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BEYOND ARTIN’S CONJECTURE FOR CUBIC FORMS
MIRIAM SOPHIE KAESBERG

Abstract. It is established that every cubic form in at least eight variables which can be realised as
a diagonal form on a hyperplane has a non-trivial p-adic solution for all primes p.

§1. Introduction. Artin [1] expected that every form of degree k with integer coefficients
in s variables has a non-trivial p-adic solution for all primes p provided s > k*. Even though
this conjecture has been proven wrong in general, there are special cases in which it is true.
Until today the only cases known are those with k = 1, k = 2 and k = 3, the last of which
was proven by Lewis [7].

Here, I follow an idea by Briidern and Robert [2] who presented an approach which provides
a way to prove Artin’s conjecture for some cases. Their approach is based on the following
lemma, a special case of the proposition in [2, Section 2], where it is proven that solving a
form of degree k is equivalent to solving a particular system of diagonal forms.

LEMMA 1. For a form ge Q[Xy,...,X,] of degree k, there exist r linear forms
L eQ[Yy,....Y ] 1< j<r)and r—|—s coefficients c; € Q (1 < j<r+s) foranr
between 0 and w with the property that the equation g(xi, ...,x;) =0 has a

solution X € Q},\{O} if and only if the system of equations

r+s
Zc,-yf; =0, Li(y)y=0 (I<j<r)

has a solution'y € @““‘\{0}.

Applying Lemma 1 with s = k> + 1 shows that if for every 0 < r < (kZH)(kZJ,;Q)“'(kz*k) the
system

4r+1 k2 4r41

Za, Zb,,x,_o (1<i<r),

consisting of one diagonal form of degree k and r linear diagonal forms in k> 4 r 4 1 variables
with integer coefficients a; and b;; has a non-trivial p-adic solution for all primes p, then every
form of degree k with at least k> + 1 variables has one.

For k = 3, this implies that every form of degree 3 with at least 10 variables has a non-
trivial p-adic solution for all primes p if and only if for a specific 0 < r < 220 and integer
coefficients a; and b;; the system

10+r 10+r

Za, Zb,x,_o A<i<r) (1.1)
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has a non-trivial p-adic solution for all primes p. The case r = 0 was proven by Lewis [8].
He even showed that every equation of the form

S
E aix? =0, a;, € 7,
i=1

has a non-trivial p-adic solution for all p if s > 7. This includes the case r = 0, but it is by
three variables better than required. It is the aim of this paper to prove that for » = 1 one does
not lose this advantage of three variables.

THEOREM 1. Lets > 8 and a;, b; € Z for 1 < i < s. Then the system

D ajxi =) bx; =0, (1.2)
j=1 j=1

has a solution (x1,...,x;) € Q;\{O}for all p prime.

It is impossible for all systems

T+r T+r

Yoax =) byx;=0 (1<i<r
J=1 j=1

with integer coefficients a; and b;; to have a non-trivial p-adic solution for all primes p and
all 0 < r < 220. Otherwise it would follow from Lemma 1 that every form of degree 3 with
integer coefficients in at least seven variables has a non-trivial p-adic solution for all primes
p. But as it was proven by Mordell [9] that Artin’s conjecture is strict for k = 3, that is, there
exist a cubic form of degree 3 in nine variables and a prime p without a non-trivial p-adic
solution, somewhere between r = 0 and r = 220 this gap of three variables is closed.

The proof of Theorem 1 will follow a pattern by Briidern and Robert [2]. Dividing the set
of primes into sets depending on their residue class modulo 3, those primes congruent to 2
modulo 3 will be worked on in § 2 using the contraction argument by Briidern and Robert
[2, Section 3] and some work of Dodson [5]. For the remaining primes, the version of Hensels’s
Lemma in § 3, established by Briidern and Robert [2, Section 4], will give a combinatorial
approach to the problem, which indicates a necessity to distinguish between primes congruent
to 1 modulo 3 and the prime three. Section 4 will introduce an equivalence relation on the
set of system, which Briidern and Robert [2, Section 6] used to pick representative with good
properties. In § 5, I will prove with a simple combinatorial approach for primes congruent
to 1 modulo 3 that most cases have a non-trivial p-adic solution. The remaining cases will
be handled in §§ 6, 7 using a more complex approach of Briidern and Robert [2, Sections
8 and 9] in § 6 and a result by Leep and Yeoman [6] on the number of solutions of an
absolute irreducible polynomial in both sections. The proof will be completed in § 8 where
combinatorial methods are used to show the existence of non-trivial 3-adic solutions.

§2. The case p=2mod 3. In this section, I prove Theorem 1 for primes p congruent to
2 modulo 3. These primes are relatively easy to handle since the set of cubic residue classes
modulo p equals the set of all residue classes modulo p. Hence, the equation

Cle —|—---—{—c,x,3 =0, (2.1)

in which all coefficients are integers, has a non-trivial p-adic solution even if ¢ is relatively
small for primes p congruent to 2 in comparison to primes p congruent to 1 modulo 3. Dodson
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[5] denoted the smallest # such that a non-trivial p-adic solution exists for all equations (2.1)
by I'*(3, p). More general, ['*(k, p) denotes the smallest number ¢ € N, such that for all
c1, ..., ¢ € Z the equation

k k
cxy+--+ecx;, =0

has a solution x € Q’],\{O}. The problem of showing that a system (1.2) has a non-trivial p-adic
solution was broken down by Briidern and Robert [2, Section 3] into a restriction on ['*(k, p)
depending on s.

LEMMA 2. Suppose s > 2I'*(k, p). Then the system (1.2) has a non-trivial solution in Q,,.
Proof. See [2, Lemma 3.1]. ]

All that remains to be shown is that I'*(3, p) < 4 for all p congruent to 2 modulo 3. Dodson
[5] defined y* (k, p") as the least positive integer ¢ with the property thatif ¢y, ..., ¢, are any
integers coprime to p, then the congruence

cix¥ + -+ exf = 0mod p"

has a primitive solution, that is an integer solution with not all variables x, ..., x; divisible
by p. For § = ged(k, p — 1), he remarked that the non-zero residues modulo p form a cyclic
group of order p — 1 and hence, the sets {xk X € IF,)} and {)c5 1X € FP} are equal, which
implies y*(k, p) = y*(8, p). Then he established the following connection between I'*(k, p)
and y*(k, p¥), where p* || k and

T+ 1, forp> 2,
T+2, forp=2.

LEMMA 3. It holds &k, p) <k(y*k,p’)—1)+ 1.
Proof. See [5, Lemma 4.2.1]. ]

For the cases p # 2 and p = 2 mod 3, this provides
r'G.p<3(y*G.p—1)+1

Here y* (3, p) = y*(1, p) which is obviously 2 and hence I'* (3, p) < 4. The only remaining
prime p = 2 mod 3 is 2. Lemma 3 can be applied to show

r3,2)<3(y*G.49-1)+1

It is easy to see that y*(3,4) = 2 as well. If ¢y, ¢, are coprime to 2, then they are congruent to
1 or 3 modulo 4. Since both 1 and —1 are cubic residues modulo 4, there is always a primitive
solution of the equation

c1x; + x5 = 0 mod 4.

Hence, I'*(3, 2) < 4 as well and therefore, for all primes p congruent to 2 mod 3 Theorem 1
is fulfilled.

For primes congruent to 1 modulo 3, this does not give the desired result because I'* (k, p)
is too large. For them, I use a special case of Hensel’s Lemma by Briidern and Robert
[2, Lemmata 4.1 and 4.2] to reduce the problem to one of congruences.
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§3. A special case of Hensel’s lemma. Throughout this section, I need the parameters ©
and y defined in the previous section which depend on the prime p and the degree of the first
equation in the system (1.2). In Theorem 1, the degree is 3 and hence t = 0 for all p > 3 and
v =1 for p=3and y = v 4 1. The following lemma was proven by Briidern and Robert
[2, Lemma 4.2]. Although they excluded k = 3 before they proved it, the proof for k = 3 and
p > 2 is the same.

LEMMA 4. Lets > 2, p > 2 prime, and suppose that X € 7° satisfies the congruences
s N
Y ajx}=0mod p’, Y bjx;=0modp 3.1)

Jj=1 J=1

and p { blagxg — bgalxlz. Then there are y\, y» € Z, with (y1,y2) # (0, 0) and
N N
Zajx; = ijxj =0.
J=1 J=1
For the remainder of this paper, a simultaneous solution of

N S
ZajijOmode and ijijOmodp
J=1 j=1
is called non-singular if there are 1 < i, j < s such that p { b;a jx§ —-b ja,-x,-z. The indices can
be renumbered, if necessary, such that p { b1a2x§ — bzalx]z. Then the preceding lemma can

be applied to show that a non-singular solution implies a non-trivial p-adic one. This can be
summarized to the following result.

LEMMA 5. Lets > 2, p > 2 prime, y defined as in the previous section and suppose

Y ajx}=0mod p”, Y bjxj=0modp (3.2)

j=1 J=1

has a non-singular solution. Then (3.2) has a non-trivial p-adic one.

§4. Conditioned systems. In this section, I present conditioned systems, introduced by
Briidern and Robert [2] , which are a variant of the p-normalised systems of Davenport and
Lewis [4]. One says that two systems (1.2) are equivalent if one can be converted into the
other one by a finite series of the following processes.

(i) Substitute (xq, ..., x5) — (c1xq, ..., coxs) with all ¢; € Q*.

(i) Multiplication of one of the equations by a non-zero rational number.
(iii) Permutation of indices.
If one representative of an equivalence class has a non-trivial p-adic solution, so has the
whole class.

Briidern and Robert [2, Section 6] showed that every system (1.2) with a;, b; € Q\{0} for
1 < i < s has an equivalent system with the properties that

(1) all coefficients a; and b; are non-zero integers;
(ii) there is an i with p { b;; and
(iii) the number of coefficients a; with p/ {ajis at least ’3—5 for1 < j<3.
They called such a system conditioned. By combining this with a compactness argument, they
have proven the following lemma.
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LEMMA 6. Suppose that for a fixed s there exists a non-trivial p-adic solution for
all conditioned systems. Then all systems (1.2) with rational coefficients have non-trivial
p-adic solutions.

Proof. See [2, Lemma 6.1]. U

The work with conditioned systems and systems (1.2) requires the following notation.
(1) For1 < i < s, the parameters v; and u; are defined by p" ||a; and p*||b;.

(i) The parameter ¢ describes the number of 1 < i < s with v; = w; = 0.
(iii) For j € Ny, the parameter v; is defined as the number of 1 < i < s such that v; = j.
A variable x; is called low if ;£; < v; and high otherwise. The level of a variable x; is defined by
min(u;, v;). It follows from the definition of a conditioned system that v; € {0, 1, 2}, vy > 3,
vo+ vy =S5and vy + vy + vy = 5.

The set of systems

S N

D aixl=) bx;=0 (4.1)

j=1 j=1

with non-zero integers coefficients where p3 ta; (1 < i< s) includes the set of conditioned
systems. For each of the systems (4.1), there is an equivalent system in the same set
with «;p~"b; = 1 mod p, as one can find an «; € Z such that o;p~"b; = 1 mod p for all
1 < i < s, because pi||b;. Applying x; — o;x; for 1 < i < n provides such a system. As this
transformation does not modify the parameters v; and ¢, one can assume that every system
(4.1), and hence, every conditioned system, has this property.

In the following, to prove that every conditioned system has a non-trivial solution, I will
divide them into different sets, depending on the parameter used to describe them. To make
the proofs that each of these sets has a non-trivial p-adic solution easier to follow, it is really
helpful to establish an order of the variables in a conditioned system. A permutation of indices
transforms a conditioned system into an equivalent one without changing the parameters v;
and ¢, while permutating the tuples (v;, ;) in the same manner as the indices. Therefore, to
prove that every conditioned system with fixed parameters v; (0 < i < 2) and ¢ has a non-
trivial p-adic solution, it suffices to prove the existence of a non-trivial p-adic solution for
every conditioned system with the same parameters having a fixed order of variables.

Definition 1. A system (4.1) is called an ordered system (4.1) if the variables with v; = 0
are xi, ..., x,, whereas those with v; = 1 are x,41, . .., Xy,4,, and the remaining variables
Xygtvi+1s - - - » Xygv,+v, are those with v; = 2. Furthermore, the variables with v; = j for
j €10, 1,2} are ordered, such that the ones with p { b; are followed by those with p | b;.
If an ordered system (4.1) is also conditioned, it is called an ordered conditioned system.

As every system (1.2) is equivalent to an ordered conditioned system, it would suffice to
prove the existence of a non-trivial p-adic solution for all ordered conditioned systems. In
some cases, however, the proof also holds on a larger scale, hence some of the lemma will be
slightly more general than others, which will prove to be useful.

§5. The case p=1mod 3. Asshown in § 3, one has to handle congruences modulo p, for
which the following lemmata are useful tools.
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LEMMA 7. Let pbeaprime,§ = (k,p—1),p > 2§+ landa,, ..., o, % 0 mod p. Then
Xy + -+t (5.1)
represent either all residues modulo p or at least 1 + ((2n — 1)(p — 1)/6).

Proof. See [3]. O

For k = 3 and primes congruent to 1 modulo 3, this implies § = 3, hence, for p > 7 this
can be summed up as follows:

Conclusion 1. Let p > 7 be congruent to 1 modulo 3 and &, o, % 0 mod p. Then oqxf +
arx; represent all residues modulo p. If additionally 3 # 0 mod p, then
a1x; + apx3 + a3x; = 0 mod p

has a non-trivial solution with x; £ 0 mod p arbitrary.
The following lemma provides a similar result for p = 7.

