose from our work is this: Are there abelian Seiberg—Witten
gauge theories that fulfill the conditions of theorem 5.4.1], hence allow an a priori L*°-
bound? We have already noted in lemma 3.4.4] and [example 3.6.5| that this is true for

M =

% (HP") = H"*!) G = T"*' C Sp(n + 1). Further examples might be found by

using the characterization of the hyperKéhler momentum map given in for

M =

% (N), N the Wolf space corresponding to the compact simple group Gs. If G

equals SU(n), it suffices to show that there is no triple of purely off-diagonal matrices e,
f, hin sl(n, C) fulfilling €2 = 0, [h, e| = 2e, [h, f] = 2f and [e, f] = h. For example, this
can be shown for n = 3 [16], hence T? C SU(3) acting on % (X?) fulfills the conditions

of theorem 5.4.1. So, M = % (X?), G = T? delivers another candidate for an abelian

gauge theory with compact moduli space.
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