LEMMA 8. Let ay, ap, a3 £ 0 mod 7. Then
oelx? + ozzx; + agxg = 0 mod 7 5.2)
has a non-trivial solution.
Proof. For those «; = 4,5 or 6 mod 7, one can apply x; — —x; to transform (5.2) to an

equation where all ¢; are congruent to 1, 2 or 3 modulo 7. If now all coefficients are distinct
modulo 7, it has, after a permutation of indices, if necessary, the form

x; +2x3 + 3x3 = 0mod 7.

Setting x; = x, = —x3 = 1, one obtains a non-trivial solution. Else there are 1 <i < j <3
with @; = a; mod 7 and a non-trivial solution can be obtained by setting x; = —x; = 1 and
the remaining variable 0. [

These lemmata can be used to provide a non-singular solution in a simple case.

LEMMA 9. Let p = 1 mod 3 be a prime, ay, a,, az, by € IF; andby, by, by € F),. Then there
exists a non-singular solution in F,, of

3 4

E 3 § —
apx; = b,-xi =0.

i=1 i=1

Proof. Conclusion 1 and Lemma 8 provide a non-trivial solution of Z?:, a;x; = 0 for all
primes congruent to 1 modulo 3. After renumbering the indices, if necessary, one can assume
that x; is not congruent to 0 modulo p. Setting x4 such that byx, = — Z’?:l bx;, this becomes
a non-singular solution because b4a1x% — b1a4x§ = b4a1x% % 0 mod p. U

This simple case can be applied to a lot of systems (4.1).

LEMMA 10. Let p = 1 mod 3 be a prime. An ordered system (4.1) with vy > 3 and a low
variable at level 0 has a non-trivial p-adic solution.
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Proof. The variables xi, . . ., x,, are at level 0, but they are high. Therefore, thereisa j > vy
with p{ b;. Setx; = 0 fori > 3 and i # j. It remains to solve the system

3 3
Za,x? = me + bjx; = 0 mod p,
i=1 i=1
for which Lemma 9 provides a non-singular solution. Hence, Lemma 5 can be used to lift the
non-singular solution to a non-trivial p-adic one. g

LEMMA 11. Let p = 1 mod 3 be a prime. Suppose v; = 3 for j € {1, 2}. Then an ordered
conditioned system has a non-trivial p-adic solution if s > 8.

Proof. An ordered conditioned system with s > 8 has by definition vy > 3 and hence, if
it has a low variable at level 0, the existence of a non-trivial p-adic solution follows from
Lemma 10.

In an ordered conditioned system without a low variable at level O, the coefficients b; (vy <

i < ) are divisible by p, hence, p { by. Writing Xo = (X1, ..., X))y X1 = (Xygt1s - -+ » Xpgtv;)
and Xo = (Xy,4v,+1, - - - » X5) the cubic term can be seen as
s
Zdz‘X? = fo(xo0) + pfi(x1) + P’ fo(x2), (5.3)
i=1
where fi(x;) =p~/ Zv,:j aix? are polynomials in Z[xy,...,x;]. Apply x; — px; for

I <i<yorl <i<<y+vif j=1orj=2,respectively, and divide the cubic equation
by p’ and the linear one by p. This provides an equivalent system (4.1) and changes (5.3) into
PP fo(xo) + fi(x1) + pfr(xz), forj=1
pfo(xo) + P2 fi(x1) + fa(xz), for j=2.

The altered cubic term has at least three variables with p { ;. Furthermore p | a;, and p 1 b;,,
hence vy > 3 and it exists a low variable at level 0. By applying a permutation of indices,
one obtains an ordered system (4.1), hence, all conditions of Lemma 10 are fulfilled and a
non-trivial p-adic solution exists. (]

The impact of the two previous lemmata can be summarised as follows.
LEMMA 12. Ifan ordered conditioned system with s > 8 does not have a non-trivial p-adic
solution for all primes p congruent to 1 modulo 3, then
v0>4’ Ul<2, U2<2
and there exists no low variable at level zero.
Proof. 1t follows from Lemma 11 that v; and v, have to be at most 2. But since s > 8 it

follows that vy > 4. Furthermore, Lemma 10 can be applied to show that no low variable at
level zero exists. ]

To prove Theorem 1 for all primes congruent to 1 modulo 3, it remains to show the existence
of a non-trivial p-adic solution for those conditioned systems (4.1) described in Lemma 12,
which can be divided up into different sets, depending on the correlation between vy and ¢.
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LEMMA 13. An ordered conditioned system has a non-trivial p-adic solution provided
vo =t +3and p=1mod 3 is a prime.

Proof. Setx; =0forall 1 <i<randz+4 <i<s.Hence, all x; with p { b; are 0. This
ensures that the linear equation is congruent to 0 modulo p independently of the choice of the
remaining variables. Then, Conclusion 1 and Lemma 8 provide a non-trivial solution of the
cubic equation

3 3 3
A1 X,y F Ar2X 5 + a43X7 3 = 0 mod p,

with x;4; # 0 mod p for some j € {1, 2, 3}. A conditioned system has, by definition, an x;
with p 1 b;, which was set 0 at the beginning of this proof. Hence, this is a non-singular solution

* 2 2 _ 2
of the ordered conditioned system, because b;a; jx;, ; — by jaix; = bia,yjx;, ; # 0 mod p,

which can be lifted to a non-trivial p-adic solution with Lemma 5. O
LEMMA 14. Let3 <m < nanda; #0 mod pforl <i < nIftherearel <i< j<m
such that a; = a; mod p, then
alx‘f—i- St amx;; + am+1x31+l + -+ anxz = 0 mod p,
X1+ -+ X, =0 mod p
has a non-singular solution.
Proof. Set x; = —x; = 1 and the remaining variables 0. This solves the equations non-

singular because

3

3 — 3 3
aixy + -+ aux, = aix; +a;x

s =a;—a;=0mod p,

X+ Xy = x4 =1-1 =0modp,
and there is a k # i, j with 1 < k < m, for which x; has the value 0 and ax7b; — aix?by =
—a; # 0 mod p. 0

This allows to handle the cases v =t +2 > S5and vg =t + 1 > 5, as will be done in the
next two lemmata.

LEMMA 15. Let p=1mod3 be a prime. An ordered conditioned system with
vg =t 4+ 2 > 5 has a non-trivial p-adic solution.

Proof. If a; = a, mod p, then Lemma 14 provides a non-singular solution as ¢ > 3. If
they are distinct modulo p, setting all variables 0, except x;, x2, X, and x;1;, the system
transforms to

2 3 3 3
a\xi + axx; + a; 1%, + a;2%,,, = 0 mod p,
X1+ x = 0 mod p.

The linear equation can be solved by setting x; = —x, = x without giving an explicit value
to x. All that remains of the cubic equation is

3 3 3
(a1 — a))x” + a; 1%, + ai42x,,, = 0 mod p.

Conclusion 1 and Lemma 8 provide a non-trivial solution because a; — a; % 0 mod p, hence,
there is an i € {1,# 4+ 1,¢ + 2} with x; % 0 mod p. Because a,-xizb_g — bia_;x_% = b3aixi2 E=
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0 mod p, both cases have a non-singular solution and Lemma 5 provides the required
non-trivial p-adic solution. 0

LEMMA 16. Let p=1mod3 be a prime. An ordered conditioned system with
vo =t + 1 = 5 has a non-trivial p-adic solution.

Proof. Set all variables 0 except xp, ..., x4 and x,,,. The obtained system has the form
ale + -+ a4x?1 + avox?}” = 0 mod p,
X1+ + xa = 0 mod p.

If two of the coefficients ay, ..., a4 are equivalent modulo p, Lemma 14 provides a non-
singular solution. Else, one can assume that all a; modulo p are distinct for 1 < i < 4. Set
X] = —xp =y, and x3 = —x4 = y,. It follows that

aix] + -+ aixy + ayx, = (@ — a)y; + (a3 — as)y; + ay,x, mod p,
X4t X =y1 —y1+y2— ) =0mod p.

As both a; — a, and a3z — a4 are not congruent to 0 modulo p, Conclusion 1 and Lemma 8
provide y;, y» and x,, which are not all divisible by p, such that the cubic equation is fulfilled.
If not all three are divisible by p, then at least two of them are not, and hence, one of y; and y,,

say y;, is not divisible by p. It follows that szazj,lx%j_l — sz,lazjxgj = a2j71)’§ - a2jy§ =
(arj—1 — aa;j )y? = 0 mod p and therefore Lemma 5 provides a non-trivial p-adic solution for
both cases. O

The following lemma uses that the non-zero cubics modulo p are a multiplicative group

o e . . . 3 .
with pTl elements, hence, I, is the disjunct union of (IF*) and its two cosets and every

element in one of the three cosets can be transformed in one of the same coset by multiplying
it with a cube.

LEMMA 17. Let p = 1 mod 3 be a prime. An ordered conditioned system witht > 5 has
a non-trivial p-adic solution.

Proof. If ay, ..., as are not distinct modulo p, Lemma 14 provides a non-singular solution.

Else, if they are distinct modulo p, at least two of them have to be in the same coset of (IF ;)3
After a permutation of the first five indices, one can assume that these are a; and a,. Hence,
there is a b € Z not congruent to 0 or 1 modulo p such that b*a; = a» mod p. Put x| = by,
x, = —yand x; = 0 for all i > 6. This transforms the cubic equation of the system into

3 3 3 3 3 _ 3.3 3 3 3 3
ayxy + axx; + azxy + agxy + asxs = ab’y’ —ay’ + asxy + asx; + asx;
_ 3.3 3.3 3 3 3
= aib’y’ —aib’y’ + asx;y + asxy + asx;
_ 3 3 3
= a3x; + asx; + asxs mod p
and the linear equation into

x1+x+x3+x+x5 =by —y+x3 + x4 + X5
= (b— 1)y + x3 + x4 + x5 mod p.
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Conclusion 1 and Lemma 8 provide a non-trivial solution of the cubic equation with an
i €{3,4,5}suchthatx; %20 mod p. Asb — 1 £ 0 mod p, it is possible to choose y in a way
that the linear equation is simultaneously fulfilled.

To show that the obtained solution is non-singular, one has to separate the case y = 0 mod p.
If y % 0 mod p, then byax7 — bjarxs = ab*y* — a1b’y* = a\b’y*(1 — b) # 0 mod p, else,
y =0mod p and bja;x} — bja\x} = a;x? — a;b*y* = a;x? # 0 mod p. This has proven that
there exist a non-singular solution, which can be lifted to a non-trivial p-adic one by
Lemma S. O

The cases not yet proven are those with (v, t) € {(4,2), (4,3), (4,4)}. These cases are
more complex than the previous one, hence, I am going to treat them in the following
two chapters.

§6. The case (vo,t) = (4,2). The main part of this case can be handled as the cases in the
previous section, with the prime p = 7 being treated individually.

LEMMA 18. Let p = 1 mod 3 be a prime with p > 7. An ordered conditioned system with
vo =4, t =2 and a; # a, mod p has a non-trivial p-adic solution.

Proof. Setting x; = 1,x, = —1 and x; = 0 for i > 5 solves the linear equation. The cubic
equation transforms to a; — a; + a3x§ + a4xi = 0 mod p, which has, due to Conclusion 1,
a solution which is non-singular as alx%bz — azxgbl = a; — a; # 0 mod p and can be lifted
with Lemma 5. O

LEMMA 19. An ordered conditioned system with vy = 4 andt = 2, where a; % a, mod 7,
has a non-trivial 7-adic solution.

Proof. A multiplication of the cubic equation with « such that waz = 1 mod 7 still leaves
a; # a; mod 7. So does the application of x4 > —x4, if necessary, to ensure that a4 is
congruent to either 1, 2 or 3 modulo 7. If a4 = 1 mod 7, set x3 = 1, x4 = —1 and everything
else 0. This solves the cubic and the linear equation modulo 7 and because a3x§b1 — alx%b3 =
as = 1 mod 7 this solution is non-singular. The cases with ay = 2, 3 mod 7 can be solved by
choosing x3, x4 € {—1, 0, 1}, not both 0, such that agxg + a4x2 = +(a; — a») mod 7 and then
setting x; = F1 and x, = %1, such that the cubic solution is solved as well modulo 7. Let
i € {3, 4} be such that x; # 0 mod 7. Then a;x?b; — a;x}b; = a; % 0 mod 7. Both times the
solution can be lifted with Lemma 5. O

It remains the ordered conditioned systems where a; = a, mod p. Multiplying the cubic
equation with b? b% and applying b1x; — x; and box, > x, do not change the values of v; and
w; because b3b3 = 1 mod p and the characteristic a; = a» mod p stays untouched as well,
because b, = b, = 1 mod p. This transforms the ordered conditioned system in an equivalent
ordered conditioned system with coefficients a; and b; with b; = b, = 1. By choosing an
integer o with ;¢ = 1 mod p and multiplying the cubic equation with it, one gets a; = a, =
1 mod p. Furthermore, one can assume that a; # a, because else, setting x; = 1, x, = —1
and the remaining variables 0 solves the system. Therefore, there is a 6§ € N such that
a)—a, = pa.

The last two lemmata gave useful information about the coefficients of the first two
variables, whereas the following lemma will give some additional information about the
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coefficients of the remaining coefficients of the cubic equation, for which further notation is
needed.

Definition 2. Two integers a and b differ by a cube, say [a] = [b], if there is a ¢ # 0 mod p
such that a = ¢*b mod p.

LEMMA 20. If an ordered conditioned system with aj =a, =1 mod p, by = by =1,
vo =4, vy =2, v, =2 and t = 2, which has no low variable at level 0, has no non-trivial
p-adic solution for a prime p = 1 mod 3, then for all i € {0, 1, 2} it has to hold that

[a2i43] # [a2iy4].

Proof. Assume that there is an i € {0, 1, 2} such that a3 = c’ai4. Set all variables
0 except xi, X243 and x; 4 and apply x; > px;. Dividing the cubic equation by p' and the
linear by p transforms the systemintoone withv; =3 —i > 1,v;43 = V344 = 0, ¢y = Oand
Woit3, Uoira = 0. Setting xp;,3 = 1 and x»;14 = —c solves the cubic equation independent of
the values of x; modulo p. Taking x; such that the linear equation is solved modulo p provides
a solution, which can be lifted, because of Cl]X%sz,g — a2,~+3x§i 3b1 = —asi3 #F 0mod p,
with Lemma 5. O

Definition 3. An ordered conditioned system witha; = a, = 1 mod p,b; = b, =1, vy =
4, v, =2,v, =2,t =2 and 6 € N such that a; — a» = p’a’ which has no low variable at
level O is called a critical system if [ay; 3] # [a2i+4] for all i € {0, 1, 2}.

To conclude the case vy = 4 and ¢ = 2, I will have to prove that every critical system has a
non-trivial p-adic solution for all primes p = 1 mod 3. To handle them, I am going to prove
some lemmata, starting with one, similar to Lemma 8, fitting better for critical systems and
proceeding with a tool which uses the knowledge about a; and a;.

LEMMA 21. Letd'cic; #£ 0 mod 7 and [c1] # [c2]. Then d' + cly? + czyg = 0 mod 7 has
a non-trivial solution.

Proof. Without loss of generality, I can assume that ¢’ = 1 mod 7. Else, multiplying the
equation with a b € Z such that a’b = 1 mod 7 turns it into such an equation. If there is an
i € {1, 2} such that ¢; = =1 mod 7 set x; = F1 and the other variable 0. Else, ¢; € {£2, £3},
but [c;] # [c2], hence there are i, j € {1, 2} with ¢; € {2} and ¢; € {£3}. Choose x; € {£1}
such that ¢;x} =2 mod 7 and x; € {1} such thatc jxj. = —3 mod 7. This solves the equation
non-trivially. g

LEMMA 22. Let p=1mod 3, a; —a, = p’a’ for some 0 € N and a; = a, = 1 mod p.
Let ¢ and d be integers with p { cd and (%) = <%> Then, for each | with 1 <1 < 0, there

are integers xi, x, and ¢’ with ¢’ = ¢ mod p, alx? + azxg = p’c’ and x; +x; = pld.

Proof. Set x; = x + p'd and x» = —x. Choose x such that 3a;x’d = ¢ mod p. This is

possible because
<31a11dlc) 3 (3a1cd) 3 (3)2 _
p p p '
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This gives
ale + azxg =ax + 3a1x2dpl + 3a1xd2p2' + a1d3p3l — ax’
= p’dx} + 3a,x*dp' 4 3aixd*p? + a\d’p!
= 3ax*dp' = cp' mod p'*,
and hence, a;x} + axx3 = ¢'p' for some ¢’ = ¢ mod p. O

LEMMA 23. Letp=1mod3,a; —a; = p"a’,al =a,=1modp,ci,cr,di,do,e, f €L
such that p1 cieaf, [e1] # [e2] and 1 < B < 0. Then the system of equation

a\x; + ayx3 + pﬁ(clyf + czyg) + pPtlez? =0,
X1 +x +pﬂ(d|y| —|—d2y2) —|—pﬁfz =0
has a non-trivial solution (x1, X2, y1, y2,2) € (@Z,

Proof. As [c1] # [c2], it follows that ¢; ¢ —c, mod p. Hence, —c; — ¢; %% 0 mod p and
therefore, one can apply Lemma 22 with / = 8 and ¢ = —c¢; — ¢, while choosing d € {£1}

such that (%) = (%) This provides x;, x; and ¢ = ¢ mod p such that

aix] +ax; + p’(ey] + ey3) + PP ez’ = PP+ pf (el + cod) + PP e
and
X1+ x + pP(diyi + doys) + P fz = pPd + pP(diyi + doyn) + P f.
Dividing both equation by p” and setting y; = y, = 1 leave the system
¢ +ei+er+perd =0,
d+d+dr+ fz=0

to be solved. As ¢’ solves the upper equation modulo p, choosing z so that the lower equation
is solved modulo p gives a solution of the system modulo p. Since c; y% f—petdi =cif #
0 mod p, this solution can be lifted with Lemma 5 to a solution in Qf, of the system. 0

LEMMA 24. A critical system with a low variable at level 8 < 6 has a non-trivial
p-adic solution.

Proof. Choose a low variable x, with level 8 smallest among the low variables of the
system. Critical systems have no low variables at level 0, hence, 1 < 8 < 6 — 1. Due to the
minimality of 8, the variables x,43 and x,4.4 are high variables at level 8. Put all variables 0,
except X1, X2, X28+3, X244 and x,. This is a system as in Lemma 23, hence, it has a non-trivial
p-adic solution. U

LEMMA 25. Letp=1mod 3,a, —a> = p’d’,ay = a» = 1 mod p, ¢, ¢3,d;, d> € Zsuch
that p 1 cicady, di = 1 mod p and d, is congruent to either 0 or 1 modulo p, ¢; # ¢; mod p
and 1 < B < 6 — 3. Then the system of equations

aix] + a3 + p’ (e1y) + c2y3) =0,
X1+ x4 pP (diy1 + doy2) =0

has a non-trivial p-adic solution.
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Proof. Sety; = y,p,y> = yyp, x1 = 1 +dpP** and x, = —1. This provides the system of
equation

dp’ +3da pP T + 3d%a, p*P0 + a\d’pPT 4 P (c]y/l3 + czy’23) =0,
dpP + pP (dyy) + dayy) =0,

where the upper equation can be divides by p?*3 and the lower by p#*!. In the case d, = 0
mod p, this transforms, modulo p, into

dp’ P73 4 3d + c1y} + ¢y5 = 0mod p,

y; = 0 mod p.
Setting y; =0, y, = 1, and choosing d such that 3d = —c;, — d’p’~#~3 mod p give a non-
singular solution, because ofclyl dr — )5 2d, = —c, % 0 mod p. In the case d, = 1 mod p,

this transforms the system, modulo p, into
dp’ P 4 3d + ¢y + 2] = 0mod p,
y; + 5, =0mod p.

Setting y; = 1, ¥, = —1 and d such that 3d = —c| + ¢ — a'p’#~3 mod p gives a non-
singular solution because of clylzdz — Y5 ’d) =c; —c> £ 0mod p. In both cases, the
solution can be lifted with Lemma 5. OJ

The following lemma concerning the number of zeros of an absolute irreducible polynomial
f(x,y) with coefficients in I, will prove useful in the remaining steps.

LEMMA 26. An absolutely irreducible polynomial f (x, y) with coefficients in F, of degree
d > 0 has

1
NZq+1-3d-Dd=2) [2q%] —d
where N is the number of zeros of f(x, y).

Proof. See [6, Corollary 2.b]. O

In the following, deg, (k(x,y)) and deg (k(x,y)) will denote the degree in x and y,
respectively, of a polynomial k(x, y).

LEMMA 27. The polynomial f(x,y) = a'x® —3yx> + ¢y’ + ¢ € F,[x, y] has a zero for
all p=1mod 3 ifd'cic; # 0 mod p.

Proof. Assuming that f(x, y) is reducible in F,,, there are polynomials g(x, y), h(x,y) €
F,,[x, y] such that f(x, y) = g(x,y) - h(x, y). Without loss of generality, one can assume that
deg, (g(x,y)) = deg, (h(x,y)), hence, deg, (g(x,y)) = 2 and deg, (h(x,y)) = 1. Writing

g y) =g +giMx+g  and  h(x,y) = h (0)x + ho(y)

with g;(y), h;(y) € ﬁp[y] for 0<i<2 and 0<j <1, one obtains degy(gz(y)) =
deg (71 (y)) = 0, deg,(g1(y)) = deg,(ho(y)) =1 and deg,(go(y)) =2 by comparing the
degree of the polynomial in y in front of x in f(x, y) with that in g(x, y) - h(x, y). Therefore,
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one can write the polynomials g;(y) and k;(y) as
g00) =gny + gy +gw. &) =guy+go. &) =g
ho(y) = ho1y + hoo, h(y) =ho

with g;;, hjj € Fp, where gog11820h01h10 # 0. By dividing h(x, y) by hjo and multiplying
g(x, y) with it, one can assume that ;) = 1. A comparison of the polynomials in y in front of
x* of both sides of f(x,y) = g(x,y) - h(x, y) shows g9 = d'. Likewise, the polynomials in y
in front of x° leads to the equations

go2ho1 = ci, (6.1)
gothor = —go2hoo, (6.2)
go1hoo = —goohor, (6.3)
goohoo = ¢2. (6.4)
From (6.4), it follows that ggohgo 7% 0 and hence, (6.1) and (6.4) provide

C] (69}

hopp =— and  hyp = —,
802 800

which can be inserted into (6.2) to obtain

8o1 = —
€1 800
Inserting all of this in (6.3) leads to
ng?)z = C%g?)o- (6.5)

The equation gx0hgo + g10/110 = 0 can be obtained by comparing the polynomial in y in front
of x2. Using what was already obtained before, one gets

cad

200
The polynomial in y in front of x provides the equations

810 = —

giihot + go2hio =0,  giihoo + giohor + gothio =0,  giohoo + goohio =0,
which, combined with the established equations, shows
25 = —cid, (6.6)
cd =g (6.7)

By inserting (6.7) into (6.5), it follows g3, = cia’ which, together with (6.6), leads to —cia’ =
Zg%2 = 26%61/. It would follow that —1 = 2, which is false, because p > 3, and hence, such a
factorisation cannot exist and f (x, y) is absolute irreducible. The total degree of f(x, y) is 3,
and therefore, for N being the number of zeros of f(x, y) in FF,, Lemma 26 shows

N}p—[Zﬁ]—Z.

For p > 7, it follows that there is a zero of f(x, y). The only prime p < 7 with p = 1 mod 3
is seven. It is possible to find a solution for all values of a’, ¢; and ¢, where a’cic; # 0 mod 7
holds as described in the following. The equation

dx’ + ¢, =0mod p (6.8)
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is solvable, if [d] = [c»], because then, thereis a b € IF,, such that db® = ¢, mod p and hence,
x = —bmod p is a solution. Setting x = 0 or y = tx with ¢t € [F; in f(x,y), one obtains an
equation of this type; with various values for d, in fact, it can be ¢y, @, ' + ¢y + i and
a —cy+ jwithi € {1,2,4}and j € {3, 5, 6}. In the following, one sees that for every value
of (d, c1, c3), for at least one of the possible values of d it holds [d] = [c,] and hence, there
is always a solution.

In IF5, it holds [1] = [6], [2] = [5] and [3] = [4]. Assume (d/, ¢y, ¢;) are such that f(x, y)
has no zero. For d = ¢y, it follows that [c¢|] # [c,] and from d = &’ that [d'] # [¢;]. If &' =
—cymod7ord =cy mod7,thevaluesd =a +cy +iwithi e {l1,2,4}ord =a —c; +1i
with i € {3, 5, 6}, respectively, represents each equivalence class and it is always possible to
choose x and y such that [d] = [c,]. But then, f(x.y) would have a zero, hence [a'] # [c1]. If
a’ is chosen, it follows that ¢; can only be in one of the two remaining equivalence classes,
and if ¢; is chosen as well, the equivalence class of ¢; is fixed. In the following table all
possible values of (¢/, ¢1) with [a'] # [c1] are listed together with a value for d which is in
the remaining equivalence class, showing that there is no possible value for ¢, such that there
is no zero of f(x, y), which proves the Lemma.

a | c d a | c d a | c d a | c d

1|2 |d+ca+1||24|d+a+2||4 |1 |d+ca+4| 5|4 |d+c+4
1|13 |d+ce+1||2|6|d+e+2|4|2|d+ei+2||5|6|d—ci+5
14 |d—-c+5||3|1|d+a+1||4|5|d+ca+4]6]|2|d+eci+2
1|5 |d+c+4||3|2|d+e+14]6|d+ci+2|6]|3|d—-c+6
211 |d+ea+1||3|5|d—ci+3||5|1|d+ci+4|6|4|d—c+3
213 |d4+ce+1 |36 |d—-—c1+5|5|3|d—-c+6|6|5|d—c+3

O

LEMMA 28. The polynomial f(x,y) = c1x’ —3x +c2y° —3y+d € F,[x, ylis absolute
irreducible for all primes p = 1 mod 3.

Proof.  Assuming that f(x,y) is reducible in Fp[x, y], there exists polynomials
gx,y), hix,y) € Fp[x, y] such that f(x,y) = g(x,y)-h(x,y). One can assume with-
out loss of generality that deg (g(x,y)) > deg, (h(x,y)), hence, deg . (g(x,y)) =2 and
deg, (h(x,y)) = 1. One can write g(x,y) = g(¥)x> + g1 (y)x + go and h(x,y) = hy(y)x +
ho(y) with g;(y), h;(y) € Fp[ylfor0 < i < 2and 0 < j < 1. By comparing the degree of the
polynomial in y in front of x' in f (x, y) with thatin g(x, y) - h(x, y), one obtains deg (g2(y)) =
degy(hl ) =0, degy(gl(y)) = degy(ho(y)) =1 and degy(go(y)) = 2. Therefore, one can
write the polynomials g;(y) and A;(y) as

200) =gy’ + g0y + g0, &) =guy+go £0) =g
ho(y) = hoty + hoo, hi(y) = hio

with g;;, h;; € Fp, where gog11820h01h10 # 0. By dividing h(x, y) by hjo and multiplying
g(x,y) with it, one can assume that s1;p = 1. A comparison of the polynomials in y in front
of x* shows go9 = ;. Likewise, the polynomial in front of x° leads to the equations

gn2ho1 = 2, (6.9)
goohoo = d, (6.10)
go2hoo + gorhor = 0. (6.11)
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From (6.10), it follows that gyohgy # 0, and hence, one obtains

/
¢ a ags,
hot =—, hppo=— and go =—

802 800 €2800

Comparing the polynomial in front of x? provides the equations

g0ho1 + gihio =0 and  gx0hoo + 81010 = 0,
which can be combined with the previous equations to obtain
c1c da'cy

811 =——— and gio=-—.
802 800

The polynomial in front of x' leads to
guthor + go2hio =0 and  gi1hoo + g10ho1 + goihio = 0,
and combines with the previous equations to
g?)z = and g?)z = —2c5¢1,

which would lead to 3 = 0. This is a contradiction to p = 1 mod 3, which only holds for
primes p > 3, hence the polynomial is absolute irreducible. U

LEMMA 29. Letp=1mod 3,a, —a> = p’d’,ay = a» = 1 mod p, ¢, ¢3,d;, d> € Zsuch
that p1{cicady, dy = 1mod p, d, is congruent either to zero or one modulo p and c| #
b*c, mod p for some b € ). Then the system of equations

arx; + axx; + p’ (ciyi +c2y3) =0,
0

X1+ x 4 p’(diyt + doy,) =

has a non-trivial p-adic solution.

Proof. In the case that d» = 0 mod p, set x; = x + dp’ and x, = —x. This transforms the
system of equation into

ax*p’ +3a:x*dp’ + 3a1xd*p*? + a1d’p* + p’ (Cly? + czyi) =0,
dp’ + p’(diy1 + doy,) = 0.
Dividing both by p?, they have, modulo p, the form
d'x® 4 3dx* 4 ¢1y} + c3y3 = 0 mod p,
d +y; = 0mod p.

Now setting d = —y; mod p and y, = 1 solves the lower equation modulo p and transforms
the upper equation into

x*a — 3y1x* + 1y} + ¢; = 0 mod p.
It follows from Lemma 27 that this always has a solution. This solution is non-singular, as it
holds Cly%dz — Czy%dl = —Czdl §é 0 mod p-
In the case d» = 1 mod p, setting x; = 1 + dp’ and x, = —1 and dividing both the cubic
and the linear equation by p’ transform the system, modulo p, into
d 4 3d + ¢y} + c2y3 = 0 mod p,

(6.12)
d+y +y, =0mod p.
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Setting d = —y; — y, solves the lower equation modulo p and transforms the upper one into
d =3y, — 3y, + 1y} + c2y3 = 0 mod p. (6.13)

If N is the number of solution of this equation, it follows, because the equation is absolute
irreducible, due to Lemma 28, with Lemma 26 that

N=>p-— [2@] —2.
Every solution of this equation solves the system of equations above. If clyf — czy§ ==
0 mod p, this solution can be lifted to a non-trivial p-adic solution. Else ¢; y% = c2y§ mod p
has to be fulfilled. The number of pairs (y;, y») which fulfils this and solves the system is at
most six because the equivalence is fulfilled if

which has 1o solution: if (1—) — _1, andif (7> — 1, it follows that there is a b such that

y1 = by, mod p. Putting this in (6.13), one obtains
d F 3by, — 3y2 £ ¢1b’y3 + c2y3 = 0 mod p,

which has at most three solution in both cases. Hence, if N > 6, there is at least one non-trivial
p-adic solution. Solving p — [Zﬁ] — 2 > 6, one obtains that there are at least seven solutions
if p > 17. The remaining primes for which a non-singular solution of (6.13) has to be found
are 7 and 13. It follows from the assumption of this lemma that [c;] # [c;]. Every solution of
this equation with 0 = y; = £y, mod p is a non-singular solution of the system of equation,
because in that case ¢1y7 — c2y3 = (¢1 — ¢2)y7 % 0 mod p. Setting y, = —y; # 0 mod p, one
obtains a solution if [¢; — ¢,] = [d']. Furthermore, if (6.13) has a solution, which is non-
singular as a solution of the system (6.12), for fixed values of ¢, ¢,, and a’, the same holds
if the values of ¢; and ¢, are swapped or if @’ is replaced by —a’. Hence, it suffices to show
that there is a non-singular solution for all triples (c1, ¢2, @’) with ¢y, ¢; € {1, ..., p — 1} with
c1 < ¢y, [e1]l #[eal, [e1 — 2] # [d']land @ € {1, R PT_I}

p =7: By setting either y; = 0 or y, = 0, one obtains that if one, c; or ¢, is equivalent
tox £ a for x € {3, 5, 6}, there is a non-singular solution. Furthermore, by setting
y1 = y» # 0 mod p, one obtains a non-singular solution also if ¢; + ¢, = x & a for
x as before. For all values of (cy, ¢, @') not excluded above, one of this possibilities
provides a non-singular solution.

p = 13: Again, by setting either y; or y, = 0, one obtains that if one, c; or ¢;, is equivalent
to x = d for x € {1, 3,9} or x & 54 for x € {4, 10, 12}, there is a non-singular
solution. Setting y; = y, % 0 mod p provides a non-singular solution if ¢; + ¢; =
x=+a forx e {2,5 6}andif ¢; + c, = x = 84’ for x € {7, 8, 11}. Here, for each
value of @', there is one pair (¢, ¢2), which gets not excluded in this way. The
following table provides these problematic triples, together with values for y; and
v, which provide a non-singular solution.

adlclaly|»n|d|lala|y|»
1{3|6|5|1]4]1 21711
214 (8|1 (5|57 1(10]7]|1
3519191611121 ]2

Hence, all the remaining primes do have a non-singular solution as well, which can be lifted
with Lemma 5 to a non-trivial p-adic solution. ]
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LEMMA 30. A critical system with 6 = 3v + r where 0 < r < 2, for which u; > 0 — v
for2r +3 < i < 2r + 4 holds has a non-trivial p-adic solution.
Proof. Set all variables 0 except x1, x2, x2,4+3 and x»,4. This transforms the system into
alx? + azxg +p (C1x;,+3 + C2X§,<+4) =0,
xi+ x4 PN (dixor s + doxaras) =0,

where p'c; = as, 101 and pPVTd; = by, 5, for 1 <i < 2, hence, p1tc;. Setting x2,424; =
p'z; for 1 <i < 2, one obtains

alx? + azxg + p9 (clzf + czzg) =0,
x+ x4+ pdizn +dz) = 0.

Due to Conclusion 1 and Lemma 8, one can choose (x, z1, z2) # (0, 0, 0) mod p such that
ax’+ clz? + czzg = 0 mod p. As at least one of x, z; and z; is not equivalent to 0, and
they fulfil the equation, it follows that at least two of them are not equivalent to 0. After
swapping z; and z if necessary, one can assume that z; % 0 mod p. Set x; = x and x;, =
—x + (=diz1 — dyz2)p°*". The equation

o) :=p? (a1x3 + az(—x + (—dit — dzZz)P0+])3) +at* + ez

has, modulo p, a zero at z;, whereas ¢'(z;) = 3c1zf = 0 mod p. Hensel’s Lemma provides 7|
with ¢(Z;) = 0in Q,,. This is equivalent to

aix’ +ar(—x + (—diz1 — a’zZz)pH“)3 + P’ (c1Z] + e2z3) = 0,
x+ (—x+ (=dizy — o) p"M") + P (diZ) + doza) =0,
which proves the claim. 0

LEMMA 31. A critical system with 0 < 3 has a non-trivial p-adic solution.

Proof. By the definition of a critical system, it follows that 8 > 1, hence, X243 and xp9 14
are all variables with v; = 6. Suppose that for all i € {26 + 3, 26 + 4} it holds u; > 6. Then
Lemma 30 yields the desired non-trivial p-adic solution. If there is an i € {26 + 3, 20 + 4}
with u; < 6, then x; is a low variable at level less than 6. Therefore, Lemma 24 gives a non-
trivial p-adic solution. It remains the cases with w; > 6 fori € {20 43,20 +4} and u; =0
for at least one of them. This case is solved with Lemma 29. O

For the remainder of this chapter, some new notation is needed. Denote for t € Ny with
T=3u+p,where0 < p <2andu € Ny

8
A(X) = Zalea AT (X)Z A(XI,XZ, pM-HyO’ e pLH_]ypv puyp+ly ce puy2),
i=1

8
B(x) = bixi, B:(X) =B, p" " yo. s 0o PVt P92,
i=1

where y; = (X213, X2i+4). The system A; (x) = B;(x) = O is equivalentto A(x) = B(x) =0,
hence, it suffices to find a non-trivial p-adic solution for A;(x) = B;(x) = 0 for some 7.
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Denote by af” and b;r) the coefficients of the system A, (x) = B, (x) = 0, and let p”im ||aff)
and p” ||b\".

LEMMA 32. A critical system with w; > v; for all i > 3 has a non-trivial p-adic solution.

Proof. Let 6 = 3v 4 r with 0 < r < 2. It follows from the definition of v* and 2" that
SRS M(T) for all i > 3. Let t be the smallest integer possible such that
there exists an i > 3 such that v(’) > l(’) In the case that t > 6 — 3, it follows from the
definition of ¢ that v((’ I < M(e &) for all i > 3. Furthermore, for all i € {2r + 3, 2r 4+ 4},
one has v(e 3)—v,+3(v—1+1)_r+2v_9 M(G 3)—Mi+v—1+1_ui+v and
therefore, ;; > 6 — v. Hence, Lemma 30 provides a non-trivial p-adic solution. It remains the
case witht < 6 — 3. Write t = 3u’ 4+ p’ with 0 < p’ < 2. Ast was chosen smallest possible,
it follows that i € {2p" + 3, 2p’ + 4} for those i with ,uf’) < vl.(’). Define

for T big enough v,

B := min {Mft) n < vi(”} = mln{ O 20 +3<i< 2,o’+4}.

Forthei € {20’ + 3, 20’ + 4}, it holds v[.(’) =p +3( +1)=r+3,hence, B <r+3<0
Writing 8 = 3u” 4+ p” with 0 < p” <2, one can choose an i’ € {2p" + 3, 2p’ + 4} with

n” = B. Suppose 1) < v, and hence, B <t + 3 < 6. By the minimality of 7, it follows

O < u7Y However, v = vV + 3 and pn = Y 41, such that v — 3 <
— 1 and hence, ¢ <ﬂ—1 < t + 2 and therefore, ﬁ =t+2and p” = p'+2mod 3. In
both cases, if p” = p ' +2and ¥’ =’ and if p”" = p' — 1 and v’ = ' + 1, it follows for
i € {20 +3,2p" 4 4} that v!") = B and, due to the definition of z, u"’ > v’ = g can be
deduced. Setting all variables in A,(x) and B, (x) to 0, except xi, x», x; and ypw, provides a
system as in Lemma 23, and hence, a non-trivial p-adic solution exists.

The remaining case, /L(t) = v(,[), and hence, 8 =t + 3, can be divided into different cases
again. f f =t+3=0or B =t+3 <6 — 2, one sets all variables in A;(x) and B;(x) to
0 except x;, x» and y,. For all i € {2p" + 3,2p’ + 4}, it holds vl.(’) < M,.(') with at least one
equality and hence, the system turns into

that v,
(t)

3 3 3. 3 3
aix; +axx; +p (clxzp,+3 + ngzp,+4) =0,
f+3
xit x4 P (dixoygs + daxayys) = 0.

This system has a non-trivial p-adic solution, which follows either by Lemma 29 or Lemma 25.
Now, let 8 =t +3 =0 —k for k € {1, 2}. Set everything O except x;, x2, ¥, and y.. As
before, /,L(t) l.(r) for all i € {2p" + 3,2p" +4}. It is easy to verify that v[.(’) =60 —k for
ie{20 +3,20 +4}and vj(.’) =60 — 3 forall j € {2r + 3, 2r 4 4} by differencing between
the different values of k and p’. Let, without loss of generality, be (ts,43 < 2,44, hence,

/'Lg')+3 < /,l,g,)+4 for all T € Ny. It follows from Lemma 30 that, if no non-trivial p-adic

solution exists, 6 — v > y,43. Assuming k =1, it follows that ptgr)+3 = o453 +u' for

r e {l,2}, where ' =v — 1, and ,quH ori3 +u' + 1 for r =0, where v/ =v — 2. If
Hor43 < 6 — v, by transforming y, pP~vTHrisy one obtains
‘72(;)43 = 2(tr)+3 + 3(9 —v- “2r+3) > Vz(tr)+3 +3=0,

lagr)+3 :“gz)+3 +0—v—py3=0-1
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Therefore, in setting x,,4+4 = 0, the system A, (x) = B, (x) = 0 becomes
arx; + axxy 4+ p' ' (133,45 + 23, 4) + PP dxan 3 = 0,
xi+ x4+ p’! (dix2p43 + daxopia) + P lexs 3 =0,

which can be solved with Lemma 23. For 5,43 = 6 — v, applying y, — py, gives /lg,) 3=

t t ~(r t . .
/L;,)H +1=06and Vz(r)+4 = 1)2(}_)+3 = 112(r)+3 + 3 = 6. Setting y,, = 0, one obtains

3 30 (. 3 3
aixi +axx; + p’ (e1x3,3 + €2%3,,4) =0,

x; + x4+ p’ (d1x2r+3 + d2x2r+4) =0,

which can be solved with Lemma 29. It remains the case k = 2. Here for r € {0, 1}, it follows
that ,u2,+3 = Mo43+u + 1,whereu' = v —2 and for r = 2 that ,uer = r43 + 1/, where

' = v — 1, which can be comblned to obtain Mz, 13 = M2,43 + v — 1. Due to the minimality
of t, because of 0 — 3 = v2r+3 and o413 = 0 — v, it follows that

9—3<Mg,)+3=ll«2r+3+v—1<9—1,

hence, it suffices to regard the cases /’Lgr)+3 =60 —1and Mgr)+3 =60 — 2. For /’Lgr)+3 =0-1,

setting y,» = 0 and applying y, — py, transform the system into
ax) + a3 + p’ (135,45 + e5,,4) =0,

x; +x + p’ (d|X2r+3 + d2X2r+4) =0,

which, again, can be solved via Lemma 29. For ,ugr) 3 =0 —2,applying y, > py,andy,

py, provides a system with ., = 0, il , =0 — 1 i§2+ =6+ 1and ,u,g/3+< > 6 — 1 for

i € {3, 4}, where [Lé’; ;=0 — 1 holds for 2p" +1 =i" with some [ € {3, 4}. Setting x; =
1 = —x;, one obtains a system of the form

o+1( . 3 3 o 3 30y
(15,5 + 2y p0) 477 (a%5,45 + €25,44) =0,

ap’+p
PN (dixopis + daxayria) + P77 (fixarss + foxaria) = 0.

—0+1

Multiplying the cubic equation with p~? and the linear one with p , one obtains, modulo

p, the system
d +e1x3,. 5+ exxy,., = 0mod p,

d1 X243 + doxopra + fiXxor43 + foxo,44 = 0 mod p.

Itis always possible to solve the cubic equation modulo p with x,,; # 0 mod p for at least one
i € {3,4},say j,duetoConclusion 1 and Lemma 8. The linear equation can be solved by setting
the remaining variable, which is not x,,/;; to 0 and choosing x,,;; accordingly. This solution
is non-singular, because ej,zx%_ﬂ.dl,z — szz)épfﬂf,,;z = ej_2X24+;d;—>» # 0 mod p. Hence,
it can be lifted to a non-trivial p-adic solution with Lemma 5. O

LEMMA 33. A critical system with 6 > 5 has a non-trivial p-adic solution.
Proof. If p; > v; for all i > 3, a non-trivial p-adic solution is provided by Lemma 32. If

;i < v; for some i > 3, this is a low variable at a level smaller than 6 and hence, Lemma 24
provides a non-trivial p-adic solution. In the remaining cases, it holds u; > v; for all i > 3
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and p; = v; for at least one j > 3, but it follows from the definition of a critical system that
w3 > v3 =1 and 4 > vy and hence, p; = v; for at least some j > 5. For this j, it holds
I <p;j=v;<2=5-3<0 -3, hence, Lemma 25 provides a solution. O

It remains the two cases & = 3 and & = 4 which will be handled in the next two lemmata.
LEMMA 34. A critical system with 0 = 4 has a non-trivial p-adic solution.

Proof. If u; > v; for all i > 3, the system can be solved with Lemma 32 and if there is an
i > 3 with u; < v;, a non-trivial p-adic solution is provided by Lemma 24. As before, one
already knows u; > v; for 3 <i < 4. 1If u; = v; for some 5 < i < 6, a solution exists due to
Lemma 25. To sum it up, the remaining cases have got u; > v; for 3 < i < 6 and at least
one of i € {7, 8} with u; = v;. Without loss of generality, one can assume that y; = v; = 2,
ug = vy =2and us < we.If us > 0 — v =4 — 1 = 3, then Lemma 30 provides a non-trivial
p-adic solution, hence, one can assume 2 < s < 3. In the case us = 3, applying y; — py;
transforms the system into one with us =3+ 1 =6 and vs = v = 1 + 3 = 0 and hence,
Lemma 29 provides a non-trivial p-adic solution. The remaining case with s = 2 can be
changed by applying y; — py; and y, — py; into one with s = 3, v5 = vs = 4, 7 = 3 and
v7 = vg = 5. Setting x; = 1, x, = —1, x3 = x4 = x3 = 0 and multiplying the cubic equation
with p~* and the linear one with p~3, one obtains

d + @sx: + dex; = 0 mod p,
l~75X5 + [;6356 + l~97X7 = 0 mod p.

Solving the cubic equation modulo p such that x; # 0 mod p for some i € {5, 6} and using x;
to solve the linear equation modulo p give a solution which can be lifted to a non-trivial p-adic
solution with Lemma 5 because d;x; 2h, — pa7x7b = a;x; 2, =% 0 mod p. This solves the case
0 =4. d

LEMMA 35. A critical system with @ = 3 has a non-trivial p-adic solution.

Proof. If u; > v; foralli > 3, Lemma 32 provides a non-trivial p-adic solution. Likewise,
Lemma 24 prov1des oneif u; < v, for some i > 3. Without loss of generality, one can assume
that w3 < g, U5 < e and w7 < . If w3 > 6 — v = 2, a non-trivial p-adic solution exists
due to Lemma 30, hence one can assume that 1 < u3 < 2. Assume us > vs = 1. Then
e > vg = 1 as well and it follows 7 = v; = 2 because for at least one i > 3 it has to
hold that p; = v;. If furthermore, 3 = 2, by applying yo — pyo one obtains a system with
u3 = v3 = vy = 0, which can be solved with Lemma 29. Hence, 3 = 1. Such a system can
be transformed with yy — pyg into one with 3 = 2 and v3 = 3. As 7 = v; = vg = 2, this
is solvable with Lemma 23.

It remains the case with 1 = us = vs. Here, for w3 = 2, applying yg — pyo transforms
the system into one with ;3 = v3 = 6, and hence, the system can be solved with Lemma 29.
For p3 = 1, applying yo — pyo and y; + py; transforms it into a system with p3 = v3 =6
us = 2 and vs = 4. Setting x; = 1, x, = —1, x4 = x7 = xg = 0 and multiplying the cubic
equation with p~ and the linear one with p~2, the systems has, modulo p, the form

a + d3)€§ + dyx; = 0 mod p,

53)(3 + B4)C4 + [;5)65 = 0 mod p.
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One can solve the cubic equation modulo p such that x; % 0 mod p for some i € {3, 4} and
use x5 to solve the linear one modulo p. This solution modulo p can be lifted with Lemma 5
to a non-trivial p-adic solution because dixizb_s - a~5x§bi = a;x;bs %= 0 mod p. U

Hence, every system with (vg, t) = (4, 2) has a non-trivial p-adic solution.

§7. The cases (v, t) = (4,3) and (vy,t) = (4,4). One has to find a non-singular solution
of the system

aix] + axx; + asx + asx; = 0 mod p,
b1x1 4 byxy + b3x3 + bsxs = 0 mod p,

with ajayazasb1b,b3 # 0 mod p, where, dependent on the value of (v, t), either p | by or
p 1 by. If such a solution exists, it can be lifted to a non-trivial p-adic solution with Lemma 5.
Applying x; — blflx,» for those b; with 1 < i < 4 where p1{ b;, one can assume that b; is
equivalentto 1 or O for 1 < i < 4. Starting with the case (vg, t) = (4, 3), one has to solve the
system

a1x; + axx; + asx; + asx; = 0 mod p,
(7.1)
X1 + x2 + x3 = 0 mod p.
Due to Lemma 14, one can assume that a;, a; and a3 are distinct modulo p, else a non-singular
solution exists. If the system can be solved with x4 £ 0 mod p, then a4x§b1 — alx%lu =
a4x2 = 0 mod p, and hence, the solution is non-singular. Setting x, = 1 and x3 = —1 — x|
solves the linear equation modulo p and transforms the cubic one into

(a; — a3)xf — 3a3x12 —3azx; +a, —az + a4x2 = 0 mod p. (7.2)

There can be at most three solution of (7.2) with x4, = 0 because this is a polynomial of degree
3 over a field. Hence, if there are at least four solutions of (7.2), at least one of them has to be
non-singular. To estimate the number of solution, one can use Lemma 26 again. For that, one
needs to show that (7.2) is absolute irreducible. The following lemma will be very useful in
doing just that.

LEMMA 36. Suppose the polynomial y' — f(x) has coefficients in a field k. Then the
following three conditions are equivalent.
() y? — f(x) is absolutely irreducible.
(i) y? — cf(x) is absolutely irreducible for every ¢ # 0, c € k.
(i) If f(x) =alx —a)? - (x — o) is the factorisation of f in k, with o; # a; for
i# j,then(d,d,...,d,) = 1.

Proof. See [10, Lemma 2C]. O

LEMMA 37. The function f(x,y) = (a1 — a3)x> — 3azx* — 3asx + a» — az + az)® is
absolute irreducible.

Proof. Define g(x) via
a;lf(x, y) = y3 — (a;l (az — al)x3 + 3a;1a3x2 + 3a;1a3x + a;l(a3 — az)) = y3 —g(x).

Let g(x) = %(x — a1)(x — o) (x — a3) be the factorisation of g in Fp. Either all «; with
1 < i < 3areequal, or atleast one of the zeros is simple. If all three are equal, a comparison of
the coefficients shows o; = —a3 (a3 — a;)~" and ozl-z = a3(az — a;)~! which can be combined
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to conclude a; = 0, which is a contradiction, hence, at least one of the zeros is simple.
Therefore, the third equivalence of Lemma 36 is fulfilled and hence, a;l f(x,y)is irreducible
as well as f(x, y). ]

Applying Lemma 26 to the function f(x,y), one obtains N > p — [2ﬁ] — 2, and
therefore, N > 3 for all p > 11. It remains to show that a solution of the system (7.1)
with x4 £ 0 mod 7 exists. Showing that it is possible to choose x;, x, and x3 such that
[a1x] + axx3 + a3x3] = [a4] while x; +x, +x3 =0 mod 7 is equivalent to show that the
system (7.1) has a solution, because it enables one to choose x4 £ 0 mod 7 such that the
system is solved. Multiplying the cubic equation with a, !, one can assume that @, = 1 mod 7.
Denoting by a; the representant of @; modulo 7 with 1 < a; < 6, there havetobei, j € {1, 2, 3}
with i # j such that ¢; and a; are either both in {1, 2, 3} or both in {4, 5, 6}. One can apply
x; > —x; for 1 < i < 3 and multiply the linear equation by —1 to obtain a system as before,
where the sign of ay, a, and a3 has changed. This changes the set in which g; and g; are in. By
applying this transformation, if necessary, one can assume that they are both in {1, 2, 3}. By
permutating the first three variables, if necessary, one obtains a system with 1 < a; < a, < 3
anda, < a; < 6.

If G —a, = 1, setting x; = —1, x, = 1 and x3 = 0 provides the desired solution, hence,
one can assume that @, = 1, a, = 3 and a3 € {4, 5, 6}. For each of these cases, one can
choose (x1, x2,x3) € {(0, —1, 1), (1, 1,5), (3,2,2)} such that [a1x] + axx3 + asx3] = [a4]
while x; + x, + x3 = 0 mod 7, which proves the case p = 7.

For (vg, t) = (4, 4), one has to solve the system of equations

ale + azxg + agxg + a4xi = 0 mod p,
(7.3)
X1 + x + x3 + x4 = 0 mod p.

If a; =a; mod p for some 1 <i < j <4, the system can be solved due to Lemma 14.
Hence, from now on, one can assume that a, ay, az and a4 are distinct modulo p. Setting
X4 = —x] — Xp — x3 solves the linear system. For A; := a; — a4 fori € {1,2,3} and a := a4,
by setting either x; = 1 or x3 = 1, the cubic equation transforms in either

Azxg —3a(l +X3)x§ —3a (1 + 2x3 +x§) X +A3x§ - 3ax§ —3ax3; +A; =0 mod p
(7.4)
or
Azx; —3a(l —|—x1)x§ —3a (1 + 2x; —f—x%) X2 +A1x? — 3axf — 3ax; + A3 = 0 mod p.
(7.5)

The conditions on the g; transform into A; # A; fori # j,a #0,a+ A; # 0 and A; # 0 for
1 < i < 3 and the following lemma shows that at least one of them is absolute irreducible
over IF,,.

LEMMA 38. IfA; #Aj, fori# j,a#0,a+A; #0andA; # 0 for 1 < i, j <3, at least
one of the polynomials
fite,y) = Aox® = 3a(l +y)x* — 3a(1 + 2y +y*)x + Asy’ — 3ay* — 3ay + A,
and
Folx,y) = Asx® — 3a(l 4+ y)x* — 3a(1 + 2y +y2)x + Ay} —3ay® — 3ay + As,

is absolute irreducible in I,
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Proof. Let f(x,y) = Ax® —3a(l + y)x2 — 3a(1 + 2y + yz)x + By3 — 3ay2 —3ay+C.If
f(x,y) is not absolute irreducible, there are g(x, y), h(x,y) € Fp[x,y] such that f(x,y) =
g(x,y) - h(x,y). Thendeg, (g(x,y)) + deg, (h(x,y)) = 3. Without loss of generality, one can
assume that deg (g(x,y)) > deg (h(x,y)), hence, deg, (g(x,y)) = 2 and deg, (h(x,y)) = 1.
One can write g(x,y) =g ()x*+ g1 (y)x+go(y) and h(x,y) =hi(y)x +ho(y) with
&), hj(y) e Fylylfor0 <i < 2and 0 < j < I, which provides the equations

22(Mho(y) +g1(hi(y) = =3a(l +y), 2(Mhi(y) =A,
(7.6)

g1 Mho() + oM (y) = =3a(l +2y+y*), g (ho(y) = By’ —3ay* —3ay +C,

where one can compare the degree in y to obtain

deg(go(y)) =2, deg(gi(y)) € {0,1}, deg(g2(y)) =0, deg(ho(y)) =1,
deg(h(y)) =0,

and hence,
g0(») = g02y” + 8oy +8o0s 1Y) € {g10, g1y + g0}, &) = g,

ho(y) = hoty + hoo, hi(y) = ho,

with go2g10820h01h10 # 0 Or go2g11820h01h10 # 0, depending on the degree of gi(y). By
multiplying g(x, y) with gg()' and & (x, y) with g0, one can, without loss of generality, assume
that g0 = 1. If deg(g;(y)) = 0, expanding the left-hand side of (7.6) and comparing the
coefficients in front of the powers of y, one obtains

3a

e

which can be combined with the fourth equation of (7.6), to obtain 9a> = AB. If both functions,
fi1(x,y) and f>(x, y), can be written as a product of functions g;(x, y)h;(x, y) = fi(x,y), the
corresponding functions g(li) (¥) have to have degree O or 1. If they are O in both cases, it
follows that A,A; = 94> = A,A; and hence, A; = A5, which contradicts the assumption. It
follows that at most one of the functions f;(x, y) can have a corresponding function g(li) )

with degree 0. Hence, one can choose f(x, y) as one of the equation f;(x, y) with 9a*> # AB.
If this equation is not absolute irreducible, it follows that deg(g;(y)) = 1. Here, expanding
the left-hand side of the first three of equations (7.6) and comparing the coefficients in front
of the powers of y gives

hio=A4A, hy=-3a, hyp=-3a—Ag0 8gno=-—

hip = A, hoy = —3a — Ag, hoo = —3a — Agio,
__3ﬁ+3ﬁ _|_2 __6ﬁ+3£ +3j +2 __3ﬁ+3ﬁ +g2
800 = 2 Aglo 810> go1 = n Aglo Agll 8108115 802 = A Agll e
By combing them with the fourth one, one obtains
9a*> — 9a’g); + 3aAg) — 6aAg:, — A’g}, = AB, (7.7)
9a> — 9a’go + 3aAgio — 6aAgs, — A’g, = AC, (7.8)

g10(—aA + 3a® + 4aAgi + A’g}|) = 9a* + aA + 2aAgy) — 6a’gy — 2aAg,,  (1.9)

g1 (—aA +3a® + 4aAg —l—Azgzlo) = 9a’ 4 aA + 2aAgy — 6a°g1o — 2aAg2]O. (7.10)

Assuming g9 = 0, the equation (7.10) transforms to g1 (—A + 3a) = 9a + A. As g1 # 0,
either 3a — A = 9a + A = 0 or both are not 0. If both are 0, it follows that 3a = A = —9a
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and hence a = 0, which contradicts the assumption. Hence, 3a — A # 0 and 9a + A # 0.

Plugging g;; = giﬁﬁ and g0 = 0 into (7.9), one obtains

—3a(a+A)Ba+A)9a+A) =0.

As 3,a,9a+ A and a + A are not 0, it follows that —3a = A. Plugging in g;p = 0 in (7.8)
provides 9a> = AC, hence, 9a> = —3aC and therefore C = —3a = A, which contradicts the
assumption. From that one can conclude that g;y # 0. Assume that the equation

9a + A + 2Ag — 6ag — 2Ag> =0 (7.11)

for g € {g10, £11} holds. As both g;o and g, are not 0, one can conclude from (7.9) and (7.10)
that

—aA + 3a® + 4aAg + A’g* = 0. (7.12)
Combining both equations, one obtains g = _62‘2_’*, which plugged into (7.12) provides A =
0 contradicting the assumption. Hence, 9a + A + 2Ag — 6ag — 2Ag* # 0 for g € {g10, g11}-
Therefore, solving (7.9) and (7.10) for g;o and g, respectively, one obtains
94> + aA + 2aAg,| — 6a’g, — 2aAg211

—aA + 3a® + 4aAg + A,

810 =

>

9a® + aA + 2aAgy — 6a’g1o — 2aAg210
—aA + 3a® + 4aAgi + A2,

hence, it is possible to write each g;o and g;; as a function of the other one. Inserting one
function into the other, one obtains for g € {g0, 11} the equation

811 =

’

—a(a+A)(— 8la* —36a’A — 3a°A* + 8la’g — 54a’Ag — 24a’A’g — aA’g
+ 108a’Ag” — 4aA’g” + 54a°A%g + 6aA’g + 12aA°g" + A% + A'g) =0,
which is, as a # 0 and a + A # 0, equivalent to
—8la* —36a°A — 3a’A* + 8la*g — 54a°Ag — 24a’A’g — aA’g
+ 108a°Ag” — 4aA’ g + 54a° A% + 6aA’ g + 12aA%g" + A'g* + A% = 0. 7

By bringing g’ to one side of (7.7) and (7.8) and putting this into (7.13), one obtains for
(& D) € {(g10.C), (g1, B)}

—A(a+D)(9a* + A’g + A’¢* + 3aA + 6aAg”) = 0,
and because A # 0 and a + D # 0 that

g2 _ _9a2 + 3aA + A’g + 6aAg

A2
which, inserting into (7.7) and (7.8), provides

_ 3a+D

8= i

If one puts this into the (7.7) and (7.8), one obtains, again for (g, D) € {(g10,C), (811, B)},
the equation

(—A+D)DBa+A+D) =0,
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butas A # D and D # 0, it follows that
C=-3a—A=B,

which contradicts the assumption. Hence, neither f (x, y) nor f>(x, y) can be the product of
g(x, y)h(x,y) with deg(g; (y)) = I and at most one of them can have deg(g; (y)) = 0, hence,
at least one of them is absolute irreducible. O

It follows from the previous Lemma that one can set either x; = 1 or x3 = 1 such that
the cubic equation transforms into an absolute irreducible polynomial. Due to Lemma 26,
the number of solution N of this polynomial can be estimated through N > p — [Zﬁ] - 2.
Let i, j € {1, 3}, i # j, such that x; = 1 provides an absolute irreducible polynomial. Then
aix?by — apx3b; = a; — a»x3. If this is not equivalent to 0 modulo p for a solution of the
absolute irreducible polynomial, then the solution is a non-singular solution of the system,
which can be lifted to a non-trivial p-adic solution. For a; — a2x§ = 0 mod p, there exists at
most two values of x, which can solve this equation, and for each of them there can be at
most three values of x;, which solves the absolute irreducible polynomial. Hence, if there are
at least seven solutions of the absolute irreducible polynomial, at least one does not solve the
equation a@; — a2x§ = 0 mod p and hence, there is at least one non-singular solution, which
can be lifted to a non-trivial p-adic solution, as needed. Therefore, if p — [Zﬁ] —2>6,
which holds for p > 17, the case is solved. It remains the cases p = 7 and p = 13, which will
be handled using the following lemmata.

LEMMA 39. Let1 < i, j, k, | < 4bealldistinctwith|a; — a;] = [ar — a;]. Then the system
(7.3) has a non-trivial p-adic solution.

Proof. Setting x; =1, x; = —1, x; =x and x; = —x solves the linear equation and
transforms the cubic one into
(a; —a;) + (ap — a)x> = 0 mod )2

which can be solved non-trivially due to [a; — a;] = [ax — a;]. Furthermore, a,-xizbj —
a jx?bi =a; —a; # 0mod p because ay, a,asz and a4 are distinct modulo p, hence, the
solution is non-singular and can be lifted due to Lemma 5. (]

LEMMA 40. Let 1 <1, j, k,I < 4 all distinct with [a;] = [a;] and [ax] = [a;]. Then the
system (7.3) has a non-trivial p-adic solution.

Proof. Asthea; for1 < i < 4 are all distinct and all non-zero modulo p, it follows that there

are b and ¢ not equivalent to O or 1 modulo p such that ¢; = b3a‘,~ mod p and ¢; = ¢*a; mod p.
Setting x; = b, x; = —1,x; = cx andx; = —x solves the cubic equation and reduces the linear
one to

(b—1)+ (c — Dx =0 mod p,

which can be solved by choosing x appropriate as ¢ — 1 is not zero. This solution is non-
singular, because a j-x]z — a;xx} = a;b*(1 — b) which is not equivalent to 0 modulo p because
aj, b and 1 — b are not equivalent to 0 modulo p. Hence, due to Lemma 5, the system has a

non-trivial p-adic solution. (I

There are only three classes for [a;], hence, it follows that at least two of them are in the same
class. Furthermore, due to Lemma 40, one can assume that the other two are not in the same
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class, therefore, after renumbering if necessary, either [a;] = [a2] = [a3] # [as] or[a;] = [a2]
while a3 and a4 are in the two remaining classes. Multiplying the cubic equation with afl
does not change this relation. For p = 7, only the second case can occur, because there are
only two elements in every equivalence class. Hence, one can assume that a; = 1 mod 7 and
a; = 6 mod 7 while az is congruentto2 or 5modulo 7and as to3 or 4. If [a; — a;] = [az — a4],
there is also a solution due to Lemma 39, hence it remains the cases (a3, as) € {(2, 3), (5,4)}
which can be solved non-trivial with (x, x>, x3, x4) € {(5,1,1,0), (1,5, 1, 0)}.

For p = 13, if [a;] = [a2] = [a3], it follows that a, and a3 are congruent to 5, 8, or 12 and
ay is congruent to one element of the set {2, 3,4, 6,7, 9, 10, 11}. As before, one can assume
without loss of generality that a, < as. Those cases which cannot be solved with Lemma 39
are solved in the following table.

ay |az [ Ag | X1 | X2 [ X3 | X4 ||Ax | A3 | Agq | X1 [ X2 | X3 | Xg4 ||Q2 | A3 | Ag | X | X2 | X3 | X4
5086 (101|025 (12|41 |10 |11} 8122 |5|1|0|7
508|713 (1]0(9]5(12]{9|5|0|1|7|8(12/4|3|1|0|9
5/8(10{8|1|0|4]|5|12{11|0|1|5]|7|8|12{9|4|1]0|8

If [a,] = [a2] but a3 and a4 are in the two remaining equivalence classes with [a3] # [a4],
one can assume that as is equivalent to an element in the set {2, 3, 10, 11} and a4 to one in
{4, 6,7, 9}. Most of these cases can be solved with Lemma 39 and the remaining ones with
their solution modulo 13 can be seen in the following table.

ar) | a3z |dAg | X1 | X2 (X3 |Aq || Az | A3 |Aq | X1 | X2 | X3 | A4 a) | a3z |d4 | X1 | X2 | X3 | da
S12|7|1 71151083 |4|2(1]10/0|12|3(4]4|1|8]|0
S5|{3|6|11(1 |10 8|10/7|4(0|3|6|12|10{9|10|1|2]0
5107|8140 8|10/9|0 (3|8 |2|12|11{4]6|1|0]|6
511116 ]|10] 1[0 |2 1mm{9je6 (1|60 12|11{7|2|1]0/|10
511119 Of(2 (122|122 |6 |11|0 |1 |1

81214 1{7(0)12]{2(9|5(|1(0]|7

Hence, for p = 7 and p = 13, all cases have a non-trivial solution modulo p. Those solution
are even non-singular, because every solution has at least one of the x; = 0 forsome 1 < i < 4,
and one x; # 0 mod p for 1 < j < 4. Hence, a;x7b; — aix;b; = a;x; # 0 mod p shows that
these solutions can be lifted to a non-trivial p-adic one. This completes the case (vg, 1) = (4, 4)
and with that the case p = 1 mod 3. Finally, some more attention has to be paid to the case
p=3.

§8. The case p = 3. As three divides every partial differential of the cubic equation, to
prove the existence of a non-trivial p-adic solution, one has to solve the cubic equation modulo
9, while for the linear one three suffices, as stated in Lemma 5. To show that a non-singular
solution for a system (4.1) exists, the parameters used in the previous section are not precise
enough. Hence, the following notation is required.

For 0 < i < 2, define

Xo:={ulkef{l,....s}.3 lla.31bc},  Xo:={xlke{l,....s},3 | a. 3| b},

and the partial unions X; := Xjo U X;;. The cardinality of these sets #;; := #X;; and the partial
sums v; 1= t;0 + t;; = #X; are adequate to describe a system (4.1) for this proof.

In the proof of Lemma 11, the basics of this idea were already used. By mapping a system
(4.1) to an equivalent one with a non-trivial 3-adic solution, one proves that it has one as well.
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The following three transformations are a finite series of the processes introduced in § 4. They
map subsets of the set of systems (4.1) to the set of systems (4.1).
(1) Apply x; — 3x; for all x; € Xy and multiply the cubic equation by %

(i) If 9 = 0, multiply the cubic equation by 3 and apply x; — %x,- for all x; € X;.
(iii) Ifty9 + 1o = 0, multiply the cubic equation by 9 and apply x; %x,- forallx; € X; U X;.
The second and the third transformation cannot be applied to every system (4.1), as if the
condition is not fulfilled, then the systems turns into one with non-integer coefficients. A
system (4.1) which gets mapped by one of these transformations to a system with a non-
trivial 3-adic solution has one as well, because they are equivalent to each other. By applying
one of the transformations, one can therefore extend the set of systems (4.1) having a confirmed
non-trivial 3-adic solution.

The following lemmata will proof that systems (4.1) with specific parameters have a non-
trivial 3-adic solution, which will be combined to show that all ordered conditioned systems
(4.1) are covered by these systems.

LEMMA 41. Ifci, ca, ¢c3 € (Z/9Z)* are pairwise distinct, it is possible to choose two of
them such that the difference is congruent to 3 modulo 9 and, by swapping the minuend and
the subtrahend, to 6 modulo 9.

Proof. In (Z/9Z)*, only two residue classes modulo 3 are contained. Therefore, at least
two ¢; have to be in the same residue class. Those two are not equal, hence, they differ by 3
or 6. [

LEMMA 42. A system (4.1) with too + tio + 1o = 3 and 1 < i < j < too such that a; =
aj mod 9 has a non-trivial 3-adic solution.

Proof. Set x; =1, x; = —1 and the remaining variables 0. Hence, the system (4.1) turns
into
a;x; + ajx? =a;—a; =0mod9,

1 —-1=0mod 3.

There is a variable x; € Xoo U X190 U Xo0\{x;, x;} which has the value 0. It follows that bka,-xl-2 —
b,-akxlf = a; # 0 mod 3 and hence, Lemma 5 provides the wanted solution. U

X5+Xj

LEMMA 43. A system (4.1) with too + t10 + t20 = 1 and a; = a; mod 9 for some toy + 1 <
i < j < vy has a non-trivial 3-adic solution.

Proof. Setx; =1, x; = —1 and the remaining variables 0. This solves the cubic equation
modulo 9 and the linear one modulo 3. There is a variable x; € Xoo U X109 U Xp¢ with x; = 0.
It follows that bka,-xi2 — b,-akx,f = a; # 0 mod 3 and hence, Lemma 5 can be applied to obtain
a non-trivial 3-adic solution. O

LEMMA 44. A system (4.1) with too = 5 has a non-trivial 3-adic solution.

Proof. One can assume that the a; corresponding to those x; € Xy are all distinct modulo
9, because else, Lemma 42 provides a non-trivial 3-adic solution.

Since fgy = 5, it follows from Lemma 41 that it is possible to choose x;, x; € X9 such
that a; — a; = 3 mod 9. The remaining elements in Xy are still at least 3. Lemma 41 can be
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applied again to provide x;, x; € Xoo\{x;, x;} suchthata; —a; = 6 mod 9. Takingx; = x; =1,
x; = x; = —1 and setting the remaining variables 0 provides a solution for both the cubic and
linear equation Since there is at least one variable, say x,,, in Xy, which was set 0, one gets
b,,a; x — b; amx = a; #% 0 mod 3 and therefore a non-trivial 3-adic solution can be obtained
by Lemma 5. ]

By applying transformation (i) to a system (4.1) with 7,9 > 5, it becomes an equivalent
system (4.1) with g9 > 5.

Conclusion 2. A system (4.1) with #;9 > 5 has a non-trivial 3-adic solution.

LEMMA 45. An ordered system (4.1) with vyo >4 and t,0 > 1 has a non-trivial
3-adic solution.

Proof. Choose x; € X, and set every variable O except xy, . .., x4 and x;. One can choose
X1,...,Xx4 in a way that the cubic equation is congruent to 0 modulo 9. If either two of
the corresponding coefficients are equivalent modulo 9, then one can set one of them 1, the
other one —1 and the remaining 0. Otherwise, at least one of the sets {1, 8}, {2, 7} and {4, 5}
is completely represented by xi, ..., xs modulo 9. Choose these two, set both 1 and the
remaining 0. In either case, there is a variable, say x;, among xi, ..., x4 which is 1. Now set x;
such that the linear equation is congruent to 0 modulo 3. This does not change the value of the
cubic equation modulo 9. Since b;a x —bja, x = a; # 0 mod 3, it follows from Lemma 5
that there is a non-trivial 3-adic solutlon ]

Setting x; = 0 for all x; € Xj9 U Xy turns a system (4.1) with #;; > 4 and #yp > 1 into one
with t9 + 10 = 0. Then transformation (iii) can be applied to change it into an system (4.1)
with vy > 4 and 1,9 > 1. After renumbering to obtain an ordered system, Lemma 45 provides
a non-trivial p-adic solution.

Conclusion 3. A system (4.1) with #;; > 4 and typ > 1 has a non-trivial 3-adic solution.

LEMMA 46. An ordered system (4.1) with vg = 2, vi > 1 and tyg = 1 has a non-trivial
3-adic solution.

Proof. Letx; € X; and x; € Xp0. Set all variables 0 except x;, x2, x; and x;. Now setx; = 1
and choose x, € {—1, 1} such that ale + azxg = 0 mod 3. This is always possible since both
a; and a, are congruent to either 1 or 2 modulo 3. Now one can choose x; € {0, 1, —1} in a
way that the cubic equation is congruent to O modulo 9 because a; € {3, 6} modulo 9. To make
the linear equation congruent to 0 modulo 3, one can choose X suitably, without changing the
value of the cubic equation modulo 9. Furthermore, b; alxl bia; X2 T=a s 0 mod 3 ensures
that one can lift the solution with Lemma 5 to a non-trivial 3-adic one. ]

To apply transformation (ii) or (iii) to a system (4.1) with vy > 1,90 > 1 and £,; > 2 or
t11 = 2,t) > landtyy > 1,onehastosetx; = Oforallx; € Xpoorx; € Xj9 U Xy, respectively.
It then becomes an equivalent system (4.1) with vy > 2, v; > 1 and #,9 > 1, which can be
renumbered to obtain an ordered system (4.1) with the same parameters.

Conclusion 4. A system (4.1) with vg > 1, t;p > 1 and #,; > 2 has a non-trivial
3-adic solution.
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Conclusion 5. A system (4.1) with #;; > 2, t5; > 1 and #o0 > 1 has a non-trivial
3-adic solution.

LEMMA 47. A system (4.1) with too = 3 and t1; > 1 has a non-trivial 3-adic solution.

Proof. If there are x;, x; € Xy such that ¢; = a; mod 9, it follows from Lemma 42 that
a non-trivial 3-adic solution exists, else all the corresponding coefficients of x; € Xy are
distinct. There is an x;, € X1, hence, from the definition of X, it follows that a; is congruent
to 3 or 6 modulo 9. With that in mind one can choose, due to Lemma 41, a;, a; € Xoo such that
a; —aj = —a; mod 9. Now setting x; = xx = 1 and x; = —1 and the remaining variables 0
solves the cubic equation modulo 9 and the linear one modulo 3 There is anx; € Xy which was
set 0. The lift of the solution follows by Lemma 5 because b; a; x —b; a;x, =qa; #0mod 3. [

By applying transformation (i) to a system (4.1) with #;p > 3 and #,; > 1, it becomes an
equivalent system (4.1) with fo0 > 3 and #;; > 1.

Conclusion 6. A system (4.1) with t;p > 3 and #,; > 1 has a non-trivial 3-adic solution.

LEMMA 48. A system (4.1) withty, > 2, t;; = 1 and tyy + t1o + tao = 1 has a non-trivial
3-adic solution.

Proof. Let x;, x; € Xo1, xx € X11 and set every variable except these three 0. Then the
linear equation is solved modulo 3 independent of the value of these variables. It is possible
to choose x;, x; € {1, —1} in a way that a,x; + ajx; = 0 mod 3 and x; € {0, 1, —1} that the
cubic equation is solved modulo 9, because a; is congruent to 3 or 6 modulo 9 per deﬁnition of
X11. There is also an x; € X9 U X0 U Xp9 with x; = 0. One sees that b;q; x — b; alxl =aq; #
0 mod 3 and hence, the solution is liftable to a non-trivial 3-adic one by Lemma 5. ]

By applying transformation (i) to a system (4.1) with #;; > 2, > l and tj9 + 0 > 1, it
becomes an equivalent system (4.1) with #g; > 2, #; > 1 and ty9 + t10 + 120 = 1.

Conclusion 7. A system (4.1) with ;1 > 2, t,; > 1 and 19 4+ £,0 > | has a non-trivial
3-adic solution.

LEMMA 49. A system (4.1) with tog > 3 and ty; > 2 has a non-trivial 3-adic solution.

Proof. 1f there are x;, x; € Xoo such that a; = a; mod 9, Lemma 42 provides a non-trivial
3-adic solution. Let x;, x; € Xo;. If one of a; + a; and a; — a; is congruent to 0 modulo 9 set
x; = 1 and choose x; € {1, —1} such that the cubic congruence is fulfilled. Else a; + a; or
a; — aj is congruent to 3 or 6 modulo 9 because a; and a; are congruent to 1 or 2 modulo 3. Set
x; = 1 and choose x; € {1, —1} such that a;x; + a_jxf = 0 mod 3. Then Lemma 41 provides
Xi, X € Xoo with @y — aj = —a;x;} — ajx? mod 9. Therefore, one can setx; = 1 and x; = —1.
In both cases, setting all the remaining variables O fulfils the cubic congruence modulo 9 and
the linear modulo 3. There is an x,, in Xy which was set 0. Since b,,a; x —b; amx2 =aq;, #
0 mod 3, this solution can be lifted to a non-trivial 3-adic one by Lemma 5 U

Apply transformation (i) to a system (4.1) with #;p > 3 and #;; > 2. It then becomes an
equivalent system (4.1) with oo > 3 and #p; > 2.
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Conclusion 8. A system (4.1) with ;g > 3 and #;; > 2 has a non-trivial 3-adic solution.

LEMMA 50. An ordered system (4.1) with tog > 4 and t10 > 1 has a non-trivial
3-adic solution.

Proof. One can assume that all a; with 1 < i < £y are distinct modulo 9 because otherwise
Lemma 42 can be applied to show that there is a non-trivial 3-adic solution.

Permute the first four variables such that ¢ = ... =a;, mod3 and a; £ a4 = ... =
a4 mod 3. Modulo 9, there are three residue classes which are in the same residue class modulo
3, hence, ip € {1,2,3}. If ip=2,setx;=—xy=landxs = —xy=1orxz3 = —x4 = —1

such that the cubic equation is fulfilled and every other variable 0. This solves the cubic
equation modulo 9 and the linear one modulo 3. This solution can be lifted by Lemma 5, since
byaix? — biasx; = a; — a3 # 0 mod 3.

Therefore, one can assume iy € {1, 3}. In this case, modulo 9, one of the sets {1, 4, 7}
and {2, 5, 8} is completely represented by ay, ..., as and the remaining coefficient lies in
the other set. Hence, one can choose i, j € {1, ..., 4} such that a; + a; is congruent to 3
modulo 9. Likewise one can choose them such that g; + a; is congruent to 6 modulo 9.
Therefore, choosing them such that a; + a; is congruent to —a;, where x; € X, one can set
x; = x; = x; = 1 and the remaining variables zero to solve the cubic equation modulo 9 and
the linear one modulo 3. This solution can be lifted by Lemma 5, because aixl-zbl — alxlzb,- =
a; # 0 mod 3. ]

LEMMA 51. An ordered system (4.1) with too > 1, to; = 3 and t\y > 2 has a non-trivial
3-adic solution.

Proof. 1Tt follows from Lemma 43 that if there are x,, x,, € Xo; with n #2m and q, =
a,, mod 9, the system has a non-trivial 3-adic solution. Let x;, x; € Xjo. If a; % a; mod 9,
set x; = —x; = 1. Lemma 41 can be applied to show that it is possible to choose m, n € Xy,
such that a,, — a, = a; — a; mod 9. Setting x,, = —x, = 1 and the remaining variables zero
provides a non-singular solution, because blanxs — bnalxl2 = a, # 0 mod 3, which can be
lifted by Lemma 5 to a non-trivial 3-adic one.

Else a; = a; mod 9. If there is an a, for oo + 1 < n < vy such that a; +a; + a; = +a,
setx; = x; = x; = 1, x, = F1 and the remaining variables 0. This solves the cubic equation
modulo 9 and the linear modulo 3, and can be lifted by Lemma 5, because b,-ale — bla,»xi2 =
a; # 0 mod 3. Else, all g, for #oo + 1 < n < vy are neither congruent to a; + a; + a; nor to
—ay — a; — ajmodulo 9. But they have tobe inthe set {1, 2,4, 5,7, 8}, and since a; + a; + a;
is modulo 9 in one of the sets {1, 8}, {2, 7} and {4, 5}, the a,, with gy + 1 < n < vy havetobein
the two remaining sets. They are distinct modulo 9, hence one of the sets is entirely represented.
Therefore, there are too + 1 < n < m < vg with a, + a,, =0 mod 9. Set x, = x,, = 1 and
the remaining variables 0. This is a non-singular solution because blanx,zl — bnalx% =a, #
0 mod 3 and can be lifted to a non-trivial 3-adic solution by Lemma 5, which proves the
lemma. O

LEMMA 52. A system (4.1) with ty; > 4 and tyy + t10 + o = 1 has a non-trivial
3-adic solution.

Proof. 1f there are x;, x; € Xo; with a; = a; mod 9, Lemma 43 provides a non-trivial 3-
adic solution. Else, at least one of the sets {1, 8}, {2, 7} and {4, 5} is by the a; with x; € Xy
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modulo 9 completely represented. It is therefore possible to choose x;, x; € Xp; such that
a; +a; = 0 mod 9. Setting x; = x; = 1 and the remaining variables 0 provides a non-singular
solution, which can be lifted by Lemma 5, because for x; € Xy U Xj9 U Xy it follows that
b;ax ba;x, = a; #% 0 mod 3. |

By applying transformation (i) to a system (4.1) with ¢;; > 4 and 19 + t0 > 1, it becomes
a system (4.1) with #o; > 4 and tog + t10 + 120 = 1.

Conclusion9. Asystem (4.1) witht;; > 4andtg + f,0 = 1 hasanon-trivial 3-adic solution.

LEMMA 53. An ordered system (4.1) with tog = 2, tio = 1 and t;; > 1 has a non-trivial
3-adic solution.

Proof. Setting x; = 1, one can choose x, € {£1}, depending on whether a; and a, are
in the same or in different equivalence classes modulo 3, such that a1x13 + agxg = 0 mod 3.
To solve the linear equation modulo 3, one chooses x,,4+1 € {0, £1} and choosing x4, +1 €
{0, £1} one can solve the cubic equation modulo 9 without changing the value of the linear
equation. Setting all remaining variables 0O, one obtains a non-singular solution, because
a]xlzbv0+1 — aUUngOHb] = a; # 0 mod 3, which can be lifted to a non-trivial 3-adic solution
with Lemma 5. O

LEMMA 54. An ordered system (4.1) with too = 3, to1 = 1 and t\y > 2 has a non-trivial
3-adic solution.

Proof. One can assume that alle g; with 1 < i < £y are distinct modulo 9, because otherwise
Lemma 42 provides a non-trivial 3-adic solution.

Set all variables 0 except x1, X2, X3, Xty +1, Xy+1 and Xy, 2. In the case a1 # ay,4+2 mod 9,
the coefficients a;, a, and a3 are either in the same equivalence class modulo 3, or one of
them is in another class than the other two. If they are in the same class, it follows that
a; + ap + a3 = 0 mod 3 but not equivalent to O modulo 9. Hence, setting x; = x; = x3 = 1
and x,,+1 = *1 and x,,+» = F1, dependent on whether a; + a» + a3 is equivalent to 3 or to
6, solves the cubic equation modulo 9 and the linear one modulo 3. This is a non-singular
solution because alxlzbv0+| — av0+]x50 4+1b1 = a; mod 3. Else, without loss of generality, a;
and a, are in the same equivalence class modulo 3 and a3 in the other one. Therefore, it
holds that a; + a3 = a; + a3 = 0 mod 3, but as a; # a; mod 9, one can choose i, j € {1, 2}
such that a; + a3 Z0mod 9, and a; + a3 + ay,+; = 0 mod 9. Setting x; = x3 = Xxyy4; = 1
and everything else zero solves the cubic equation modulo 9 and the linear one modulo 3.
This is non-singular, because a1x{by, 1 j — a4 ,X;, . b1 = a1 # 0 mod 3.

Assume that a,,4+] = ay,+2 mod 9 and define

N _ 3 3 3 3
Ax 1= A(X1, X2, X3, Xy 1) = @1x + aoXy + azxy + diy 1%, 4 € Z/9Z,

By := B(x1, X2, X3, X1p91+1) = X1 +X2 + X3 € Z/3Z.

If it is possible to choose two vectors X = (x1, X2, X3, X+1) € {0, 1, —1}*, such that Ay €
{3, 6} and By € {1, 2} where one of Ay and By has the same value for both vectors and the
other one has two different values, one can set either both x,,, ;1 = x,,4+2 = 1 orjustx,+; =1
and x,,4» = 0. One of the settings of x,,4+; and x,,4» together with one of the settings of x
solves the cubic equation modulo 9 and the linear one modulo 3. As x; + x, + x3 is in all
cases equivalent to one or two, thereis an i € {1, 2, 3} withx; # 0 mod 3. These solutions are
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non-singular, because aixiszOH — aUUJrlxgo 41bi = a; # 0 mod 3 and hence can be lifted to a
non-trivial 3-adic one.

If a;, a; and a3 are in the same equivalent class modulo 3 and a;,,; in the other, a; + a;,,+1
is congruent to 0, 3 and 6 modulo 9, depending on i € {1, 2, 3}, hence setting x; = x;,+1 = 1
for those i which belongs to 3 or 6 and the other variables O provides (Ax, Bx) =@3,1)or
(Ax, Bx) = (6, 1), respectively, as needed. If a,, 4, is in the same equivalence class as a;, a»
and a3, one can obtain (3,1) and (6,1) as well, because a; — ay,,+ is equivalent to 0, 3 and 6,
dependingoni € {1, 2, 3} and hence setting x; = 1 = —x,,,+ as above and the other variables
0 gives the desired result. From now on, one can assume without loss of generality a; and
a, are in the same equivalence class modulo 3 and a3 in the other. If as is not equivalent to
—a; and —a; modulo 9, setting x; = x3 = 1 orx, = x3 = 1 and the other variables 0 provides
(3,2) and (6,2). Hence, one can assume without loss of generality that a3 = —a; mod 9. By
multiplying the cubic equation with al_l, one obtains a; = 1 mod 9, a3 = 8 mod 9 and a,
equivalent to either 4 or 7 modulo 9, while a,, | € (Z/97Z)*. The following table will prove
the existence of the required vectors for the remaining cases.

@ | Aot | X1 | X0 | X3 | X1 | Ax | Bx || @2 | Qg1 | X1 | X2 | X3 | Xio41 | Ax | Bx
4 1 0 1 0 -1 3 1 7 1 0O]1]1 0 6|2
1 1| -1 0 6 1 01110 -1 6 1

4 2 1 0] 0 1 3 1 7 2 01111 0 6|2
0 1 0 1 6 |1 01011 —1 6 1

4 4 010 1 1 3 1 7 4 01111 0 6|2
111 1 1 6 1 110]0 —1 6 1

4 5 1 0] O 1 6 |1 7 5 0|11 0 6 |2
010 1 -1 3 1 110]0 1 6 1

4 7 1 0] O -1 3 1 7 7 0O]1]1 0 6|2
010 1 1 6 |1 01011 1 6 1

4 8 0 1 1 0 312 7 8 01111 0 6|2
0 1 0 1 3 1 01110 1 6 1

O

LEMMA 55. An ordered system (4.1) with tog > 2, to; = 2 and t)y > 2 has a non-trivial
3-adic solution.

Proof. Assume a,,,+1 = *a,,+» mod 9. Then one can set x,,,.; = 1 and choose x;,, 1> €
{=£1} such that a,00+1xt300 at a[00+2.xt300 4> =0mod 9. Setting the remaining variables 0, one
obtains a solution of the cubic equation modulo 9 and the linear one modulo 3. The solution is
also non-singular because a,00+1x%0 b — aleb,ooJr | = G1y+1 7 0 mod 3 and therefore it can
be lifted to a non-trivial 3-adic solution.

Hence, one may assume that a,,, 1 # =£a;,+> mod 9. Depending on them being in the same
or in different equivalent classes modulo 3, either the difference or the sum of both is congruent
to 0 modulo 3, but not to 0 modulo 9. It follows that for n € {3, 6} fixed, it is possible to
choose Xy, 41, X112 € {£1} suchthata, 1% ) + @y,12%;, ., = nmod 9. Setting x; = 1 and
choosing x, € {£1} such that a;x; 4+ axx3 = 0 mod 3, one can choose x,,+1, X2 € {0, 1}
such that the linear equation is equivalent to 0 modulo 3. Doing this does not change that the
cubic equation is equivalent to 0 modulo 3. If it is also congruent to 0 modulo 9, this solves the
system, else one can choose x;,,+ and x;,1» as described above, to solve the cubic equation
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modulo 9, without changing the value of the linear equation modulo 3. This solution is non-

singular, because alxlszOH — aUOJrleO 4+1b1 = a1 # 0 mod 3 and can be lifted to a non-trivial

3-adic solution with Lemma 5. U
The preceding lemmata and conclusions can be applied to prove Theorem 1 for p = 3.

LEMMA 56. Every ordered conditioned system with s > 8 has a non-trivial 3-adic solution.

Proof. From the definition of a conditioned system follows that one with s > 8 must fulfil
the following four equations:

vy = 3, (8.1)

vg+ vy = 6, (8.2)
s=vy+ v +vy, =8, (8.3)
foo + tio + 120 = 1. (8.4)

Assume there is a conditioned system (4.1) with s > 8 without a non-trivial 3-adic solution.
If this system has 7o > 1, Lemma 45 can be applied to show that vy < 3. From (8.1) and
(8.2), it follows that vy = 3 and v; > 3, which contradicts with Lemma 46. Hence, t,( has to
be 0.
Lemma 44 can be applied to show that 0 < #yy < 4. This leaves four cases to consider.
too = 0: Ifzy = 0, itis forced by (8.1) that #y, is at least 3. Then it follows from Lemma 52
and (8.4) thatfp; = 3. Lemma 48 and (8.4) can be applied to show that #;; = 0 and
because of (8.2) it follows that #;, > 3. At the same time, Conclusion 2 forces tg
to be at most 4. Hence, #,; > 1, because of (8.3), which contradicts Conclusion 6.
Therefore, this case cannot occur.
togo = 1: One can apply (8.1) to show that 79; > 2. This, together with Lemma 52, reveals
that 2 < #p; < 3. Again, Lemma 48 forces #; to be zero. Because of (8.2) it follows
that #1¢ is at least 2 and, by Conclusion 2, at most 4. Lemma 51 coerces #y; to
be 2 and hence (8.3) makes it necessary for #,; to be at least 1. Conclusion 6
can be applied to obtain ¢,y = 2, which leads together with (8.3) to f,; > 3. This
contradicts Conclusion 4 and therefore #y; cannot be smaller than 2.
too = 2: For tpg = 2, it follows that 1 < f9; < 3 because of (8.1) and Lemma 52. Hence,
(8.2) can be applied to show that v; > 1. At this point, further restrictions do not
follow from the lemmata above, hence another case analysis is necessary.
tor = 3: Lemmata 48 and 51 restrict #;; to be 0 and #,( to be at most 1. But then
one has #;p = v; which has to be at least 1, as proven above. Hence,
t1o = 1 follows. Then #,; needs to be at least 2 because of (8.3), which
contradicts Conclusion 4.
to1 = 2: Again, Lemma 48 shows that ¢;; = 0. But here, (8.2) displays that 2 <
v] = 19, which contradicts Lemma 55.
tor = 1: Here, (8.2) can be applied to show that v is at least 3 and Conclusion 2
to obtain ;9 < 4. Unfortunately, this is not enough to conclude anything
else and another case analysis is in order.
tio > 3: Itfollows from Conclusion 6 that#,; = 0 and hence from (8.3)
that vy > 5. Hence, #;; > 1 which contradicts Lemma 53.
tio = 2: By (8.2) it follows that #{; is at least 1, which contradicts
Lemma 53.
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tio = 1: It follows from (8.2) and Conclusion 9 that #;; has to be at
least 2 and at most 3. This leads, with (8.3) which shows that
11 > 1, to a contradiction with Conclusion 7.
tio = 0: Here, #1; is greater than 3 because of (8.2). Conclusion 5 can
be applied to show that #,; = 0 and hence #;; > 5 follows by
(8.3) which contradicts with Conclusion 3.
Every case with 750 = 2 and #y; = 1 leads to a contradiction, hence a
conditioned system (4.1) with s > 8 and these two parameters has a
non-trivial 3-adic solution.
This proves for the last possible value of 7y; if #yo = 2 that there exist a non-trivial
3-adic solution, hence fyy = 2 cannot occur if such a solution does not exist.
too = 3: It follows from Lemmata 47 and 49 that #;; = 0 and 75; < 1. Hence, Conclusion 2
and (8.2) forces 1 to be at least 2 and at most 4. By Conclusion 4, it follows that
11 < 1 and hence, due to (8.3) one obtains 3 < t19 < 4. Conclusion 6 shows that
;1 = 0 and hence, again due to (8.3), #o; = 1, which contradicts Lemma 54.
too = 4: Again one sees with Lemmata 47 and 49 that#;; = 0 and #p; < 1. Hence, by (8.2),
the parameter )9 is at least 1 which contradicts Lemma 50.
As shown above, a conditioned system (4.1) with s > 8 which has no non-trivial 3-adic
solution cannot have foo < 4. But as proven before the case analysis those cases with #pg > 5
do have a non-trivial 3-adic solution, hence the lemma is proven. 0

As discussed at the beginning of this section, this suffices to prove Theorem 1 for p = 3.
For every other prime the theorem was proven in the previous section, hence Theorem 1 holds.

Acknowledgement. 1 want to express my sincere gratitude to Prof. Jorg Briidern who gave
me the initial introduction to the problem and supported me on my way to solve it.
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